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A  DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION  IN  POWERS  OF 
THE  ECCENTRICITIES  AND  MUTUAL  INCLINATION  AND  IN  COSINES 
OF  MULTIPLES  OF  THE  ARGUMENIS. 


I. 

PreUminary, 

The  following  development  of  the  perturbative  function  was  made  and  nearly 
completed  about  1 880,  with  the  intention  of  using  it  in  the  computation  of  the  periodic 
perturbations  of  the  four  inner  planets.  It  was,  however,  not  made  use  of  for  that 
purpose,  owing  to  a  belief  that  a  development  depending  on  the  eccentric  anomalies 
would  be  more  convenient.  But  in  researches  of  any  sort  having  for  their  object  the 
investigation  of  laws  of  change  in  the  planetary  system  through  long  intervals  of  time, 
a  development  of  the  present  form  is  the  only  one  that  can  be  used,  because  it  is  the 
only  one  in  which  the  function  appears  as  an  analytic  function  of  the  elements. 

I  may  add  in  this  connection  that  in  my  opinion  the  computation  of  the  periodic 
perturbations  of  the  planets  generally,  for  any  one  century,  can  be  made  with  more 
facility  by  the  Cauchy-Hansen  method,  as  developed  by  Hansen  in  the  first  part  of 
his  Auseinandersetzung^  than  by  any  method  of  development  in  powers  of  the  eccen- 
tricities and  inclinations.  In  adopting  the  latter  method,  I  was  influenced  largely  by 
the  example  of  Hansen  himself,  who,  in  his  last  work  on  the  subject  of  the  perturba- 
tions of  Jupiter,  used  it  as  the  basis  of  his  investigation.  It  is  also  to  be  remarked 
that  in  the  problem  of  determining  the  numerical  coefficient  of  any  one  term  of  high 
order,  the  analytic  development  offers  the  advantage  of  enabling  us  to  compute  this 
coefficient  independently  of  the  others,  while,  in  the  numerical  method,  the  determina- 
tion of  such  a  coefficient  requires  us  to  go  through  a  considerable  part  of  the  work  of 
computing  all  the  others.  This  circumstance,  and  the  consideration  that  the  analytic 
development  is  the  only  one  which  can  lead  to  results  of  importance  in  the  general 
theory  of  planetary  motion,  have  led  to  the  completion  of  the  work  and  the  publica- 
tion of  the  present  paper. 

The  method  in  which  the  development  is  effected  is  set  forth  in  the  American 
Journal  of  3Iathematics,  Vol.  III.  The  more  complete  exposition  given  in  these  Astro- 
nomical Papers^  Vol.  Ill,  Part  I,  although  there  applied  only  to  a  development  in 
cosines  of  multiples  of  the  eccentric  anomalies,  is  founded  on  substantially  the  same 
principles,  and  the  work  is  effected  by  a  similar  series  of  operations.  I  therefore  deem 
it  sufficient  in  the  present  connection  to  present  an  explanation  of  the  processes  with- 
out detailed  demonstration.  It  seems  to  me  that  the  curious  theorem  by  which  we 
are  enabled  to  pass  at  once  from  the  separate  developments  in  powers  of  e  and  e'  to 
the  general  development  may  be  susceptible  of  extension  to  other  cases  in  celestial 
mechanics. 
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The  fundamental  quantities  which  enter  into  the  development  are  the  well  known 
functions  fcj?,  and  their  derivatives,  the  quantity  b!^^  being  a  function  of  a  defined  as 
the  coefficient  of  cos  i  L  in  the  development  of 

-5  <=+oo 

(i  — 2a:cosL  +  a^    =i       fcj^^cosiL  (i) 

»=-00 

The  latest  and  most  complete  development  founded  on  these  functions  is  that  given  by 
LeVerrier  in  his  Annates  de  V Ohservatoire  de  Paris,  Vol.  I.  The  present  development 
differs  from  that  of  LeVerrier  principally  in  that,  instead  of  the  successive  derivatives 
of  fc  as  to  a,  I  use  the  derivatives  as  to  the  logarithm  of  a. 

The  form  also  differs  from  that  of  LeVerrier  in  that,  for  the  sake  of  condensa- 
tion, I  have  included  all  the  terms  depending  on  the  mutual  inclination  of  the  orbits 
in  the  values  of  the  quantities  represented  by  A,  B,  C,  etc.,  defining  these  symbols  as 
the  coefficients  of  the  cosines  of  the  angles  which  remain  in  the  development  when  the 
eccentricities  vanish. 

I  use  the  symbols  D  and  D'  to  represent  derivatives  as  to  the  logarithms  of  the 
mean  distances  of  the  inner  and  outer  planets  respectively.  Since  each  term  of  R 
is  of  the  degree  —  i  in  these  mean  distances  it  follows  that  we  have  symbolically 

D+D'+izzo 

when  these  symbols  are  considered  as  operators  upon  any  term  of  R.  By  means  of 
this  equation,  therefore,  the  derivatives  as  to  log  a'  may  be  replaced  by  those  as  to 
log  a. 

As  in  researches  relating  to  this  subject,  by  others,  it  has  been  customary  to  use 
the  derivatives  as  to  a  or  a  simply,  the  equations  for  changing  one  class  into  the 
other  are  here  given  for  convenient  reference: 

D  =  aDa 

D3  =  aBa  +  3  a^iy\  +  ar^I>\ 

=  aDa  +  7  a^Jy\  +    6  o^D^  +  a*D^ 

=  aD.  +  1 5  a^I)\  +  2  5  or^jy\  +  i  o  a*Y>\  +  cr'D^ 

D«  =  aDa  +  3 1  o^Jy\  +  90  or^jy\  +  65  ot'jy^  +  1 5  a^D\  +  a^B\ 

D'  =  aDa+  6s  a^jy\  +  soi  cx^B\+  350  ^I^*a+  i4oa^D^+  21  a^D\  +  aD\ 
D8  =  aDa+i27  a^jy\  +  g66  a^D^^+iyoi  a^D^a+ioso  a*D^+266  a^D\+28  «"D + 


aJ)a  - 

D 

a'D\=- 

D  + 

«'D'.  = 

2D- 

3D*  + 

D' 

a*D^  =  - 

6D  + 

II  D»- 

««D»„  = 

24  D- 

SoD»  + 

35  D'-    ioD^  + 

D» 

a«D«.  =  - 

120D  + 

274 

22SD5+  8sD«- 

i5D'  + 

D' 

a>D\  = 

720  D  — 

1764  D'  + 

1624  D'-  735  D<  + 

175  D*—  21 

D«  + 

5040  D+ 13068  D«  — 

13132DH  6769  D*  — 

i960     +  322 

P"- 

28D'  +  D» 
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Since  the  development  of  R  is  almost  identical  with  that  of  the  reciprocal  of  the  mu- 
tual distance  of  the  planets,  it  will  suflRce,  in  the  present  paper,  to  develop  J~^,  where 
we  put  ^zr  the  linear  distance  of  the  planets  from  each  other.  J  is  therefore  a  homo- 
geneous symmetric  function  of  r  and  r',  the  radii  vectores,  of  the  degree  —  i. 

II. 

Development  in  powers  of  the  mutual  inclination. 
Firstly,  taking  the  orbits  as  circular,  I  put 

A,  A',  the  distances  of  the  planets  from  their  common  node; 
the  mutual  inclination  of  the  planes  of  their  orbits. 

l^hen  I  assume  the  function 

^^^={a^—2  aa!  (cos  A  cos  A' +  cos /sin  A  sin  A.')+a'^|~* 

zzi^  I  I  —  2a  (cos  A  cos  A'+cos  y  sin  A  sin  A')  +  a^  | 

to  be  developed  in  the  form 

I 


t=+00 
»=-00 


where 


A<  cos  (i  A.' — i  A) 
+    B<  cos         1)  A'-(i- 1)  A) 
+  a*  Ci  cos  ( (i + 2)  A'-  (i  -  2)  A) 
+   (2) 


(Tzzsin  ^  y 

2 


Into  the  methods  of  effecting  this  part  of  the  development  I  do  not  enter.  I  only  as- 
sume that  the  coefficients  A^,  B^,  C^,  etc.,  are  known  functions  of  a,  a'  and  (7^,  so  that 
each  of  the  quantities 

a'  A„  a'  B<,  etc., 
is  a  function  of  a  and  (7^,  we  having  put 

a 
a 

Among  the  methods  of  effecting  the  development  is  that  in  a  series  proceeding  accord- 
ing to  the  ascending  powers  of  o.  The  values  of  the  coefficients,  when  the  develop- 
ment is  effected  in  this  way,  are  shown  up  to     in  Exhibit  IV. 

But  we  are  not  necessarily  confined  to  a  development  in  powers  of  o.  Tisse- 
RAND  has  shown  how  the  coefficients  may  be  obtained  when  the  series  in  powers  of  a 
is  not  sufficiently  convergent.  The  question  of  convergence  is  one  of  such  importance 
as  to  demand  a  special  investigation. 
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III. 

Convergence  of  the  development  in  potvers  of  the  inclination. 

The  question  may  arise  whether,  if  tlie  development  according  to  powers  of  o 
were  continued  far  enough,  the  series  might  not  cease  to  converge  after  a  certain  point, 
and  thus  come  under  the  class  treated  by  Poincare,  which,  apparently  convergent 
when  only  a  few  terms  are  considered,  ultimately  diverge.  This  question  must  be 
settled,  because  there  can  be  no  certainty  that  the  first  terms  of  such  a  series  are  really 
an  approximation  to  the  functions  which  the  series  is  supposed  to  represent,  within  the 
limits  of  error  of  the  smallest  terms. 

There  is  no  diflRculty  in  showing  that  the  coefficients  of  each  power  of  g  in  the 
values  of  a'  A^,  a'  B^,  etc.,  are  developable  in  a  convergent  series  in  powers  of  a  when- 
ever oc<Ci^  and  are  therefore  finite  and  completely  defined  functions  of  a.  For  each 
of  these  coefficients  is  a  linear  function  of  Gaussian  liypergeometric  series  which  satisfy 
the  conditions  of  convergence.  But  it  is  still  possible  that  the  successive  values  of 
these  coefficients  may  constantly  increase  so  as  to  render  the  development  in  powers 
of  a  divergent.  What  we  have  to  do  is  to  find,  if  possible,  definite  limits  within  which 
all  the  series  which  give  the  values  of  A^,  B^,  etc.,  are  unconditionally  convergent.  To 
reach  a  satisfactory  conclusion  we  should  consider  the  development  in  its  most  general 
form  when  the  ellipticity  of  the  orbits  is  included.  We  therefore  start  with  the  well- 
known  expression 

^-1  —  (t<2 _2rr'  cos  V -f  r'^)"* 
We  have,  using  the  notation  of  previous  papers  of  this  series, 

cos  V  —  cos  V  cos  v'  +  cos ;/  sin  v  sin  v' 
—  cos  (v — v')  —  2     sin  v  sin  v' 

and  we  put,  assuming  /  >  r 

r 

'=? 

Then 

J~^=~(\  —2  PCOS  V  +  p^)~* 

If  we  put 

f=  l—2p  COS  (V  — V')  +  P^ 

q=4.  p     sin  V  sin  v' 

we  shall  have  to  develop  (/+?)*  hi  powers  of  g,  and  hence  of  o.  In  this  development 
the  coefficient  of  is 

(- 1 y  I  •  3  ■  5  ■  -  2  M-i  f-^-k 

2.4.6...2/i 

This  coefficient  of  f~^~^  is  always  less  than  unity,  and  if  we  put 
we  shall  have 
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(izz  — 00      .    .    —  2,-1,  O,  I,  2     .    .     .     00  ) 

The  coefficients  ^  are  well  known  to  be  positive  and  developable  in  a  convergent 
hypergeoraetric  series  in  powers  of  p  whenever  p  <C  i .  Moreover,  by  putting  v—v'  =o 
we  find  for  the  sum  of  these  coefficients  corresponding  to  any  value  of  n 

.  .  .  =(i-p)-" 

The  coefficients  yff  being  all  positive,  this  expression  is  a  superior  limit  for  the  value  of 
any  one  of  them,  and  the  whole  expression  forms  a  convergent  series. 

The  terms  of  the  general  development  being  alternately  positive  and  negative,  it 
will  be  convergent  if  these  terms  approach  the  limit  zero  for  increasing  values  of  >u. 
For  any  value  of  >u  the  general  term,  omitting  the  numerical  coefficient,  may  be  written 

q^f-^~^=  I     2  ^ii)  cos  i  (v— v') 

The  limiting  value  of  the  factor  under  the  sign  a  being  (i— p)"**  it  follows  that  the 
term  in  question  will,  when  //  and  n  increase  indefinitely,  converge  toward  zero  for  any 
special  values  of  q  and  p  for  which 

9*"     —{AP     sin  V  sin  v')'*  . 

so  converges.  Since  sin  v  and  sin  v'  never  exceed  unity  a  sufficient  condition  of  this 
convergence  is 

This  gives,  for  the  mutual  inclination  y,  the  condition 

a—^m-y<  —f-  =  -=  (B) 

2        2/^p  2^/r/ 

This  condition  is  fulfilled  for  every  pair  of  the  eight  major  planets  for  all  values  of  r 
and  /  which  they  can  assume.    We  therefore  conclude: — 

In  the  case  of  the  eight  major  planets  the  development  of  in  powers  of  the  mutual  in- 
clination  is  absolutely  convergent  for  every  pair  of  positions  which  any  two  of  these  planets 
can  assume. 

The  question  is  still  open  whether  this  proposition  may  not  fail  when  we  consider 
all  the  terms  which  enter  into  the  development  in  a  periodic  series;  that  is  to  say,  whether 
the  second  member  of  (A)  may  not,  when  thus  developed,  contain  positive  and  negative 
terms  the  absolute  value  of  whose  coefficients  exceed  the  maximum  value  of  the  ex- 
pression, which,  however,  partially  annul  each  other.  As  //  increases,  the  yuth  root  of 
(A),  omitting  (7^,  approaches  the  limit 

4  r  sin  V  /  sin  v' 

— (,7zrr)2 — 
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Putting  A  for  the  mean  value  of  v  this  expression  may  be  developed  in  a  periodic 
series,  each  term  of  which  is  of  the  form 

hi^i,jj,  cos  (i  A+i'  A'  +jg+j'  g') 

g  and  g'  being  the  mean  anomalies.  Now,  Cauchy  has  shown  that  for  all  values  of  the 
eccentricities  which  any  of  the  planets  have,  the  development  of  v  is  convergent.  We 
conclude  that  the  same  is  true  for  the  above  expression.  But  the  Fourier  integi-al 
expression  for  the  coefficients  h  shows  that  the  modulus  of  every  such  coefficient  must 
be  less  than  the  maximum  value  of  the  expression.    This  maximum  con-esponds  to 

r  —a  (i+e); 
Vzzv'zzgo^ 

The  development  is  therefore  certainly  convergent  when 

2  sm  ^  X  <  -  ^^/a  ( I  -e')(^  +e) 

In  this  form  the  condition  con-esponds  to  the  most  unfavorable  case,  namely,  that 
in  which  the  aphelion  of  the  inner  planet  and  the  perihelion  of  the  outer  one  are  each 
90°  distant  from  the  common  node.  In  any  case  where  (C)  is  not  very  small  the  ex- 
pression (A)  will  have  nearly  its  maximum  value  when 

vzzv'  =  ±9o''. 

The  two  planets  will  then  be  in  conjunction  at  a  distance  of  ±90^  from  their  common 
node,  and  their  heliocentric  angular  distance  will  be  y.  The  condition  (B)  may  be 
written 

4  r  /  sin^  -  y 

In  the  position  of  the  two  planets  just  supposed  we  shall  have 

4/  / singly =z/2-(/-r)''^ 
J  being  the  linear  distance  of  the  planets.    The  condition  may  therefore  be  written 

This  expression  exceeds  the  secant  of  the  angle  between  the  inner  planet  and  the  sun, 
as  seen  from  the  outer  planet,  by  a  quantity  which  diminishes  with  the  inclination  of 
the  orbits.    We  finally  con^jlude: — 

Theorem;  the  deveJopnent  ivill  always  he  convergent  if^  both  orbits  being  movable  in 
their  own  planes,  no  point  of  the  inner  orbit  can  ever  be  seen  from  any  point  of  the  outer  one 
at  a  greater  heliocentric  latitude  above  or  below  the  plane  of  the  outer  orbit  than  45°. 

This  condition  does  not  mark  the  absolute  limit  of  the  convergence,  but  only 
assures  it  when  fulfilled. 
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IV. 

General  form  of  the  development 
It  will  be  seen  that  the  development  (2)  can  be  thrown  into  the  general  form 

a! 

—  =2,2^  A^, .  cos  (/i  A  +  r  A')  (3) 

where  >u  and  v  take  all  integral  values,  positive  and  negative,  subject  to  the  condition 
that,  in  any  one  term,  both  must  be  even  or  both  odd.  The  terms  in  the  first  line  of 
(2)  are  then  formed  by  putting 

M=—i',  y=i', 

In  the  second,  //zz— i+i;  y=i+i  (3') 
In  the  third,     juzz—i  +  2',  rzzi+2 

etc.,  etc. 

It  will  be  remarked  that  the  quantity  with  which  we  are  primarily  concerned 
is  of  the  degree  —  i  in  the  abstract  quantity  length.  But  as  it  is  better  to  deal,  so  far 
as  may  be,  with  purely  numerical  ratios,  I  consider  principally  the  development  of 
a'  Jq^,  Thus,  while  the  coefficients  A^-,  B^,  C<,  etc.,  are  functions  of  the  degree  —  i  in 
the  element  of  length,  or  in  a  and  a\  the  products 

a'  Ai,  a'      a'  C^,  etc., 

are  pure  numerical  ratios,  functions  only  of  a  and  (J.  The  same  is  true  of  the  co- 
efficient h  which  I  use  in  a  general  way  to  represent  the  products  a'  A^,  etc. 

In  continuing  the  development  of  the  form  (3),  I  regard  the  quantities  h^^  ^  as 
functions  of  log  a  and  of  log  a'. 

The  development  when  the  eccentricity  e  of  the  inner  planet  does  not  vanish, 
is  then  formed  by  substituting  in  (2)  or  (3), 

for  A;  v=A  +  E 

for  log  a;  .  .  .  p=zlog  r 

E  being  the  equation  of  the  centre.  Putting  g  for  the  mean  anomaly,  E  and  p— log  a 
will  be  the  functions  of  e  and  g  only,  developable  in  powers  of  e  and  sines  or  cosines 
of  multiples  of  g.  The  actual  developments  of  v  and  p  to  terms  of  the  eighth  order 
inclusive,  are  shown  in  Exhibit  I. 

By  making  the  substitution  (4)  in  (3),  any  term  of  the  latter,  say 

h  cos  (v  A'  -f-//  A)  zz  A  cos  N 

may  be  dev^eloped  in  the  form 

;=+oo 

-2"  h.co^(vy  +  f^\+jg) 
i=-oo  .  •  . 

In  the  present  paper  I  suppose  the  coefficient  hj  developed  in  powers  of  the  eccen- 
tricity e.    The  lowest  power  of  e  in  any  term  will  then  be  e^^,  the  sign  of  the  expo- 
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nent  being  always  so  taken  as  to  make  it  positive.  If  we  put  k  for  this  exponent,  any 
value  of  hj  may  be  developed  in  the  form 

in  which  the  P's  are  functions  of  o  and  a. 

It  is  to  be  remarked  that,  in  the  case  of  the  terms  in  A^,  when  /i-f  >^zro,  the 
terms  having  negative  values  of  j  may  be  merged  witli  the  corresponding  ones  having 
positive  values. 

V. 

Formation  of  the  opcratms  /7J*. 

It  is  shown  in  the  papers  already  quoted  that  each  vahie  of  P,  say  P/"\  may  be 
expressed  in  the  form 

P/'*^z=/7/'')A 

where  h  represents  any  one  of  the  coefficients 

«'A,;  a^a'B,  ;      a' C,-,  etc. 

while  ^''^  is  an  entire  function  of  the  degree  n  of  the  index  yu  and  of  the  symbol  D. 
Thus  a  symbolic  expression  of  the  foiTn 

((Oo+(0,D  +  (0-.D='+  +!)")/» 

is  to  be  interpreted  as  meaning 

(o«*+(Oi«^^+(o.«;^(-;5^)+etc. 

Each  value  of  77  may  be  expressed  as  a  Hnear  function  of  values  of  lower  order  in 
the  following  way:    Let  us  put 

Vi,  the  coefficients  of  e'  in  the  developments  of  E  and  of  p,  respectively,  so  that 
we  have 

Ez:z^Vi  +  ^^ V2  +  ^*^ V3+  .  .  . 

Then  each  v^  and  Pi  will  be  of  the  form 

iv^mi^Zf  siny^ 

(j  =i',  i  —  2]  — 4  ....—?•) 
the  k'^s  and  h\s  being  rational  numerical  fractious,  subject  to  the  conditions 

k^z=:  —  k_y,  hj  =  h_j 

whose  values  follow  at  once  from  the  develo])ments  in  Exhibit  I,  and  are  given  in  Ex- 
hibit II.    We  shall  then  have 


Digitized  by 


FORMATION  OF  THE  OPERATORS  n;. 


13 


and  all  other  values  of  11  are  found  by  the  following  general  recurrent  formulae: 

+  

In  writing  the  remaining  operators  I  put,  for  brevity 
2(n+i)/7»ll  =  H}/7;:_,  +H!.,i7» 

+mniz\  +mni-\ 
+mnizl  +mniz.l 
+   +  

+  H-/7!.,  +H«iJi7S 

+mnizl      +H?/7»z^  +H'_i/7»zi 
+  •...         +....  +  


-  1 

-  3 


+  H«/7»:i     +H?77;;zi      +W_,niz\  +W_,niz\ 
+  ....       +....        +....  +.... 
^iilzinu    \-^iz\n\,     +n;i_.i7i,  +h»ij77S 

These  formulae  have  been  written  in  such  a  way  that  the  law  of  progression  of 
the  several  operators  may  be  seen  by  inspection  and  induction.  As  we  diminish  the 
suffix  of  ^by  successive  steps  of  two  units  each,  the  number  of  columns  of  products  in 
the  second  member  of  the  equation  increases  by  one  at  each  step,  while  the  number 
in  each  column  diminishes  by  one,  in  consequence  of  one  of  the  factors  vanishing, 
whenever  a  suffix  in  A:,  or  H,  exceeds  the  exponent  in  absolute  value.  Since  771^. 
can  be  formed  from  /7j*  by  changing  the  sign  of  yw,  it  follows  that  by  continuing  the 
formula?  until  the  suffix  becomes  the  negative  of  the  exponent  we  should  reproduce 
the  equivalent  of  the  first  of  the  above  equations  except  as  to  the  sign  of  jjl.  This  is 
the  result  which  we  reach  by  continuing  the  equations.  In  the  last  equation  all  the 
columns  will  be  reduced  to  their  last  members,  which  it  will  be  seen  will  then  be  iden- 
tical with  the  numVjers  in  the  first  equation,  with  the  exception  of  the  signs  of  the  suf- 
fixes, which  will  all  be  changed. 

.  We  may  also  for  the  negative  suffixes  apply  the  following  rule: 

Each  value  of  U  with  j  negative  may  be  formed  from  the  con-esponding  value 
for  J  positive  by  changing  the  sign  of  /i  and  of  the  suffixes  in  all  the  values  of  il  which 
enter  into  it.    As  an  example  of  the  formuLne  we  have,  by  putting  n—Oj 

2  ni,  =  jLLkLi  +  h_,D  =  —2  JU  —  D 
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and  then  by  putting  nzn  i 

^  ^l={^1c,-{•}l,\))  /7}+(//^'+A,'D)77S 

-(2  yu-D)  /7}+5  ^-^D 
22 

4  ni-{,x  U,+K,  D)  i7_}+(//  Ali+Ali  D)  77}+//;  D  77g 
=(2  yU-D)  77ii+(-2  yu-D)  77}  +D 

in  which  the  values  of  n\  and  /!_},  already  found,  are  to  be  substituted. 

The  system  of  values  of  /7j*,  thus  found,  up  to  wzz8,  are  given  in  Exhibit  V,  after 
making  the  substitution 

jLi=—i 

in  order  that  they  may  represent  at  once  the  values  to  be  used  in  the  development 
If  we  wish  the  values  in  terms  of  My  or  those  for  negative  values  of  J,  we  have  only  to 
remark  that  if  we  put 

F(i)zz/7~  (as  given) 

we  shall  have  in  terms  of  jn 

nj  =F(-m) 

VI. 

Eccentricity  of  the  outer  orbit 

In  what  precedes  we  have  considered  the  eccentricity  of  the  inner  orbit  alone. 
We  have  now  to  pass  to  that  of  the  outer  or  accented  one.  If  we  express  by  D'  the 
derivative  as  to  log  a',  the  coefficients  of  the  development  in  powers  of  e'  will  be  found 
from  those  in  powers  of  e  by  replacing  fi  hy  v  and  D  by  D'.  But  because  J  is  of 
the  degree  —  i  in  a  and  a',  we  have  symbolically 

D  +  D'  +  i=o 

As  it  will  be  convenient  to  have  all  the  derivatives  taken  with  respect  to  the  same 
quantity,  we  will  replace  the  symbol  D'  by  its  equivalent 

D'z=-i-D 

Thus  the  symbolic  coefficients  are  found  by  replacing  in  each  as  a  function  of  Ai 

Dby^(i+D) 

or  if  we  use  the  /7's  as  given 

iby  —  y 

Actually,  instead  of  expressing  the  opei-ators  for  tlie  outer  orbit  as  functions  of  Vj  they 
are  written  in  terms  of  i  by  simply  putting 

i—y 

These  operators  ai-e  represented  by  symbols  of  the  fonn  /7J;^ 
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VII. 

Combination  of  the  two  eccentricities. 

Thus  far  we  have  considered  the  developments  only  when  one  or  the  other  of  the 
two  eccentricities  vanish.  Consequently  our  series  contain  only  powers  of  e  without  e\ 
or  e'  without  e.  In  the  papers  ah'eady  quoted  we  have  demonstrated  the  following 
theorem: 

Theorem. — If  any  term  of  the  development  of  a'  z/""'  in  powers  of  e  be 

e'^nf  hcos(vX'+M^+jg) 
aihd  tlie  corresponding  term  in  powers  of  e!  be 

e'-'n'^-:hcos(vX'  +  juX+fg') 
then  the  corresponding  term  in  the  development  in  powers  of  e  and  e!  will  be 

e-  e!^      ni  ^;  A  cos  ( V  A'  +    A  +/  g'  +j  g) 

The  values  of  the  symbolic  products 

are  given  so  far  as  required  for  the  development  to  terms  of  the  seventh  order  in  Ex- 
hibit V.    We  remark,  in  explanation  of  them,  that,  had  we  adhered  to  the  use  of  our 
conventional  indices  /jl  and     then  each      ^1  would  be  an  entire  function  of  //  and 
as  well  as  of  D,  of  the  degree  of  As  the  formation  and  management  of  these 

functions  would  be  inconvenient,  we  use,  instead  of  jx  and  k,  their  values  in  terms  of 
as  shown  on  pp.  11  and  14.    The  values  of  U  obtained  by  the  substitutions  are  dis- 
tinguished by  accents,  thus: 

77^;^;  means  77^;^;  when  we  put  iJLz=.—i\      v  —  i 
ITY^',  means  77^    when  we  put  yu=i— i+  i ;  r~i  +  i 
77"^;^;  means  77^;    when  we  put  >uzz— v=i-\-2 

In  the  values  of  77^  as  actually  written  we  have  put  — i  for  ju.  Hence,  in  forming  the 
products,  the  substitutions  to  be  made  in  the  factors  as  written  are 

For  77';  in  77^  change  i  to  i —  i ;  in  77S;j;  change  i  to  i-\-i 
For  77'';  in  77J  change  i  to  i— 2;  in  77g;^;  change  i  to  i-|-2 
etc.,  etc. 

The  symbolic  development,  so  far  as  is  necessary  to  show  its  various  terms,  is 
given  in  Exhibit  III. 
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VIII. 

Controls  upon  the  accuracy  of  the  results. 

A  control  upon  the  accuracy  of  all  the  terms,  especially  of  the  symbolic  operators 
/7,  as  computed  and  printed,  is  desirable.  We  shall  give  three  conti-ols,  each  of  which 
the  reader  can  apply  for  himself  to  the  printed  values  of  such  of  the  expressions  as  he 
may  wish  to  test. 

Control  First. — When  the  planets  are  in  perihelia,  that  is,  when 

the  value  of  a'  J"^  should  reduce  to 

I  (i -ej- 2  a  (i -e)  (i -e')  cos  ¥«+    (i -ef\-^ 

where 

cos  Vo=:cos  w  cos  e^'  +  COS  y  sin  w  sin  w' 

where  w  and  w'  are  the  distances  of  the  perihelia  from  the  common  node. 
To  control  the  operators  i7  we  may  take  the  case  when  e'zzo;  yzzo.    Then  our  de- 
velopment should  reduce  to  that  of 

a'  ^r^zzji  — 2         ■e)cos  (w' —w) -{-a^  {i—ey\'^ 

which  may  be  formed  from  the  development 

(i— 2  a:  cos  (w'  —  ui)  -f  ^ -2"     cosi(w?'— m;) 

by  replacing 

a  by  a — e  a 

or 

log  a  by  log  a+log  (i  — e) 

Putting  for  brevity 

ezz— log(i— 

the  development  of  this  substitution  in  powers  of  e  will  be 

a'JT^=^-  2  /3^'^  cos  i  (w' —w) 

where 

2  3 

-eD+-   D2  ^-  D»+    .    .    .  )6}*> 

^  ^1.2  1.2.3^  ^' 

We  now  substitute  for  e  its  developed  value 
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and  arrange  the  result  in  powers  of  e.  But  it  is  not  necessary  to  form  the  powers  of 
e,  because  if  we  define  the  operator      by  the  series 

/3<^=(i+K,e+K,e'+K,e'+    ....  )fe{^> 
each  value  of  K  after  the  first  may  be  found  by  the  equation 

wK„zz-dk;;_i 

where  K"  is  tlie  result  of  substituting  D  —  i  for  D  in  K.    We  thus  find 


K,=- 

D 

2D  + 

D3 

24K,=  - 

6D  + 

iiD2- 

6D3+ 

120  K5=~ 

24D  + 

35D3+  loD*- 

D* 

720  K6=  — 

120D  + 

274  - 

225  D3+    85  - 

i5D*+  • 

D« 

5040  K7=  — 

720D  + 

1764D2- 

1624  D3+  735  I>' - 

i75D*+  21 

D' 

40320  K8=  — 

5040  D+  13068  — 

13132D3+6769  D*- 

i960  322 

D«- 

28  D*  + 1>« 

The  transformation  of  these  quantities  into  the  corresponding  ones  for  the  outer 
planet  is  made  by  changing  D  into  —  i  —  D.    We  thus  have 


K',= 

1  + 

D 

2K'.= 

2  + 

3D  + 

D» 

6K',= 

6  + 

11  D4- 

6D»  + 

D' 

24  K\  = 

24  + 

S0D  + 

ioD'  + 

D« 

120  K\  = 

120  4 

274  D  + 

225  + 

85D'  + 

isD^+  D» 

720  K'.= 

720  + 

.764D  + 

16240*  + 

735  I>'  + 

175  D<+    2iD*+  I)« 

5040  K',= 

5040  + 

13068D  + 

13132  D''  + 

6769  D»  + 

19600*+  322  D*+  28D'+  D' 

40320  K's  — 

40320  + 

109584  D  + 

1 181 24  D«  + 67284  D»  + 

22449     +  4536 1>'  +  546  D"  +  36  D-  +  D' 

To  apply  this  control  to  the  actual  development  of  R  itself  we  must  find  what  the 
latter  reduces  to  when  we  put 


To  make  the  comparison  with  the  special  development  complete  we  must  combine  each 
term  having  a  positive  value  of  i  with  the  term  for  which  i  is  negative.  The  symbolic 
coefficient  of  a'  A<  cos  i  {w—w')  in  a'J"^  will  then  reduce  to 

i+e(77}+/7J)+62(i7i+/7?+/7j)+  etc., 

while  in  the  special  development  the  same  coefficient  reduces  to  /?^*\  We  therefore 
have  for  the  first  control 

Vol  5,  pts  1  and  2  2 
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n\+n_\=K, 
ni+ni  -\-n_i=K, 


in  the  same  way 
etc.,  etc. 

Control  second. — The  preceding  operation  controls  only  cr)efficients  of  even  powers 
of  i.    For  those  of  odd  powers  we  examine  instead  of  J~K    Takinj*;,  as  before, 

what  is  left  of  the  development  of       when  a  and     vanish,  we  have,  when  g=g'  z:io^ 

— - — ni-^t /?^*^  —  sm  I  Cw  —w) 
dg      2  dg 

where      is  to  have  its  value  at  perihelion,  namely, 
dg 

dy_  s/ 
dg^ii—ef 

2  8         4         lo        o        i2o  04 

JIuUi])lying'  this  series,  the  tenn  1  excepted,  into  w^  find  that  if  we  put  H,^  f<>- 
the  coefficient  of  e"^  in  the  expression,  each  tenn  witli  i  nef»ative  beinof  merged  int  > 
the  corresponding  one  with  i  positive,  so  that  the  coefficient  will  tjike  the  value 


we  shall  have 


«) 


H,= 

2 

2H,= 

5  — 

4D 

2  H3  = 

6  — 

yD-f 

2D2 

24  H,=: 

81  - 

.118D4- 

54  D^- 

8D3 

24  11.,= 

90- 

149  r)  + 

88  D2- 

22  0^4- 

240  Ho  = 

575  - 

1791  D-f 

1 240  — 

410 1)' 4- 

240  Ht  = 

3^50- 

6226  D  4- 

4853 1>'- 

1920  4- 

2D^ 

65     -  4 
10  D*-    45D*+  2D« 
40320  H8=  187425— 395232  D  + 336854  D2-151984  D^4- 39410 1)*- 5908  D5  +  476D^ -16 IV 

This  expression  should  be  identical  with  the  corresponding  coefficient  derived 
from  the  general  development 
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If  we  differentiate  the  general  development  as  a  function  of  w\  g  and  g'  with 
respect  to  g  and  then  put  g—g'—o^  we  find  that  the  coefficient  of  sin  %  {w'  —  %v)  be- 
comes 

+  (i_i)(,P}+,M«+    .    .    .  ) 

+(i+i)(ePl-.+t'^'Pii+  .  .  ) 

+  (i-2)(.^P;+    .    .    .    .  ) 

+(i+2)(.n>i,+  .  .  .  ) 

=iA<*'+KP-.-P})+«'(2  Pi.-2  P5)+«'(3  Pi3+P.,-P?-3  I1)  +  etc. 

Comparing-  tlie  coefficient  of  in  this  dev^elopment  with  that  derived  from,  the 
special  development  we  have  the  conditions 

ni7!L„+(/^-2)77!L,^2  +  (/^-4)^-n+4+  .    •    •  -nni=ill^ 

which  affords  a  complete  control  on  the  odd  powers  of  i  in  the  development 
We  have,  in  the  same  way, 

where  the  H^^  have  the  values 

H',  =  2 
2]F2  =  9  +  4D 
2B'3=i5-f  11  J>-f  2D2 
24H',=  26i  +  25oD  +  78D2-f8D3 
24  ir.  =  35  ^  +  399  ^>  +  i     I)^  +  30  IP  +  2 
240 H',  =  44854-  5781  1)4-2900  IV4-7ioD3  +  85D*  +  4D5 
720  IP,  =  16605  +  23568  I)  +13553     +  4050  T)^  4-  665     4-  57     +  2  D« 
40320  I1'h=  1117305+  1715040  1)4-  1095822  D'^ 4- 378784     4-  766500^4- 9100 4-  588 4-  16D' 

The  combined  products  /^"'ji'  may  l)e  ahnost  completely  controlled  by  the  condition 
tliat 


should  come  out  equal  tr»  K,,XK^'n  r  K'n  bein<^  the  value  of  K  resulting  from  the  sub- 
stitution of  —  I  —1)  for  D  in  K„. 
For,  from  the  equations, 

K„  + 77:j_,+    ....  +771, 

we  have 

Control  third. — This  control  rests  on  the  principle  that  J  is  a  symmetric  function 
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should  be  transformed  into 


by  the  substitution  of  —  i  —D  for  D. 

This  control  completely  guards  against  errors  in  the  process  by  which  the  valuer 
of  the  operators  are  derived  from  the  fundamental  ones  77*5,  but  would  not  detect  an 
error  arising  from  the  use  of  a  wrong  term  in  the  fundamental  operators. 

The  correctness  of  the  latter  is,  however,  very  completely  assured  by  controls  I 
and  II.  We  then  have,  for  the  products,  two  controls,  namely.  III,  by  which  the 
values  of  TI  may  be  tested  in  pairs,  and  that  stated  at  the  end  of  control  II,  whereby 
all  the  products  pertaining  to  the  same  values  of  n  and  n'  may  be  tested. 
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Exhibit  I. 

Developments  of  the  equation  of  the  center  and  of  the  logarithm  of  the  radius  vector  in  powers 
of  the  eccentricity  and  in  sines  and  cosines  of  multiples  of  the  mean  anomaly, 

^(  1^-11  e*+_LIe«+_4|_eA8in  2  g 
\A      24      192      5760  J 

+ri3e3_13g6^  91g7_^73_g»\  sin  3^ 
^Vi2      64  ^512      61440  J  "'^ 

\    96  480  I  1520  / 

^V96o^     4608   ^258048  ) 

^V96o       4480  / 
^(±7m,.-m.^J71^)  sin  79 

V 32256    737280  y 

+  556_403,8sin8^ 
322560 

,    10661993  ,  . 
+  — ^ — ^^^e"  sin  90 
^  5160960 

log  r-\og  a=-e'-\-~e*+^e'-\ — 
^     .   ^      4      32      96  1024 

+/^_3e2^iie4_  J_e«+_9_e8\  cos  2  5- 

y  4    24    64    640  y 

\    24      128      5120  / 

\  4480  J 

322560 

35840 


Digitized  by 


22 


DEVELOPMENT  OF  THE  PERTURBATIYE  FUNCTION. 


The  above  develo[)]neut.s  are  f^Iveu  here  for  convenient  reference,  and  to  verify 
the  vaUies  of  h  andl\  whirli  art^  fouml  in  Exh.  II,  and  are  deriviMl  immediately  from 
them.  That  of  E  is  derived  from  LeVkrrier  (Anuales  de  Wbdermtoire,  Vol,  I  and 
VoL  X,  p.  lo).   That  of  log  r  is  derived  from  the  formula 

"  dr 


logr= J 


i  being  taken  from  Cayley's  Tables  {Mm.  R.  A  8.,  Vol.  XXIX,)  and  ^  derived  from 

LeVkrrier.  A  oompnrison  witli  Delambre's  de\  elopment  (Tables  (hi  Snlv'd  Int.,  Sif/,  /,) 
shows  two  typo.^'rapliic  errors  in  the  latter,  the  coeHicient  of  cos  2  //  heinjj;^  tliei'e  gi\  en. 
as  9:240,  and  that  of  e"^  cos  8  (f  as  — 47529:  35840,  thongh  the  terms  in  are  correct 
Both  developments  can  be  controlled  by  seeing  whether  log  r  and  the  derivative  of  E 
as  to  ^  reduce  to  the  proper  values  for  ^=0  and  ^=180®. 


ExniBrr  IL 


The  factors  h  and  h 


k\ 

+2 

— I 

—2 

—  I 

0 

0 

0 

0 

0 

0 

2 

0 

K 
+1 

5 
2 

3 
2 

Q 

0 

0 

/ii" 
17 
~8 

3 
4 

h\" 
+1 

+1 

+1 

'J 
4 

17 

~8 

0 

T  24 

K 
71 
24 

I- 
1 1 

~  6 

1 1 

+  6 

/if, 
0 

hi;- 

II 

+  6 

1 1 

+  0 

24 

7' 
24 

1097 

192 

A? 
523 

~I28 

A- 

215 
-64 

hi 
+  128 

25 

hi 

+64 

-96 

-4 

Ala 

^  64 

/M, 
^"128 

1223 
^  160 

/^^ 

899 
160 

K 
451 

"  80 

//;• 

^32 

9 

0 

+f 

17 

32 

9 
32 

ir 

,47273 
+  4608 

46080 

41D99 
4608 

hi" 
9216 

AT' 
,665 

'512 

$201 
5120 

AT' 

.  749 
+4608 

//;■' 

S8ii 
^"92 1 6 

/.Ml 

749 
4608 

889 
'9216 

55^403 
■  40J20 

//:'" 

47359 

4480 

79 » 3 
560 

66 1 7 

'  560 

/.VI, t 

4123 
+  1440 

A]- 

3S7 
100 

720 

7-viii 
0 

hr 
+64 
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Exhibit  III. 


23 


Symbolic  development  of  the  function  J~^={r^— 2  rr'  -\- r'^Y'^  in  powers  of  the  eccen- 
tricities and  of  the  sine  of  half  the  mutual  inclination^  and  in  cosines  of  multiples  of  the 
mean  anomalies  and  distances  of  perihelia  from  common  node. 

Notation:    g\  mean  anomaly 

w\  distance  from  common  node  to  perihelion 

X;  mutual  inclination  of  orbits 

X—w-^g 

azzsiniy 
2 

y,-il!-i\ 
V;=z(i+i)A'-(i-i)A 
V;'zz(i  +  2)A'-(i-2)A 
Development  when  e—d—o: 

»=+00      (  T 

A^^-  2    \  iAiCosVi  .    .  . 

i=-00   (  2 

H-a^BiCosV;  .    .  . 

+ff*c<cosv;'  .  .  . 
+  .  .  .  . 


(Terms  of  class  o) 
(Terms  of  class  i) 
(Terms  of  class  2) 


When  e  and  e'  are  considered  the  terms  of  class  o  develop  into 
[^-']o=  \  ^  e  e'^'  Y^f  cos  (V,+i,9+/  9') 

i  —  —  00..  — 1,0, 1,2,  .  .  -{-co 

n,n'=o,  I,  2,  3,  ...  .  00 

j  znn,  n — 2,l^ — 4,    .    .  .  — n 

f  =  n\n'  —  2,n^ —4,     .  .  —n^ 

Expanding,  and  so  merging  like  terms  that 7+/  shall  never  be  negative: 


i  =  -O0 

lerms  of  Class  o. 
.  [i+/=o] 

+  \ec'FJ{}+e'e'FJ:\  +  ee''P_\:l+  . 
+  FJil+e'  e'^  PJJ+^'  e''  P J;^  + 
+  


}cosVi 

|cos(V,-9+^') 
}cos(Vf— 2,9+2.(7') 


Argument  in  terms 
ofw,  zc/,  g,  gf, 

—iw+iw' 

+g  +9' 
X  X 

—i  i 
—i—i  i+i 
— i  —  2  i  +  2 
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Argument  in  terms 
o/w,  w',g,g'. 

— %w-\-%w' 


+  {c='e'Pi:J+e^e'I1;_{+f''e'='P|J+.    .  }co8(V,+2</-9')  -i+2i_i 

+  {eP}+<r«P?+ee'^P};J+  |cos(V,+5r)  -i+i  i 

+  {e'P:;}+e^e'PS;}+e"PS;?+    .    .    .    .  }co8(V,+/)  -i  i+i 

+  {6'e"'P_};i+C'»e'^PJ;^+ee'*P_}:^+.    .  IcosCV^-rz  +  a/)  ,-4.2 

+  •  • 

+  {c='e'I1;_l+e^e'P^:_l+'^'«"Pi!;J+.    •  }co8(V,+35r-</)  -i+3  i-i 

+  {e'»I1+e*F2+e2e"'ri:S+  .    .    .  |co8(V<+2^)  -i+2  i 

+  {ee'P};l+6^e'P?:}+e«'»P}:?+    .    .    .}  cos  (V, +.-/+</)  -i+it+i 

+  fe"'PSJ+e''e'^P^.i+e'^PS1+  ....  }cos(V,+2,9')  -i  i+2 

+  {ee"'P_}i+e^e'^PJ;?+e^"P-};3+  .    •  }co8(V,-,r/+3/)  i+3 

+  •  

[y+/=3] 

+  {e*e'PtJ+e'e'PS;_l+e^e'^PJ;J+  .    .  }co8(V,  +  4/7-/)  -/  +  4i-i 

+  {e^e'P|;}+e*e'P|;}+e='e'«P^:?+  .    .    .  }co8(V,+  2<7+/)  _/+2i+i 

+  {ee'^PU+e»e'^P?:i+ee"'P}'J+  .    .    J  cos  (¥,+,^+2/)  _i+,i+2 

+  {e'«P2'j+e^e"I^j+e'*PS;^+  ....  lcos(V,+3y)  i+3 

+   ■      -  ■ 

[y+/=4] 

+  <e*Pt+e''P»+e^e'^Pl:?+  }co8(V,  +  4^)  -/■+4  ^ 

+  {e'e'P^;l+e'e'P^;l+e'e'»P^:?+  .    .    .  ]cos(V,+3<7+y)  -i  +  3^+i 

+  {e^e"P|i+e*e"P^:i+e''e'*Pi;J+    .    .  }cos(Vi+2.<7+2.<7')  -^4-2  i  +  2 

+  {ee"PU+e'e'='P?:?+ee'^Pi:l+  .    .    .  | cos (¥,+../ +3/)  -i4-i  14-3 

+  {e'*PS;i+e^e'*P?:l+^^'«PS:J+  ....  |cos(V,+4/)  -i  i+4 

+  
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Argument  in  terms 

D*+/  =  5]  X  X 


+  \e'?l+e'?l+e'e''Vtl+  |cos(V,+5/7)  -i+S  i 

+  \e'e'^^\+e'e'Vl\+e'e'''^i\+  .    .    .  }cos(V,+4//+//)         -^^+4  ^+1 

+  \e^e''Pll+e'e''F'il+e'e''Pl}+    .    .  }cos(V,+  2.^  +  3/)       _i+2  i  +  3 

+  {6e'^P}:l+e^e'^PU+^^''Pl;4+  .  .  .  |co8(V,+r/+4/)  -i+i  i+4 
+   {e''P'o:l  +  e'e''Fl:l+e''Pl:l+  .    .    .    .  }cos(V,+5/)  -i  i+5 

+  

Tlie  expansion  may  be  continued  indefinitely  by  the  folio winj^  rules: 

I.  To  find  the  coefficient  of  the  cosim  of  any  arffument 

The  leading  term  is  ~  e^  e'**'  I^/',  n  and  yil  being  the  values  of  j  and  /  taken  posi- 
tively. The  remaining  terms  are  formed  by  giving  n  and  nl  ^  separately  and  inde- 
pendently, the  increments  2,  4,  6,  etc.,  j  and  /  remaining  unchanged.  Every  pair  of 
terms  whose  arguments  transform  into  each  other  by  changing  the  signs  of  J,  /  and  i 
may  then  be  merged  into  one. 

2.  To  find  all  the  terms  containing  a  given  power  or  product  of  powers  of  e  and  e\  say 
Write  the  complete  series  of  terms  of  the  form 

which  may  be  formed  by  giving,;  and/  separately  each  alternate  integral  value  from 
+w  to  — n  and  from  to  — n^j  respectively.  The  sum  of  the  products  formed  by 
multiplying  each  term  into  the  cosine  of  its  corresponding  argument  will  be  that  re- 
quired. Pairs  of  terms  which  will  be  equal  when  summed  as  to  i  may  then  be  com- 
bined. 

Terms  of  Class  i . 
[^-'1=2  e-  e'-'  VYr  cos  (Y^+jg+f  g') 
\}i  jj  /» ftOing  through  the  same  range  of  values  as  in  class  o] 
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Expanding  and  arranging  groups  of  terms  according  to  the  values  of  ^-f-/: 

Argument  in  terms  of 

•'^  +  00  v>,v/,g,g^ 

i=-oo  (^i—i)w-\-(i-\-i)io' 

[.;•+/ =o]  +9  +H' 

X  X 

+\e'e''VlJ,+e*e'^X*'*iJ,+e-'e"¥'iA+    .  |cos(V'i+2.</-2y)  -/  +  3  i-i 

+  {ee'P'}:_{+e='e'P'?;_}+ee'='P'{;J+  .    .  J  cos  (¥',+.9-9')  -i+2  / 

+{P'2:S+e^P'S'.2+c'^P'g;?+  IcosV,  -i+x  i+i 

+  {''e'P'J;l+e'e'P'J;l+''c"P'_l;?+  .    •  }c()s(V'.— -j  i+2 

+  

[.;•+/=- 1] 

+^''='e'P'J:}+«'«^'P'J;l+''V"P'J:?+  .  ^ cos (V',-2.9 +.'?')  -i-i  i+2 

+^eP'-l:S+e'P'J:2+ee'^P-l:S+  -  •  .  ^cosCV,-//)  i+i 

+  Je'n-l+^^''P'?:J+e"FS;J+.    .    .  |cos(V',-//) 

+  fe6''n^'j;J+'''''"P'-l:J+'''''-'P'l:-2+    .} COS (V'< +17-2*7')  -i+2  i-i 

+  

,+  {.^''P1:J+.^-'P-;_}+e^e-P1;_?+    .  |cos(V',+  2,<7-y)  +  3  ^ 

+  {*'P'}:«+.'»P'?;«+e«'^Pl;?+    .    .    .    .  |cos(V',+.9)  -/  +  2i+i 

+  {.'Pi;;>+.==.'P'2;}+e-F«;?+  .  •  •  •  |cx.s(V',+r/')  -A+ii+2 
+  {<..'''^P'_U+^.^.'=P'4;+./*P'_l:J+.    .  |co8(V',-<'/  +  2.9')  -/       i  +  3 

+  

The  expansion  may  be  continued  indefinitely  liy  the  rules  for  class  o,  except  that 
the  coefficient  ^  does  not  appear  and  there  is  no  merging  of  equal  terms. 

Terms  of  class  2,  3    .    .    .    .  k. 

The  expansions  are  formed  frojn  tliose  of  class  i  by  writing  k  accents  over  the 
symbols  P  and  Vj.    The  arguments  in  terms  of  iv,  ?<;',  //,  and  (f  are  of  the  general  form 

{-i+k)  iv  +  {i+k)  IV'  +  {-i+k+j)g-\-{i+k+j')y' 
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VALUES  OF  THE  COEFFICIENTS  P.  2"] 

Exhibit  IV. 

Values  of  the  coefficients  P. 

VJf  zza'n'/^f-a'Bi 
F'Jf  =<T*  n"ff- a' d 
V"'ip'—(fn"'ff  -a'  Di 

where 

1 28 

—  ^  +  6  a*  6i*-'>  +  6     6<*+»  +  a'         +  .  . 

32 

o'  C..r=  ^     ft<"  -  '  5  (72(a3  ^(i-i)  _f.  ^3  ^(i+D)  +  3J  (j^  (3  a'  Z^^^'  +  8  «^  6«  +  30;^         +  .  . 
8  16  64 

16  32 

I  28 

while  the  operatmg  symbols  U  are  shown  as  in  Exhibit  V. 


Exhibit  V. 
Values  of  the  operating  symbols  nf  'P'. 
Class  o;  operating  on  A,. 
I. — Operators  relating  only  to  the  Inner  Planet. 

2  n|  =z  —  2i—\^ 

8  n|-=-h4^'-^-5'M-(4^-3)I>  +  D' 

16         .  .  8/3-^io/^-f-2/-[-(4-4;^  -  5/  +  3)D  +  (— 2/4-  i)D2  — 

48  ni^-  30;^  — 26/4-(— i2ri4-33«  — i7)D-f  i-6i-f-9)D2-D« 
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64nj  =  -f-i6j^  — 9«4-f  2DH-(— 8i«  — i)D«  — 2D3  +  1> 

96  n|  =  ~i6*<-|-6o«^  — 64z2  +  22j  +  (— i6j"3  4-48««  — 47»  +  22)D  +  (oi8— 31  — i)D«4-(+4J  — 6)  D'  +  EM 

384  nj  =+ 16 —  i20jS-f-  283    —  2o6j -|-(-f-  32 13 — 192    4-  3301—  142)  D  -|-  (4-  24.  —  102  *-f  95)  ^ 
-{_(-|_8/_i8)D3-|-D* 

384      =  — 32ifi4-8o/^  — 26i3_i2/2_io/+(— 162<4-24?*3  — 9;^4-io/4-3)D4-(+i6»3  — 36i>»4-i2 
-H(+8j^  — 2/  — 5)I>»-f-(— 2J-I-6)  D*  — D6 

768  n5  =  +  32/6  - 240 1^4- 614 — 648 124-258 /+(-!- 48 1*  — 296    + 617    — 5721-1- 231)  D 
4-(4_  lef-a  — 60/24-76/  — 68)  1334- (—8 4- 422—41)034- (—6 7 4- 14) D<  — D* 

3840  nj  =  — 32ift-|-4oo/*  — I  7902*34-3  360/'  — 2  i94/4-(  — 80 1^4- 840  2"»  — 2  9951^4-40801— I  569)0 
4-(— 802^4-6602^— I  66024- »  22o)D2-f(— 401^4-2302  — 305;  D'»4-(— 1024-30)  D*  —  I> 

2304  n§z=  — 64  2>i4-i96/"^  — 17222  4-(— 482^4-39  22  4-24)D4-(4-482<  — 932'5  — 26)  D2  4-  (4822  —  15)03 
122^  4- 25)  0<  — 9  0*^  +  08 

3072  nS  =  4-64/«  — 4002'^ 4-788 2<  —  5932^4-31422— 1362  4- (4- 6426  — 3042*  4-452 2"3  — 399 2*4  H-  344,_72)D 
_!_(_  16244-  1362^  —  255224-1152  —  58)  02  4-(— 32 2"5» 4- 11222  —  6624-5)03 
4-(_4^2-_,7/4_4i)D4  4-(-f42-i3)  0'^4-0« 

768c  n5=— 64  2'6  4-8oo2"6— 3  7402^-1-820023—8  588/24-3608  / 

4-  (—  128  /*  4-  I  360  /<  — 5  280  2^  4-  9  535  /2  _  8  454  H-  3  096)  O 

4-  (— 80  /4  4- 640  2^  —  I  765  /2 4-  2  280  /—  1 466)  02 4-  (o  2^— 80  2^ 4-  340  2—255)  D3 

4_  (4- 20/2— 130/4- 185^  0*4-  (4-8/— 25)  06  4-0« 

46  080  n§  =  j-  64  2>»  —  I  200  /ft  -)-  8  660 /<  —  29  835  2*3  -f  48  538  /2      29  352  / 

4- (4- 192/5—3  120/44- 188602*3  —  51  615/24-60752/— 21  576)0 

4- (4- 240/4—32402^4-15  345 295352+ "8694) 02 4- (4- 160/3— I  680/24-5  530/— 5 595)  D3 
4.  (4-  60/2  -  435  /4-  745)  D4 4-  (4-  12  /-45)  Oft  4- 

184320]  =4-  128/T— 480/6  4- 40 /ft  4-874/4  4-494  2"3— 842/2  — 214/ 

4-  (4-6416  — 48 /ft  — 364/4  4- 89  2*3  4- 481/2—  109/4-  127)0 

4-(— 96/5-^384/4— 902*3— 441  /2_26/— 159)  02  4-(— 48/4  — 24/34-351  /*— 57/— 46)03 
4.(4-24/3—126/24-10/4-147)  04  4-(4-i2/2  4-9/— 76)  Oft4-(— 2/-|-i5)r)6  — 07 

30  720         =  —  I  28  /'  -f-  I  440  2>i  —  5  960  /ft  4-  1 1  610  2*  —  12  246  2*3  4-  8  262  2^—2  850  / 

4-  (—  192  2"6  4-  I  77^  /ft  _  5  900  2*4  4-  9  695  1-3  _  10  755  2*2  4.  8  O45  /—  2  229)  O 

4- (  —  32  2*6 -1-0/44-810/3— I  485/24-  182/— 55)  024- (4-80/4  —  680/84-  I  675/2—1  2951-1-446)03 

-^(4-40/3  —  150/2  — 50/4- 275)044- (—4/2  4- 75/— 160)  Oft  4- (— 614-23)  o«—07 
92 160  n  I  =  4- 1 28  /7  —  2  400  2^  -h  1 7  800  /ft — 66  790  /4  -\- 134  246  /3  —  1 38  970  2*^2  4-  59  570  / 

+  (+320/6-5  232 4- 33  140/4  — 104095/34- 172  821  /2— 147  i49t-f  50  195)  O 
4  (4-  288  /ft  —  3  840  2*^  +  19  030  2*3—45  045  /2  4-  55  026  /  —  30  679)  02 

4-(4-80/4  — 600/3  4- 995  2*2-}-  175  /-h  326)  034-  (—402*3  4- 570  2*2- 2270 /-f  2  515)  J34 

4-(—362*2  4-285/— 520)  Oft 4- (—10/4-39)  06— 07 
645  1 20  n ?==  —  1 28  2*7  4-  3  360  2«  —  35  560  2*5  4- 1 93  1 30  2*4  —  563  486  2*3  4-  828  75 8  2*2  —  472  730  / 

4- (—448/64-  10416/6—95  340/^  +  432775''— >  000727/24-1  062  285  /— 35$o8i)0 
4-  (—672  2*ft  4- 13  440  2*4  —  1 01  990i*"«  4-  361  935  2*2  —  587  230  /  4-  334  369)  O2 
4-  (—  560  2*4  4-  9  240  /3  —  54  425  2"4  4- 133  945  /—  1 13  974)  O^ 

+  (— 280 2*3 4- 3570 2'^»— 14 490/4- 18  515)  044- (-84/2 -^735 /—I  540)  Oft4-(- 14/4-63) 0«—07 


Digitized  by 


VALUES  OF  THE  OPERATING  SYMBOLS. 
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147  456  n;= 

-|-256t«  —  2  272 1*  -|-  7  801  r*  —  7  140 -f-  (-}-  512  i»  —  2  7201*  -|-  2  012 -|-  720)  D 
4.  (— 256i»  _f-  2  128  r*  —  3  674i"3  —  I  044)  D«  -f-  (—  576  j<  -f-  2  268    —  140)  D» 
_}_(4.96,-4_958,3^889)  D* -f- (i92j»  —  560)  I> (— 16  j2  4- 154)     —  20     +  D» 

1843200}  = 

—  256/«-}-  2  240»T  — 6 032 1^-1-4380 J*—  I  3521*4-9  586 6  164 j^  — 688* 
4- (_ 256^4- 1  536/^—1  856t>»  — 8801*  — 3  9i9i"5  4-8  76812  —  203214-  I  296)  D 
-I-  (-f  128 1'B  —  I  488 -f  4  480  J*  —  2  695  *3  —  I  671    —  642  /  —  I  084)  D« 

-|-(-|-  19211^  —  960/*  -I-  i8o/i-f-  2610/2  —  275/ —  168)  D'  4-  (o/*  4- 423 /"a  —  I  535  |2  4-  385/4-  I  009)  D* 
4-  (  -  48  i»  4-  240  /•«  4-  79  /  —  7  20)     4-  ( —  8  /»  —  47  /  4-  202)  D6  4-  ( 4. 4  /  -  24 )     +  D» 


4-  256    —  4  480  P  4-  30  944 1»  —  109  320  j's  4-  218  177 1*  —  262  622  /"a  4-  192  608  /«  —  65  968  / 
4-(4-5i2/7  — 7  68oi>'4-44  544;'*— i3i68o/*4-230  926/3  — 269  444i'«4-  igi  qi6/_55  728)0 
4- (4-  2561^  — 2  592  7"»4-840d/*—  II  530 /"3  4-  18  3o6«"2  — 31  906/4-  15  052) 
4-(—  I28j'6-f  2  240/*—  123601*^4-26  58o/«  — 22074/4-8612) 
4- (—1601*  4-  I  56oi'3  — 4290 f'a  4-  2560/4-889)  D* 

4-(— 32fi»— oj"a4-  I  062/— 2000)  I>  4-  (4-  16/2  —  190/4-442)1)64-  (4-8/  — 36)      4-  D» 


—  256/84-6720/^  —  724641*4-415  380/* — I  366792/*-}-  2590518/3  — 2  643  828/* 4-  I  139472/ 
4-  (—  768  /'  -f  1 7  920    —  168  896 /ft  4-  830  480 /*  —  2  298  653  /3  4-  3  594  304/3  —  2  950  800/4-952  848)  D 
!_(_ 8961*  4-  17  808 /ft—  138  880/*  4- 546  875  i'i»—  I  171  023/24-  I  351  154/— 687996) 
4-  (—  448  /ft  4-  6  720  /*  —  35  260  /•"»  4-  89  250  /2  —  1 1 4  793  /  -f  84  280)  D3 

-|-(    o/*  — 980P  4-  10  745  /«  — 35  525  /4-  33  649)  D*  4-  (-f  112/3—  I  680/2  4.  7  693/—  10640)  D* 
4.  (4_5  6 ,-4  —  525  /  4- 1  162)  I>  4-  (4- 12  /—  56)     -f  D8 


4-  256  i" — 8  9601^4-130  592%'' — I  023  i2oift4-4  628o57t* — 1 2  000  604    4- 16  352  684    — 8  902  4481* 
4-(4-  I  024(7—32  256t«-f4i5  744ift— 2  812  32oi*4- 10  6138201=*  — 21  771  428a4-2i  370  136*— 6805  296)  D 
4- (4- 1  792 /» — 49 7 28 /ft 4-550 480 /* — 3 082  100 /3 4- 9 077 782 /2 — 1 3 040 916/4^6852 460)  D ■ 
4-  (-h  I  792 1^ - 42  560  /*  4-  388  080  /3 _  I  683  780    4-  3  433  388  /-  2  581  964)  D-^ 

4-  (4-  I  1 20  /*  —  21  840  /3  4- 1 53  650  /2 — 458  640  / 4-  484  729)  D*  4-  (-f  448  /3 — 6  720    4-  32  396  /— 49  840)  Dft 
4-(4-ii2/*— I  148/4- 2  842)0"  4- (4- 16/— 84)0^4-08 


368  640  n;  = 


290  240 115  = 


10  321 920  n|  = 
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DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 


II. — Operators  relating  only  to  Outer  Planet. 

nf.S=» 

2TlJ}  =  +2l-hl-|-D 

4nJ:S=-4*«+D-fi^«  4 
'6n;:?-: 

—  8    —  1 4  /•  3  —  5  /  —  I  4-  ( _  4  /2  _  /  _|,  2 )  D  -f  ( -I-  2 1 -f-  4 )  D2  4- 1>» 
48n;;5  = 

H-8j^  +  42 i-a  +  asi- 27  4- (4- 12  j-a-l- 45  z-l- 38)  D-H(-|-6£-|- 12)  D^^Vfl 

64  nS:J= 

-I- 1 6  J <  —  1 7  J 2 -f  ( —  1 6    -I- 6 )  D -f- ( —  8 -f  1 1 )     4- 6  D3 -I- D< 

96  nj.}  = 

~i6j<---76»S--ii2i^--62/— i6-|-(— i6*a— .48*5  — 29/--2)  D-f(oz^-i-  i5/-f  23)  D--(-  (4-4/4- 10}  D'4-  D< 

384  nS:t= 

i6?^ 4- I52f3 4- 499 4- 6461 4- 2564- (4- 32 z"^ 4- 24012 +  558* 4- 390)  D  4- (4- 24134- 126 1 -hi^ 
4-(4-8^4-22)D3  4-D4 

384  ns:  J  = 

4-32/'5  4-96i*4-34/3— 47x^4-814-1  4- (-}- 161*  — 8  «*3  —  87 1^  —  12/4-25)  D4- (—16       60/2  —  6/4-53)  D'i 
+  (-8/=»4-6/4-39)I>-h(+2/-f  ii)D^4-D* 

768  nll= 

~32/»— 288/*— 926/3— I  3i7,'2_858/—243  4-(— 48/*  — 328/3  — 713/^  —  574/— 183)  d 
4.  (_  16/3  —  36  /3 4-86/4-  149)  D2  4-  (4-  8    4-66/4-  107)  D-i  4-  (4-  6  / 4- 19)     -h  D6 

32/54-483/^-^2710/34-7055/^  +  8  174 '  -f- 3  125  4- (4- 80 /^  4-  I  ooo/'3  4-4  435/2 4- 8  130/4-5049)0 
4-(4_ 80^-3 4- 780/2 4-2410/4-2325)024-14- 40 z"^-h 270/4-435)  D3-h(4- 10/4- 35)  0^4-0^^ 

2  304  nS:S= 

—  64 292 /*  —  364/2 4- (4- 144/^  — 417/2 4-120)0  4- (4- 48/*  — 309/^4-274)  D2  4- (—96/24-225)03 
4-(— i2z"2  4-85)  0<-hi5  06-f  0« 

3  072  nS:;= 

4-64?^4-464i"s4-i  076/*4-877/3  4-342/2  4-320i4-644-(4-64/6  4-272/<4-84/*3— 4631^24-4/4-176)  D 
4_(_i6/<  — 232/3— 615/2— 171  /-}-3i8)  0^4-(— 32/^  — 128/24-42/4-309)  O* 
+  (-4»-^-|-37 '+121)0^4- (4-4/4- 19)  0^4-1^ 

7  68oIlS;;= 

—  64  ,-6  —  928/^-5  180 /< —  14  120  2^—  19  788/2 —  13  864/— 4096 

4-(— 128/**- 1  520/^— 65601*3—12  745 /i— II  434/— 4392)  0  4-(— 80/*— 640;^— I  405/2—400/4-674)02 
4-(   0/34- 160 4-940/4- 1  265)  034- (4- 20/2 4- 170/4- 325)  D^ 4- (+8/4- 31)  o^^ 4- o« 


Digitized  by 


OPERATORS  RELATING  ONLY  TO  OUTER  PLANET. 
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46080  nS:t= 

+  64  f"6  -I-  I  392  l^-\-12  020  Z<  -f  52  095  J"3  -}-  1 1 7  238     -f  1 25  6l6  /'  4-  46  656 

+  (+1921^4- 3600   -I- 25  820z"3  4-87  585/^4-138212/4-78  960)  D 

4- (+240/^4-3  720  zs  4- 20  7451-34-48  855/4-40414)  d'^ +  (4-160/34- 1 920/2  +  7390/4-9045)0^ 
+  (+60/2  +  495  *  +  985)t)^-r(i2/+50I^'^  +  D*^ 
18432  ul\  = 

—  128/'  — 544 + 8/5+ I  670/^  — 363/3  — 2253/^  +  75/— I 

+  (—64 +  144 +  I  276    +  loi    —  2  980  /2  —  21 1  /+  758)  D 

+  (+96/6  +  528/^  —  126/^  —  2  370/^  —  85/+!  867)  D2  +  (+48/^— I20z'»  — 975/2  +  33/+1  729)  D3 
4_(_24z^— 186 z"2  + 65/+ 787)0^ +  (—12/2  +  21/+  l87)D«  +  (+2/+22)  D«  +  D7 

30720  ull  = 

+  128/7+1  632 /'">  +  7  768/'*+  17  430/^  +  20411/3+  15  711  /2  +  9  549/+2  187 
+  (+  i92/tt+  I  840zfi  +  5  66o/<  +  5  875  t3  +  2  180 /2 +  4 407 /+ 2  826)  D 

+  (+32/5  — 240/^-3090/^-7  370/2— 2  9271  +  2  223)  D2  +  (— 80/4  — 840z'3  — 2  235  /2  — 225  /+2  749)  D3 
_^  (__  40/3-130/2  +  515/+ I  455)  D^  + (+4/2+,  II /+3,9)D6+(+6/  +  3o)D«  +  D7 

92i6onS:J-- 

_i28/'7  — 2  720z^— 23  320 /s— 103  850/4  —  257  931  z^  — 357  225/2  —  259005  /— 78  125 
+  (—  320  t^—S  808  060 1*  —  1 43  795  /3  —  263  436  /2  —  246  1 1 1  / — 99  630)  D 

^(_288/*— 4080/4  — 20  590/3— 44  250 z'2— 37  881  /— 10761)  D2 

^  (_8o/4  — 440z'3+  I  645  /^+  12  305  /4-  15  749)        (+40/3  +  750/2  +  3  845  i+  5  735)  ^* 
-h  (+ 36 /^ -f  345 ' -h  775)     -h  (4- 10  /  +  46)  D«  + 

645120  nll^ 

+  1 28  z"7  +  3  808  z>i  +  46  648  /6  +  302  470  /*  +  I  1 07  77 1  z*3  +  2  249  499  /2  +  2  27 1  429  /  +  823  543 
+  ( + 448  /« +  1 1  760  /6  +  1 23  900  /4  +  665  595  z"3  +  I  902  5 7 2  z-s  +  2  700  299  /  +  I  447  886)  D 
+  (+672/6+  15  120/4+131  390 /=^+  547  470/-+  I  083  565  /  +  803  747)  D2 

+  (+  560  i*  +  10  360/3    69  545  z-^  +  199  535 ' -h  204  729)  D3  +  (+  280/3  +  3  990/2  +  18  375  /+  27  195)  EH 
_^(+84/2  +  8i9/+i  939)D6+(+i4z  +  7o)D«  +  D7 

147  456  ns  ;= 

256/8—30407^+13321  /4— i6  26oz2+(— I  o24z^  +  9 088/4—21  o52z'2+5  048)  D 
+  (_  256  z^  +  4  432  /^  —  18  386  /^  +  13  068)  D2  +  (+  960  /4  —  8  340  /^  +  13  132)  D3  +  (+  96  /4  —  2  158  z-s  +  6  769)  EH 
+  (—  288  /2  +  I  960)  D6  +  (—  1 6  /2  +  322)  D6  +  28  D'  +  D8 

184320  nll=^ 

—  256/8+ 2496 /T  — 7  440/6  +  4  556/6  +  4968/4+  II  098 /*3  — 20  996/2  — 2  832/— 256 

+  (+256z'7— I  280/^—1  696/6+  12  720/4—91  /3  — 27  328/2—1  656/+ 8 656)  D 

+  (+  128/^—2064/6+7  360/4  — 235  i3_2I  231  /2  +  9I4/+  16  236)  D2 

+  (_  19216  +  960/4  + I  980/3— II  3ioz'2  — 55/+16  34o)D3  +  (oz4  +  66o/»  — 2855/2  — 855/  + 8  549)  D4 
+  (+  48  z^- 288  z^-445  '-h  2  492)  D6  +  (-8/2 -  75  /+  398)  D6+  (-4 /^  32)     + 1> 


256  /8  — 4  992  /T  +  38  880  /«—  1 56  328  /6  +  355  857  /4  —  491  1 26  Z*3  +  449  504  /2—  266  416  /  +  65  53^ 

+  (— 5i2z'7  +  8  192/^^  —  49  344/6+  141  120/4  — 210506/3  +  209  252/2+  198060/— 34992)  D 
+  (+  256  z^ — 2  208  /6  +  720  /4  +  35  230  z'i»— 86  934  /2  +  36  038  /  +  21  664)  D2 
+  (+  128/6  — 2880/4+  18920/3— 43 420 z'2+  17  6r4/+25  100)  D3 

+  (_  160  Z4  +  I  720  /3  —  4  050  Z'2  —  5  880  /+  18  849)  D4  +  (+  32  Z"3  +  96  /2—  2  37O  /+  5  464)  D6 

+  (4.  16 /2—  246  /  +  722)  D6  +  (+  8  /  +  44)  L)'  + 1>« 


368640  ns:;- 


Digitized  by 


DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 


290240  n;:J==r 


—  256/" -h 7  488*'— 91  2801''-)- 602  5321'*  — 2  342  872/<-h5  471  214/5  — 7  485  924/^24-5  5124641—  I  679616 
_j_(_}_768«T— 19712/6  +  205  856/'*  — I  1284001^4-3496  703 /"a  — 6  152  384 1« 4- 5  813  688 1— 2386512)0 
-|_ (  —  896 1^4- 19  i52/'»  — 159040/^4-648  655 I  3566631^4-  I  397  3261  — 613908) 
+  (-|- 448/^-6  720 4-31  220i3  — 28  35012—115  157  /4- 181  972) 

4-  (    oi*  —  i  540 1'4-  19  985  /» —  82  285      106  309)  D<  4-  (—  1 1 2  /3  4-  2  016 12—  1 1  095  /4-  18  844) 
( 4-56  /2  _  609 1 4-  I  582)  I>  4-  (—  1 2 1 4-  64)  Df  4-  D« 


4-  256 i«  —  9  984  /'  4-  164  640 —  I  490  384 /^  4-  8  034  537    —  26  106  892 1*3  4-  49  046  1 56 1^^  4-  47  239  088 1 4-  1 6  777  2 16 
4-(  —  I  024 4- 35  S\ot^  —520576164-4045  440/-«  —  18031  860/34-45  627  204/*  —59  755  672/4-30461  872)  D 
4-  ( 4-  I  792  /«  —  55  104  /»  4-  684  880  i*  —  4  381  860 1"'  4- 1 5  119  902  t'i  —  26  434  436  / 4-  18  049  548) 
4-(— I  7921'^ 4- 47  130/^—479 920/34-2  367  820/^  —  5  615  428/4-5  079  116)  I)"* 

( 4- 1  120/^  —  24  080  /"^  4-  188  930  /^  —  638  400  / 4-  779  569)     4-  ( —  448  /3  4-  7  392 /*  —  39  620  / 4-  68  7 1 2)  D* 
4.(4.112/3  —  1  260/4-3458)  D«-f(— 16/4-92)  D7  4-D« 


4  n_l:}  =  +  4'^+2/— D-D2 

4n  l:{  =  -4/«-2/4-(-4^-i)D-D2 

8  n  |;;=:4-8/''4-(4^  — 2/)  D-h(  — 2/— i)D^-D'» 
16  n_|;;=4-8/^4-i8/2  4-8/-f-(4-4'-  +  '— 4)  D -j- (-2 /-5)  D^  —  D' 
16  n  J:|=— 8/S  — 18/2  — 8/4-(— 12/i  — 19/  — 4)  D4-(— 6/  — 5)  D^— D3 
16  n_i|=4-8/'+i4'''  +  S'-h(-4'^-5'-3)D  +  (-2/-2)  D^  +  D^ 

8  n  ;:i=— 8z'5— 4 /*'24-(— 4/^4-2/4-1)  D4-(2i4-2)D2  4-D3 
16  n  ||=4-8/'3— 6/^  — 5/4-(4-i2/2— 7/— 3)  D4-(4-6/— 2)  D'«4-i>'' 

32  n_|:;  =  — 16/*  — 28i"3— lo/i  — 2/4-(o/'34-i2/i4-9/4-i)D4-(+8/^4-9/  — 2)  0^4- (o/  — 4)  D^— 

32  n  1:?=4-  i6/*4-28/34-io/^4-2/4-(4-i5/»4-i6/-4-i/4-i)  D4-(o/^  — 7/  — 2)  D^-f  (— 4/  — 4)  D»  — D* 

96  n_l:5=  r  i6/<4-84/^4-i3o/-2  4-54/-h(-f-i6/^4-48/2  4-ii/  — 27)D4-(4-o/i  — 21/— 38) 
+  (-4/— 12)  D3  — 

96  n  !;3=  -  I  i/'  — 84/' -130/^  — 54/4- (-32/^ -132/^— 1411  —  27)  D  4- (  — 24/^^-69 /  — 38) 
+  (  -8/— I2)D3  — D< 

16  n  ;•;=  f  16 /•  — 8 /iD-h(—8/J 4-1)0^4-2     4- D< 

32  n  }  ;=— i6/*4-2o/'»-f  (— i6i'3  4-i6/i  — 5/4-o)D4-(o/-^-/  — 3)  D2-h(4/  — 2)  1)'+ 

64  n_;: 5=  4- 16/* 4- 56 /-^ 4- 61  /2  4-2o/-h(o/i— 8/^  — i8/-i2)D4-(— 8/^  — 18/— u)  iv4-2D''4-d« 

32  n  ;j==— 16/^— 36/^ -16/^ 4- (— 16/^-16/^4-9/4-4)  D 4- (0/^4-13 /-h 9)  t)'-f  (4' 4-6)  i>-hD* 

64  n  ••J==4-i6/<4-i6/'^— 29/^—20/4- (4-32 /I -1-24/2-36 /— 12)  D  4- (4- 24/2 4- 12/— 1 1)  024.(4- 8/4-2)  D^-fD* 

96  n_i  l  =  4-i6/«4-68i-^-h82/2  4-26f  +  (— 16/^-48/^  —  41/— 17)  D  +  (o''-9»  — 8)  D'+(-h4»-f  8)  D'-D^ 


321 920  n; 


rO.  __ 
^0.8 


III. — Operators  relating  to  both  Planets. 


Digitized  by 


OPERATORS  RELATING  TO  BOTH  PLANETS.  33 

32  n_f|  =  -i6/^  — 281^— 14/^  —  2/4- (o«^  +  4?24-9 1  +  3)  D  +  (-}-8 ««4-9j  +  4)D*^ 4- 

32  n  J:}^-|-i6z<— I2«"3— 6j2-f  2/-f  (16/3— i6rJ  +  3«-[-3)  D-f  (0/3  —  5  24.4)  d^^- (— 4/-I-0)  D^—D* 

96  n  ii  =  —  i6i«4-52z'»  —  22i^  —  26z-j-(—32/'3-f-84r2  — 27*— 17)  D-f(— 2413-^45/  — 8)  D^^-f— 82-^8)  D»— 

128  n  l;J===-32/*4-34'^+(— i6i^4-32*'='4-i7'*— i2  0D  +  (+i6z-»4-i6/^  — 22/  — 6)D3  4-(4-8/^ 
^(_2i— 6)  D^  — D* 

192  n_!;  ^ = — 32  /*  —  1 52    —  224  /3  —  1 24  /3  _  32  /  -f  ( —  1 6  i*  —  20  «3  -I-  54 12  _^  38  /  _|_  , 6)  p 
-f  (-f  i6j'3  +  78*^ -1-75 ''4-2)  D2  +  (-h8/2  +  5e_23)D'^+(-2i-io)  D^-D* 

192  n  1;  J = 4-32  Z*^  +  1 52  j4  -f-  224   -f- 1 24  r2  -f  32  /  +  ( 4-  48 -f- 1 72  x3  4- 170 1«  4-  66  / -}-  16)  D 
_|_(4.i6/^-^  i8j5_  i7t-f  2)  D^-f  (  —  8/2—35 /_ 23)  D^-f- (— 6 /  — 10)  D*  — 

768  n_\:i=~\-32t^  +  304i*-\-99Sfi^i  292/^4-5i2/+(f  48/^4- 328 r»-H6i7/2_|_i34/_256)D 
^(_j_i6j3-[-i2i2_24Sz  — 390)  D2  4-(— 8x^  —  82/— 155)  rP-j-(— 6/— 22)  I>  — D-* 

768  n  }  ;J=— 32/*  — 304/^— 998j3— I  292/2_5i2z-f- (— 8o/'«  — 6321*3— I  61512—  i  4262  —  256)  D 
4.(  — 80 2"3  — 4922^  — 8681  —  390)  D--f-(  — 40/^  —  170/  — 155)  D3-f-(— 10/  — 22)  D<  — D6 

128  n_J:?=  — 32 /•5  —  96«^  — 90/3  —  29/^  — 5 /-f(+  16 4- 56 /"^ -1-65/24- 29/4- 3)  D4-(-h  162^4- 28       10/— 7)  D2 
4-(_8/"2  — 18/-10)  D''4-(— 2/-^  I)  D*-f 

64  n  J;J=4-32/5  4-56/^4-2oj"3  4-4/2  4-(4-'i6i^  — 4/-'  — 22/2_5x  — I)  04- (— 16/3— 34/2—6/ -|-  i) 
4- (-82-24-/4-6)  D3  4-(4-2z4-5)D4  4-i> 

128  n  ;•}=— 32/^  —  16/^4-50/34-21  /* 4-5 '  +  (—48/^  —  16/34-35/2-^/4-3)  D4-(— i62'3  4-o/2— 14/— 7)  D» 
4.(4.82^4-4/— 10)  034.(4-6/4-1)  D44-D* 

384  n_J-J=  +  32'^  +  2o8 /^ 4-470 2-3 4-433/2 4- 135/4.(4- 16/^ 4- 48 2^-9/^-ii3'-8i)D 
.|.(__i62"3  — 96/2— 162/— 87)  D-4-(— 8/^  — 16/4-2)  D3-^  (4-2/4-9)  D^4-Dft 

192  n  ;j=— 32/»  — 168/*  -260/*  — 108/24-  (-48/^— 1722*3— 110/34-65/4-27)  D4-(—i62"34-6/34-iio/4-65)  D2 

4-  ( -h  8  /2  4-  5 1  /  4-  5 o)  D3  -h  ( 4-  6  /  -h  1 3 )     + 1>* 
3845  n  J:;=  +  32/'i 4-128 /< 4- 502*3  — 2171^— 135/4-(4- 80 2*^4-264 2'34-6i  /2  — 27.7/  — 81)  D 

4.(_^8o/3  4- 204/24- 22/— 87)  D2  4-(4-4o/2  4-7o/4-2)  0^4- (4- 10/4-9)  D^4-D* 

64  n   ?;;  =  — 32  2*4- 40  2*^  —  8/^  4-(— 16/^  4- 28  2*3-22  2*2  4-2/4-0)  D-h(4-l62*3— 10/2  — 314-3)  D« 

4.(_^8/2  — 7/-^4)  D3  — 2/D*  — D'i 

192  n  |;=4-32/5— 120 2**4- 104/3 4- (4- 48/^  —  1402*3 4-98 2*2  — 26/4-0)  D4-(4-i6  2'3— 182"3  4-7/— 17)  D* 
_^(_8/2  4-27/— 8)  D3  4-(— 6/4-8)  D<  — Ds 

384  n_JJ=4-32  2"«4-i92/^4-4062*3  4-3542^4-i04/-h(  —  i6/'»  — 80 /»— 1592*2— 155/— 68)  D 
4.  (-,62*3 -72/2 -102/  — 49)  D2-h(4-8/^4-24*-f-24)D3  4-(-h2/  +  4)  D<  — D* 

'28  n_?-J=  — 322"^— 112 /^  —  I30  2'3  — 58/2  — 8 /-I- (—162**  — 24/34-15/24-37/4- 12)  I)  4- (4- 16/3-^ 52/34- 52 /-h  19) 

4- (4_ 8/2 4- 10/4-4)  D'»4-(— 2/--4)  D^  — 
128  n  J;*=4-32  2*6  4-32/<  — 50/3  — 22 2*2 4- 8/4- (4- 48 2^4- 16/3  — 59/2-^17/4-12)  D4-(-f  16/3— 24/-— 10/4-19)  D2 

4(— 82^-20/4-4)  D34-(— 6/— 4)  D^  — D* 
384  n  i ;= — 32  /^ 4- 48 /< 4- 134  2*3  —  1 14  /2  — 104 /4-  (— 80 /* 4- 104 /3 4-  227  /2 — 15 1  /— 68)  D 

4_(_86/3  4-84/"«4-i28/— 49)  D2  4-(— 40/24-30/4-24)  D3-^(— 10/4-4)  D^— D* 

Vol  5,  pts  1  and  2  3 


Digitized  by 


34 


DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 


768  n_t:i=-h32«*-h256i«-f  686134-695  «^-f2o6/-f-(—48i<  —  296«^—569i'^  — 408/-  142)  D 
-f  (+16^-5  +  36  zi-38f-47)  D2-f-(-f  8/^4-5814- 77)  I>'+(-6i-i7)     4- D« 

192  n_}:l=— 32i'»— 1361^—1881^— 108 — 22? 4- (4-  i6j^4-52£'^-h78i«4-69/4-22)  D 
4-(4- 161^4- 54^»4-48j4-2i)  D^4-(-8i^— I3;-7)D'4-(-2i-5)  I>-hD" 

128  n  J;l  =  4-32/ft4-i6i^— i8j*3  — 9r2  4-(4-  i6i*4-o?*3  — 9t24-4i-f  2)  D4-(— i6;3  — 812  — 2*4- 1)  D« 
4_  (_8 /«-4  ^ -  3)  1> -f  (-f  2 1 )     -h  I> 

192  n  };  |=  — 32/'*4-  I04t*— 681''  — 201"  +  2214- (  —  48/^4-  1401^—1107^4-  1914-22)  D 
4-(_i6i-»4-42ii  — 521  +  21)  DJ4-(4-8ri— II  — 7)  D»4-(  f  6j  — 5)  D*-\-iy> 

768  n  t  !  =  4-32jB  — 224 1*4-446 i'5  —  i29«'«  —  2o6f  4-  (4-8ot^  —  472t'3  4-75i  i2—i6oi—  142)  D 

+  (4.801^  — 372    4-418 1—47)024.  (+40*^- 130/4- 77)  D3  4-(4-ioi— 17)  D^  +  D* 

768  n_J-  J  =  4-64/64- 192/54-68/*  — 94 1'a 4-  i6i^4-2/4-(o/6— 112/*  — 208/34-23/3-1-42/  — i)  D 

4-(— 48/*—  1121^4- 75/^4- 118/— 25)  D2  4-(oi"3  4-72i^4-84i  — 53)  D3  4-(4-i2/^-f- 16/  — 39)  D* 
-H(ot— II)  D5  — D6 

768  n  j:J=  — 64«"^—  192/'*- 68/<4-94i'3—  i6«^  —  2/4-(— 64/^-80/*+  140/34-71 12  —  58/—  i)  I) 

-h(4-i6/*4-i28/3  4-99«^-94'-25)D2  4-(+32/'4-48/^-72/-53)  D34- (  +  4/2- 28/-39)  EH 
4_(_4,_ii)  D*  — D« 

I  536  II_j;5=  — 64/*— 576/*—  I  852/*  — 2  634?^  —  I  7i6/«  — 486/4-  (  —  64 —368/*  —500/34- 1697'^ 4- 492/+  243)  I) 
4.(4. 16/*  4- 256 /"a  4- 885  7^4-872/4- 183)  D24- (  +  32/34-  168/^ -h  128/- 149)  I>''  +  (  +  4i"«— 28/—  107) 
+  (—4/— 19)  Dfi— D« 

I  536  n  J;J=  +  64«^  +  576/ft+ I  852/*  +  2634i'3+ I  716/2  +  486/ 

+  (+i28/«  +  944«'  +  2  352/'3  +  2  465/^+i  224/+ 243)  D  +  { +  80/* +  40o/-' +  541 /^+ 276 /+ 183)  1)^ 
+  (0/5—96/2  — 300/  — 149)  D3+(  — 20/2— 104/— 107)  D*  +  (— 8/— 19)  D*  — D« 

7680  nJJ=+ 64 1^  +  960/5 +  5  420/*+  14  iio;"3+  i6348?"a  +  6  250/ 


256  n  ;;J=-64i>»  +  68/*+(+8o/*-4i/^)D+(+48/*-77'^-h6)      +  (-48 /•  +  17)  D3+ (- 12 /' +  17)  D* 
^7D'i  +  D'» 

512  n  »;J=  +  64f>'  — 80 /'^  — 68/* +  85/^^  +  0/2 +  0/+ (+64 z"^- 112/*+  12/3  +  75/2  -30/  + o)  D 

_^(_  16/4-24/3  + 75/2 -31/- 18)  D^  +  (— 32/3 +  32/^+14 /-27)  D3  +  (-4j-2+  19/- 7)  D* 
+  (+4/+3)I>  +  I>'^ 

768  n  J;  *  =  -  64    —  384   —  828 1*  —  S08 1'i*  —  374  /2  —  80  /  +  (o  /s  +  80  /*  +  3 20    +  43 1  /3  +  240  /  4  4S)  D 

+  (  +  48/*  +  224  7^  +  3i5P+i48/— 10)  D2+(o/3  — 48/*— 116/  — 71)  D3  +  (—  12/^  —  321  —  7)  D* 
+  (o/+7)  Dft  +  D6 


+  (+  i28/«+  I  520/* +  6  160/3  +  9  205  /«+  I  924/  — 3  125)  D 

+  (+  80 /*  +  560 /3  +  385  /2  —  3  480  /  —  5  049)  D2  +  (o  /3  —  240  /2  —  I  540  /—  2  325)  D3 
+  (_2o/2  — 2001  — 435)  D*+(  — 8/  — 35)  D»  — D« 


7  680  n  J;  J=  —  64  /•^  —  960  /ft  —  5  420  /*  —  14  1 10  /3  — 16  348  /3  —  6  250  / 


+  (—  192 /ft—  2  480/*  —  II  580 /"i— 23  315    —  18  272/  — 3  125)  I) 

+  ( —  240 /*  —  2  560 /3  —  9  255  /2  —  1 2  780  /  —  5  049)  D2  +  (—  160  —  I  320  /« —  3  280  /—  2  325)  D3 
+  (-6o;^-34o/-435)  D*4-(-i2/-35)  D-^-D^ 


Digitized  by 


OPERATORS  RELATING  TO  BOTH  PLANETS.  35 

384  n  ;;i=  +  64j0+3O4t*-h448/^H-248j3  +  64z2  +  oj  +  (+64t«H-i76|4  +  4oP— 104  D 

-^(_i6i<— i52r»— 252/^  — 91  i—iS)  D2-f  (_3  2t-3  — 88i«— 1414-21)  D^-f  (—4 i«-f  19 t-f  33)  ^* 
-h(+4*  +  iOJ>4-D*^ 

768  n  J: } =— 64  —  224 1»— 68  -f  3 1 2  /3  -f  246  /2  -f  80  i  -f  (—  1 28  /» — 368  i* — 96  ^  225 1"*^  -j- 1 32 1  -h  48)  I) 

-(-(—8o/<  —  i6oi'3— 67^^  —  981— 10)  D2-I-  (o/3  +  32f"*— 32?— 71)  D3-^(-f  20 ?24- 38/  — 7) 
+  (4- 8/-h7)D*  +  I> 

3  072  n_5:  }= 4-  64 16  -f  688  j6  -h  2  7 56 4-  5  079  ?3 4-  4  254  -h  1 280  /  -f  ( 64  t'f' -h  464 -i-  980 13 -I-  269  /«—  1 01 2 1—768) D 

4-  (—  i6f<— 28o«^—  I  203 I  8131  —  914)  D-2  4-  (—32/3— 208 330/— 75)  D34-  (— 4i"2-f^  19,-^89)  D 
4-(4»+i9)I>  +  I> 

'  536  n  J-  J=— 64     608  i»  —  1 996 1* — 2  584  —  I  024  «2  4-  o  1 4-  (—  1 28  tf>— 944  — 2  080  —  1 061  4-  646 1  -j-  256)  I) 

801^  — 320i'3  4-  119/2-f  I  204*4-646)  D*4-(o/^-^  I76r-f  684/4-545)  LP ( 20  /  ^ -f  1341-f  177) 
4-(4-8/4-23)D'^  +  I)'' 
3072  n  };  {=4-64/^4-528/54- I  236 -}- 89  f 3  —  2  206 —  I  2801 

4-(4-  i92«'^-|-i  360/^4-2  572/3  _  143/2  _  2864/  — 768)  D4-(^24o»<4"  I  /ioo/3_j-2ooi  I*  — 2431  — 914) 
4-(4-i6oj3-|-72o/2-f  6901  — 75)  D^4-(4-6o/J4- 185/-^-  89)  D*4-(4- 121^  19)  D''-hI> 

768  n_|:?=— 64 /«  — 352/^  —  668 — 522 13—  i6o/2  — 2614-  (-f  64i'^4-304j^4-540i*3-4-449z"«-f  1701-^  17)  D 
-h  (4- 16/^  4- 80/3^  93,-2 _^ 4,-43)  D2-f- (-32/^-112/2-  132/- 49)  D3  4-(-U4/8^io/-hi7)L)' 
4-(+4*4-5)I>*-D" 

256  n_;;?=4- 64/^4- 192/54-  i96/^4-86/"3-f  2o/2-f-2/4-(o/5— 48/^  — 112/3  — 89/"2- 24/  — 3)  D 

4-(— 48/<-ii2/3— 77,^^  — 8/-h5)     4- (0/3 -I- 24/5  +  32/4-15)034- (+12/2 -I- 16/4- 5)  D<— 3l>-I)" 

256  n  J- J=— 64/«  — 32/*4-84/*4- 14/^-^0/-  — 2/  -r  (—64/64-  i6/<4-44/'3  — 43/«  — 6/— 3)  I) 

4- (4- 16/^4-48/^-39*^-8/  + 5)  D2  + (  +  32 /^ 4-8/^-12/4- 15)  D3  + (  +  4/^ -io/-f- 5)1)* 

768  n  5;J=4-64t^—  128/5—  i72/*4-222/"3  4-  ioo/"2-h26/4-(4- 128/'5  — 208/*  — 208/3 -f  17,  ,i_|_o/4-  17)  I) 
4-(4-8o/*-8o/3— 17/2  — 60/— 43)  D'j  +  (4-o/-3-f  32/'^4-56/  — 49)  D34- (- 2o/-«4- 28/4- 17) 
+  (_8/-h5)  D-^-Do 

2  304  n  J:  J= 4-  64  /« 4-  576  /*  -h  1 988  i*  -h  3  258  /■3  -f  2  500  /2  4-  702  /  4-  (o  /5  -  48  /*  -  336  /3 — 873  /^  —  1 008  /— 459) 

4-(— 48/*  — 336/'3  — 861  ,-2_96o/  — 403)  D2  4-(o/"3  4-24/'-f  96/4-  III) 
4- (4- 1 2 /« 4- 48  /  4- 53)  D*  -  3  - 
768  n_?:5=  —  64/"e  —  4i6/"5— 956/*  — 950/3  — 400 1"*  — 54/4-  (— 64 /"s  — 272/*  — 284 /■=  4-89/^4- 254/-I-81)  D 

4- (4- 16 /*  4- 1 76 /-^  4- 453 /•« 4- 420 / 4- 141 )  D-J  4- ( +  32   4- 1 28 /2 4- 132  / -h 47)  t)**  +  (4- 4 - 10 / -  23)  EH 
-j_(_4,_ii)  D*— 

768  n  ?;;=-f  64i-«4-256/5  4-ii6/<  — 350/'3 -140/-^^ 4- 54/4- (-f  128 /-^-h  368/^-48 f"3  — 381/^-^136/4-81)  D 

4-(4-8o/<4-8o/3  — 233»"«  — 20/4-141)     4- (o/3— 112/^  — 136/4-47)  D»4-  (—20/2  — 68/— 23)  l)< 
4-(— 8/  — II)  D*  — D« 

2304  n  J;5=  — 64/^  — 96/5 4-532 /'•  4- 642/3— 880/^  — 702/4-  (—  192/'^  — 24o/'«4-  I  204 /3-f  I  077  /2—  I  202/— 459)  D 
-r-  (— 24o/<  — 240/"3-)-  I  017/24-600/- 403)  D2-f  (—  160/3—  i20f"«4-38o/4-  in)  D3 
_^(_6oi-2-3o/4-53)  D*4-(-i2/-3)  D^-D^ 

256  n  J:5=-64/e-h36/^  +  (4-  i6/*--i7/^)  D4-(4-48/*  — 5/2-f  2)D2-f  D3+(_i2/-^^  — 3)  D<  — D5  4-D« 


Digitized  by 


36  DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 

384  n  };;=-|-64t6-  240t'^  +  256z<  — 88  i"»  +  o/-*  +  oj-l-(-h64j'*  — 208/^  +  248  ?^-i52/^-f  22/^0)  I) 
+  (— i6i^-h56/3_  12/^  — 25/ -1-22)  D*  4- (-32^3 +  72/^  — 501-^21)  L)^4-(  — 4i-'-h/ —  7) 
-f  (4/-5)D*-f-I>'^ 

I  536  n  J;J=  -64. ;>» 4-480/"^  -  I  i32i-«-|-824/^-ho«^  +  o/-h(-  i28r'^  4-784  7<  -  i  440/34-851  r-^  —  2o6/-f- o)  D 

+  (-8o7-»-f  320i3-289/=*-h  124/-  142)  D2-f  (—oz-«  -96/^-1-228/ -47)  D=^-f  (-f- 20/^  -  94/  + 77)  I)^ 
-h(-f8/-i7)  D5-f  D'^ 

3072  n_JJ=-f-64/«-f-624/5-f  2  276/^-^3851 1^ -(-2  986 /^-f- 824/ 

-f  (  -  64  /ft  -  496  i*  -  I  444  P  —  2  067  /'  -  I  568  /  —  568)  D  4-  (  —  16  /*  —  184  /•»  —  603  /♦  —  749  /  —  330) 
-h  (-H 32  j-3 -f  192 /-^ 4-366/  + 261)  DT+(-4/2-/  +  9)  -f-(-4«-i3)I>'+t)'' 

768  n_t?,=  - 64/'- -384/6  -860/^  -904  i-3-454/^-88/-}-(o/6  4- 16/^  +  128/3+295/^^276/4- 88)  D 

4.(4-48/4 4- 224/^ +  387/^4-304/4-106)  D^  +  (o/'3  +  o/''  -  12/  -7)  D-^^  (-12/-!  -32  /  -27)  D<  — 1>+  I> 

512  n  j;=  +  64i«+  i44/'>  +  28/<  -81  /3  — 36 /-J +  o/+(+ 64/^  +  80 /<  -36/-3  — 37/2  f  18/4-8)  D 

_|_(_-  16/4-721-^-45/2  -/  +  6)  D2  +  (— 32t'3  — 48/-^— 22/-  II)  D-J+(  — 4/-  +  /-7)  D< 
+  (  +  4*'  +  3)  I>'*+I> 

768  ri  *;|==-64/fi  +  96/'i  +  22o/^  — 248 r^  — 58/'* +  88/ +  (—128/'^ +208/^  +  224 -375/-^+  120/ +  88)  D 
+  (_ 80 /*+  160 1-^-43 /^-  146/ +  106)  I)' +  (or' +  48/^-  104/  -7)  I>3  +  (  +  2o/-2  +  2/  — 27) 
+  (+8/-l  I)  1>  +  D6 

3 072  n  } ;}  =  +  64 /«  —  336 /6  +  1 16 /4  +  I  243 /"^  —  722 P  - 824 /  +  (  +  192 /&  —  880 /4  +  252 /"^  +  2  225  /^  —  988  /  —  568)  D 
+  ( +  240  /^  "  920 P     201  /^  +1  323  /  —  330)      +  ( +  1 60  p  —  480  /•  +  70  /  +  261 ) 
4_(+6o/-^-  125/  +  9)  D4  +  (i2/-i3)  D-^  +  I)« 

7680  nJ:l  =  +  64j-''+832/»  +  398o/4  +  85io/3  +  7  748/^+2  194/ 

-|-  (  —  128/6  —  I  360/4  _  5  040/^  —  7  795  /'  —  5  024/  —  I  569)  I)  +  (  +  8o/<  +  560/'* +  985  /•  +  20/  — 349)  D« 
+  (o/'^+ 160/^  +  820/  + 915)  D3  +  (_23/'f  -  160/  — 275)  D4  +  (  +  8/  +  29)  -D« 

I  536  n_5:  i  =  — 64/"- 5i2/»  —  I  468/^  —  1  9ior*  — I  146/^  —  258/  +  (  f  64/^  +  400/4  +  916/^+  I  113/2  +  776/  +  231)  D 
+  (+16/4+  160/^ +  405/^ +  360/ +  163)  Di  +  (— 32 /:»  — 152/2  — 200/  —  109)  D^+(^4/-  — 8/  — 27)  D< 
+  (+4/+ 13)  D^-D- 

768  n_J:l  =  +  64/»+  192/5+  132/4 +  2 r«  + 8 /■i+  10/ +(0/6+  16/4  —  16/3— 41  /^  +  6/  +  3)  D 

+  (— 48/^-  ii2i'3  — 69/^  — 38/  — 5)  D-  +  (oz"3  — 24/-  -20/  -13)  D«  +  0  12/2+  16/ +  I)  D^  +  5  r)6  — D« 

768  n  J:|=-64i>''+  128/6  +  28/^  — 5o«''-'  — 32/^  -  io/+(-64/^+  112/^  — 2or'  — /2  +  6/  +  3)  D 

4.(+, 6/4-32^-^-21 /2  +  6/-5)  D^  +  (  +  32/»-32/*  +  o/-i3)     4- (+4/2  +  8/+ i)  1)4 
+  (-4/  +  5)D'^-D« 

I  536  n  *^J  =  +  64f'«-448/ft  +  988/^  -682/^-  i32«-i  +  258/  +  (+  128/''  -784/4+1  552^-1  175    +  148/  + 231)  D 
+  (+8o/«— 400«"^  +  709/i— 632/+  163)  D2-i-(o/'3+  16/2  +  36/  — 109)  D^+ (— 20/- +  64/— 27) 
+  (-8/+i3)I>-D« 

7  680  n  5. 1=  —  64  /6  +  768 p~  3 180 i* + 4  930 /'  —  1 028  /2—  2 194 / 

+  (—  192  p  +  2  OOD  /4  —  6  940/3  4_  8  525  /2  —  I  252  /  —  I  569)  I) 
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+  (_6o/'2  +  28o/-275)  D<  +  (—  12/+29)  D-'-D*^ 
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28    —  584  J»  -h  728  /"^  -f-  ( -h  64   —  288    —  292  i*  -h  834    -f  364 -  240 1)  D 

—  96 15_  144 J* -f- 618/"^ 4-417^  —  548/  — 120)  Di-h(— 48*^ 4-192 i^'-h 309 «^—45«'— 274)  D* 
4-2413-1-96/^— 170/— 225)  D*4-(-f-i2i-!  — 301— 85)  D6-f(— 2/— 15)  D«  — D" 
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4-  80 4  960    4  3  285  i"2  4-  2  930  /  —  67  \)  1)3  4  (4-  40 ;^  4-  180  j2  —  290  /■  —  I  265)  D* 
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—  641^  — 304«'^-(-76i<-}-2  18513-1-3  781  /^-f  2  631  i-f-729)  D 
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28f'7  4- 1  152164-3  704 15 4-5  268x*4-3  432*3 4-972 1« 4-0/ 
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281''  — 99216— 2  2641'*— 6381*4-3  153x34-3  318  1*3  4-  I  2151 

—  32016  —  2  1281ft— 40521*— I  221  134- 2  6571^4-2  51714-729)  D 
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2SP-\-2  080 1^  4-  13  240 1«  4-  41  770 1*  4-  67  97 1 13  4-  53  370    4-  15  625  1 
4-  192 1-6 4-  2  3841'^  4- 10  460 1* 4- 18  345  i-s  4-  6  985 1^—  117771—9  375)  D 

4.  32  I'ft  —  240  1*  —  4  490  l3  17  420  I*  24  787  1  —  12  022)  D2 

—  80 1*—^  I  0801*3  — 445512  —  62251— I  926)  D3  4- (  —  401*3  — 230 1*2 -f  35  14-  I  020)  D* 
4-41*4-10514-330)  D6  4-(-f  6i4-32)D6  4-l)^ 

28  r  —  I  920f6  —  10  840 1*  —  28  220 1*  —  32  696 1'3  —  12  500   4  o  I 

—  32oi«  — 3  9681** — 17  2601*  —  298101*3 — 13  141 1*2 -|-8  17414-3  125)  D 

—  2881*6  —  2  5601*  — 5  930i»4-2  1901*24-163041*4-8  174)  D2 

—  80 1* -1-0134- 3  475  1*34- 105401  +  7  374)  D3 +  (4-40 1*3 -1-6801*4- 2  6801* 4- 2  760)  D< 
4- 36 1"' 4- 280 1*4- 470)  D6  4-(4-  101*4-36)  D6-hD7 

28 1^ 4-  I  760 16  4-  8  440 1*6 4-  14  670 1*  —  2  579 1*3— 28  370 1*2  —  1 5  625 1* 
4-  448 1*6    5  424    +  22  140 1*  4-  30  435  ^'^  —  8  923    -  37  267  ;  —  9  37 5 )  D 
4-  672 1*6  4-  6  960 1*  -f-  23  190 1*3  4-  23  520 1*2  —  7  645  1  —  12  022) 
-f  560 1*  4-  4  760 1*3  4-  1 2  1 25  1*2  4-  8  025  1  —  I  926)  D3 

4-  280 1*3  4-  I  830 1*2  4-  3  1 65  1*  4- 1  020)  D*  4-  ( -f  84    +  375  ^  -f-  330)  D* -f  (4- 14  /•  -h  32)  1> -h 

281' —  160 1* —  104164-  i7oi*'»  —  34i34-oi^-foi  4-(-}-  64 1*6 —  208  if* 4-  140/*  -)-  loi  ;"3 —  1 1 1 1^  _j_  121)  D 

—  96154-321*  4- 1861*3—151 1*2  — 8/4-  i8)D3  4-(— 481*  f  120  7*3  — 39 /vj  „55/  ^  39)  IK 
4-247*3-^221^  —  5014-23)  D*4-(4- 121*2—171  —  2)         (_2/— 5)  I)fi  — 1)7 

28  n  4-  480  1*6  —  280  1*6  —  5  10  7*  4-  442  1*3  4-  O  1*2  4-  O-l* 

—  192  7^  +  656  7*6  —  548  1*—  193  1*3   (-  469  {2  _  156  1*4-  O)  D 

—  321*4-961*— 3061*34-37715!  — 887  —  102)  I)^+  (4-807*  — 216134- 57 /-  j  171 7— I33)D 
4-4073  — 98 1*3 -h  106 1-9)  D4_^(_4/2_3,-_^26)  I)6  4-(  — 6  7'  +  3)D6— 1)7 

281*'  — I  0881*6  —  3  5921*6  —  5  8321*  — 4  9001*3  — 2  0927*2  — 4167 
4-  64  7^  +  576  76  -h  2  036  7*  4-  3  598 1*3  4-  3  328  7*2  4- 1  530 1* 4-  272)  I) 

-f-  96  1*6  4-  624  7*  4-  I  482  1*3  -f  I  497  7*2  -\-  503  1*  —  I  I O)  1)2  +  (  —  48  7*  —  336  7-^  —  86 1  7*2  —  965  7  —  39  S) 

—  241*3  — 84 1-2  — 701*4-39)  D*4-  (-^  127*24-487*  f  50)  1)64  (  ^  2/  ^  I)  D'^  — D' 
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28   — 448 1»  —  1 68  z6  4-472    4-  268  «3  4-36/2  —  32  / 

— 192    — 448  J*  4-  100 1<  4-  262  j3 —  1 28  z2  —  1 10  J  —  48)  D 
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4- 40  j*^  4- 28 1"3  —  38 1 4- 55)  I>  4- (— 4  J2  —  36  J  — 10)     4- (— 6 / — 9)  D6— 
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4-40/S4-  154/24-  10/  — 169)  EH 4-  (—4/2  — 69/— 130)  E>6  4-  (—6/— 21)  D«— D7 
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4-  320  4-  2  1 28  /« 4-  3  4 1 2  /4  —  I  435  /3 — 3  493  (2  4- 1 438  /  4-  768)  D 
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28/7—1  184?*— 4024/6 — 6226/4 — 4419/3—1313/^-206/ 
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4-401^4- 174 /2 4- 265 /-h  201)  EH 4- (4-4 /2 4- 33 /4.  25)  D6 4- (—6/— 14)  D6 4- D7 

28 /7  4- 704  Z'8 4- I  432/64-1  388/44-688/34-  174/24-22/ 

—  64     —  352  j'6  —  844  /4  —  I  058  /3  —  697  /2  —  201  /—  22)  D 

—  96/6  — 416/4  — (K>6/3  — 340/2— 14/4-45)024-  (4-48/44-  192  j'3  4- 327/24- 25114-92)0 

4-24J*34-68/24-5o/4-5)E)4  4-(— 12/2— 26/— 23)D6  4-(— 2/— 2)D6  4-D7 

28/7— 224/6— 8/6 4- 1 10/4 4- 45/3 4- 9/24-  (—641^— 16/64-68/4  — 7/3— 46/2— 10/— 2) D 
4-96J-6  4-I76/4  4-30/3  — 22 124- 3/4- 5)  024.(4-48 144-24/3  4- 7/2-^  15, -4-8)03 

—  24/3  — 38/2  — 5/-7)D4  4-(— 12/2-5/— 7)  D6  4-(-^2/4-2)D6  4-D7 


Digitized  by 


Googl 


40 

1 536  n  J:?=-h 

-f 

6  I44n  t?=— 

-h 
-h 
-h 

18432  n^5=-h 

-f 

+ 

4  6o8n^»=- 

.  + 

3  072  n  J:S=-f- 
4.3  


4  6o8n  *i= 


536  n  tl'- 


3072  n  tl=— 

f 
4- 
-f 

=  + 
+ 
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—  32016 -j-  I  552t»—  I  0921^  —  2  2551^+  I  302 /2 _ 32 / -f  142)  D 

—  2881* -f- 1  040?<— 430 1*3—270 r^  — 395/— 379)  D--j-(— 8o/*4-4oz3+  157  i'2-f-6i3 /  — 360)  !> 
-|-40t3— 25018+1412  + 201)  D*-f  (-1-36 £2- 1071  +  25)  D6  +  (+  lot  — I4)D6+D7 

28  |7  +  I  632  |6  +  8  344  1*6  +  21  766  i*  +  30  287  |3  +  21  031      +  5  562  / 

—64?^— 72016— 3  380/^  —  85731*3  —  12  5742^—  10312/— 3834)  D 

—  96/*- 1  oo8r<  — 40741*3  — 7  950/2  — 7  529/— 2831)  I>' 
+  48/<  +  4o8?"3+i  365/2  +  2  159/+  I  420)  D3 

+  24 /"^  f  174^2  +  415 ''-f- 341)  r)^  +  (- 12/2-57 '-83)  r>+(-2/-6)D6  +  D' 
28/^—1  152/8  —  4 072/6— 7  196/*  — 6  7047*3  —  3  158/2  —  594/ 

—  64  I*  —  384     —  644      -h  278  /3  +  I  853  /2  +  I  863  /  f  594)  D 

+  96/6+768/^  +  2346/3  +  3456/2  f  2528/  ^809)  D2  ^(  +  48/^  +  240/3  +  405 /■2  +  245/  +  64)D3 

—  241*3— iH'^  — 280/— 191)  D^  +  (  — 12/2  — 36/— 35)  D'^^  +  (4-2/-l-6)I>  +  D7 

28/7  +  672 /6  +  968/»  +  54/<-  5851*3  —  243/2  +  07 

+  192  /3  +  720  /6  +  500  i*  —  389  7*3  —  258  /2  +  1 30  /  +  54)  D 

+  32  7*6  —  144  i*  —  582  7*3  —  342  7*2  +  25  /  +  49)  D2  +  ( ^  80  /*  —  376  /-a  —  409  f**  —  1 63  /  —  68)  D3 
-40 7*3  —  78 7*2  —  31  /- 59)     +  (+  4 +  33 «  +  13)      +  ( 6  /  +  10)  D6  + 

28  7*7-  192  7>'  +  968  /6  +  956  /<—  I  616  7*3  —  298  7*2  +  594  ' 

—  320  7'*5— 2S8/5+  I  924/^ +  554/3  —  2  277/2  f  997/-t-  594)  D 

—  288  /6  +  O  /<  +  I  1 90  /3  —  900  72  —  678  /  +  809)  D2  f  (—  80  I*  -  240  /3  +  9 1  /2  —  85  I  /  +  64)  1)3 

+40/3+  180/2  — 142 /— 191     +  (+  36 /2  +  54 /— 35)      t-      10 /  +  6)  D6  + 

28  7*7  —  288  7^  —  I  736  /6  +  2  870  t*  +  6  503  /3  —  5  749  7*2  —  5  562  / 

+  448  /6  —  9 1 2  /*  —  4  740  /<  +  6  81 1  /3  +  1 1  786  /2  —  8*148  /  —  3  834)  D 

+  672  /6  —  I  200  /^  —  5  170  /3  +  6  018  /2  +  7  099  /—  2  831  )  D2 

+  560  /<  —  840  /3  —  2  81 5  /2  +  2  347  /  +  I  420)  D3  +  ( ^  280  /3  —  330  7*2  —  765  /  +  341 )  D* 
+  84/2— 69/— 83)l>+(+i4/— 6)  D6+D7 

28/7  — 320 7*6  + 104 /'i  +  48 7*^  +  40 7*3  +  0/2  +  0/ -h  (  +  64 /♦^—  128/''+  ii6/*— 66/3  — 24/2—  10/)  o 

—  95/^  +  208/*  — 50/3  +  11 /2  f-o/  +  3)      +  ( -4S/^ +  4S/« -25/*  f  22  7  — 5)1)* 
+  24/3  —  52/2+  10/— i3)EH  +  (+  12/2  — 4/  +  I)  D5  +  (— 2  7  +  5)  D«  — 

28  /'  +  960  1^  —  2  456  7*6+2  592  /<  —  I  032  7*3  +  O  /2       O  / 

—  192  7*6  +  I  216  7*6  —  2  708  t*  +  2  902  /3  —  I  572  /2  +  258  /  ^  O)  D 

—  32/6  +  48/^  +  14/3  +  241/2  —  314/4-231)  D-  ^  (+80 -448/3-^721  /2— 496/  +  163)  L>3 
+  407*3  —  124 /2  +  1 18 /—  109)     +  (— 4    +  36  /  —  27)  l)'  f  (  —  6  /  +  13)  D'^  - 

28/'  — I  600 7^  +  7  160/6—  13440/4  +  8  776/3 +  0/-  +  0/ 

_|_320/6  — 3  392  7*6+ 12  380/4— 18  II0/3  +  9636/2— 2  I94/  +  O)  I) 

+  288/''— 2320/4  +  5  6907*3— 4  515/2     I  886/- I  569)  D- 

+  80/4— 160  7*3-  I  I  15/2 +2  420  7  —  349)  D3 

—  40  7*3       500  /2  —  I  430  /  +  915)  D4  t    (  —  36  /2  +  220  /—  275)         4-  (  —  10  /  —  29)  I     —  D7 


Digitized  by 


OPERATORS  RELATING  TO  BOTH  PLANETS. 


41 


30  720  nj;|=+ 

-f 
-f 
-f- 

6  144  n  J:5=— 

4- 
-h 
-f 

3072  n_tl=-f 

-f- 
-h 
4- 

3072  n  t;=— 

+ 

6  i44n  5:1=^ 
30  720  n  1 1=— 

92 160  n_S:  }=-h 


o  144  n_ii=  r 

+ 

4  6o8n  J.i=~ 
+ 


28/T-f  I  8881^+10888264-31  1502^ -f- 46  I76j3+33  186/2  +  8776/ 

—  192/6—2  320 i^—io  700  /^ — 24  245  /3 — 29  400 /«  — 19  47 1  / — 6  276)  D 

-}-32/6-fo/*— I  490/3  —  5  475/2  —  6  862/- 2  965)02  + (80/^  +  920 /^»  +  3  495/2 -f  5435 /+3  311)  D3 

—  40J*3  — 250j*8— 400/—  i85)D*+(— 4/2  — 69/— i59)D&+(6/  +  25)D«— D' 

28?''— I  248/*^— 4  744/* — 9  078/-»— 9320/^— 4914/2— I  032/ 
+  642^  +  496/5+1  668/4  + 3363 /•3  +  4  268/2  +  3077/^924)0 

+  96  /6  +  800/4  +  2  426  /3  +  3  529  /^  +  2  610  /  +  883)  D2  +  (— 48  /4  —  264  /3  —  561/2  —  617  /—  273)  D3 

—  24/3— 158 /=i  — 300/— 217) D4+(+  12 /a +  35/ +  25)  DS  +  (  +  2/+  9)  D**— D7 

28  /7  +  608/6  +  952  /»  +  506  /<  +  36/3  +  42  /2  +  40  / 
+  64/6+240/6+  i88/'»  — 135/3  -134/2  + 37/+  12)  D 

—  96/6— 384/4  — 566/3  — 381/2- 148/— 17)  D2  +  (— 48/4  — 168/3— 207 /-t  — 139/  — 57)  1)3 
+  24/3  +  54/2  +  40/  — 9)  D4+(+ 12/2  + 27/+ 21)  I>+(  — 2/+ I)  I)«  —  D- 

28  P  +  32  /6  +  488  /fi  +  38  /4—  252  /3—  138  /2  —  40  / 

—  192  /6  +  I  12  /»  +  41  2  /<  —  I  23  /3—  34  /2  +  I  7  /  +  12)  D  +  (—32  /6  +  96  2*  —  154  /3  —  85  /2  28  /—  I7)  D* 
+  80/4+24/3— 147/2— 15/  — 57)  D3+(+40/3+  2/2  +  28/  — 9)  EH 

—  4/2  +  3/  + 21)  D6  +  (_6/+i)  D6  — D7 

282*7  —  6721^  +  424/6+  I  974/4—2  344/3 — 270/2+  I  032/ 

+  320 /6  —  I  552  /6  +  I  252  /4  +  2  559  /3— 3  964 /2  +  I  081  /+  924)  D 

+  288  /6  —  I  280  /4  +  I  430  /3  +  32 1  /2  —  I  986  /  +  883)  D2  +(+  80  /4  —  360  /3  4-  803  /«  —  665  /  —  273)  D3 

—40/3  +  70/2  +  224/— 217)  D4  +  (— 362^  +  59/+25)D6  +  (— 10/  +  9)  D6  — 

28  /7  +  I  3 1 2  2^  —  3  688  /6  —  1 070  /4  +  14  304  /3 — 6  306  /2  —  8  776  / 

—  448  /6  +  4  080  /6  — 9  900/4  —  2  785  i"3  +  26  488  /2  —  8  771  /  — 6  276)  D 

—  672/6+5  280  /4  10  590  2"3  —  2  7  1 5  /2  +  1 6  270  /  —  2  965  )  D2 

—  560  /4  +  3  640 /3  —  5  645  /2  —  I  165  /  +  3  31 1 )  D3  +  (—  280 /3  +  I  410 1"2  —  I  500 /— 185)  D4 

—  84  /2  +  291  /—  159)  D6+  (— 14/ +  25)  D*  — 

28  /7  +  2  464  /6  +  18  520      +  68  330  /4  +  1 26  91 1  /3  +  107  242  /2  +  29  352  / 

—  320/^-5  232/6—32  180/4—92  255/3  —  12458!  /2  — 74  552/— 21  576)  D 
+  288/5+  3600/4+  15070/3  +  22800/2  +  6  171 1  —  2882)  D2 

—  80/4  — 280  2'»  + 2605/2+  I2815/+  13099)  D3 

-40 /3  —  750 /2— 3  605  /— 4  850)  EH  +  (+  36 /2  +  333  /+  700)  D-'  +  (_  lo  /— 44)  D«  +  D' 

28/7—1  6642^  —  8  280/6—20  140/4—25  3762'3— 15  804/2  — 3  608/ 
+  192 2*6 +2 048 2*6 +  8  180/4+  16  150/3+  17855/2+  II  o3g/  + 3 096)  D 

—  322*6  +  0/4+  I  110/3  +  3  2102"^  + 3 242/+  I  630)  D2+  (—80/4  —  800/3—2  52522  —  3  130/— I  721) 
4  40  /3  +  200  2*2  +  1 60  /  —  70)  D4  +  ( +  4  /2  +  7 2  /  +  1 60)  E)6  +  (—  6  /  —  24)  D6  +  r>^ 

28  i^  +  864  /6  +  I  976  2*6  +  I  974  2*4  +  I  221  2*3  +  586  /2  +  1 36  / 

—  64  /6 — 272  /6 — 420/4 — 657  2*3  —  773  /« — 352  /— 72)  D 

_  96  /6  —  592  t4  —  I  098  2"^  —  884  /^  —  5  75  /  —  1 30)  D2  +  (  +  48  /4  +  1 20  2''»  —  II  /2  —  39  7  —  53) 
+  242"^*+  142/2+  165 /+ 46)  D4+(— I2  2"2—  I3/+28)  D6+(— 2/— 12)D6+D7 

28  C  —  64  /6  +  392  2*  +  196  /4  —  344  t3  _  1 72  2*2 

__642^  — 96/6+148/4  +  78/3  — 133  2*2 +  48/+ 24)  D +  (+96/6 +  0/4  — 1862*3- 54/2  — 52/— 2)  E>2 
+  48/4  +  96/3  _45/i_3o/  — 41)  D=J  +  (— 24/"3  +  36/2+  50/+  10)  D4 

—  12  2"2— 18 /+  16)  D6  +  (+ 2 /  — 8)  D6  +  D7 


Digitized  by 


42  DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 

6  14411  {}=+ 128x^—736 16 -I- I  I76t»— 398i*  +  35i*  +  42z«— 136/ 

+  (+  192  i>J — 944 1*  -f  I  388 1* — 939 1»  4-  603 12  -}-  64  J  —  72)  D 

+  (+  32       48 1^  +  78  J^~424 -f  343  i- 130)     -f  (- 80 1^ -f-  328 1^— 275    -f-  59 1-53)  D» 
+  (— 40i'a4-74i2— 1+46)  D<+(-h4««— 39«4-28)D*-h(+6f— i2)D«-f 

15  36011  J}=— 1281' -I- I  536j»— 6  68oj»-|-i2  66ot«  — 8976?"'— I372j"*-f  36081 

-|-(— 320Z*  -f  3  392i"»— I2940f^-f  21  990?''  — 15  961        i  3461-1-3096)  D 
+  (—28816-1-2560?^  — 8  i70i»-}-i2  330z«— 9106/+1  63o)D« 
_j_(_8o/<-j-48o»'3_i  165  I^^-^.2  iiof  — 1  721)  I>»-|- (-|- 40 13  —  320 5801  —  70)  D< 
_j_(_|_36t2_i72f-}-i6o)  Dft-f  (-1-101  —  24)  + 

92  160  n  J  J  =-}-  128 — 2336/^4-16  I20?*— 51  oioi<-f-67  241 /a— 10  1661*— 29352? 

-I-  (4-44810— 7  2481* -1-43  260/*  — 1 14  205       11842712— II  752«  — 21  576)  D 
-{-(-1-6721*  — 9  3601* 4631013  —  95  340i»-}-68  605/  — 2882)  D« 
4.(4-560/^  — 6440 -h  24  725/3  —  35  I95«  +  I3  099)I>* 

-h(+28oi3  — 2490 J»-f6  585  J  — 4850)  D^-h(-h  84 /-a -513/  + 700)  D*-f(-h  14 /-44)1> 4- D» 


CLASS  1.  OPERATORS  ON  B^. 

1. — Operators  relatiiig  only  to  Inner  Planet. 

n'  J=  I 

2  n'_|=-i-2/— 2— D 
2  n'  [=— 2i-f-2— D 

8  n'_;=4-4*^-3«-i-+  (— 4^  +  i)D  +  D« 

4n'  ;=_4i24  8/— 44-D-f-D2 

8n'  |=  +  4/-2-i3/4.94.(4-4z_7)D-hD« 

48  n'_J=-h8f^-|-6fa  — loi  — 4  |-(— I2I-3— 9/-|-4)D-i-(-|-6/-|-3)D«  — D3 

16  n'_;=  — 8/^-1-141^  — 62-1- (-|-4/3_3, -4.2)0-1- (-1-2/  — I)  D2—D'' 

16  n'  ;=-h8/3— 34«^4- 46 «  — 20-1- (-|-4»«—i3*+ 12)  D-h  (-2/4-3)  D^  — 1)3 

48  n'  ;=-8/34-54iM—iio/-|-644-(— 12/24-57/  — 62)D-|-(— 6/4  I5)D2  — 

384  n'_J=-h  16/^4-56 /3-f  19/^— 64/  — 27  4-(— 32/^— 96/2  — 42/-|-28)D 
4- (-h  24/-3 -h  54«-h  17)  I>2  4- (-8/- 10)  D3  + 

96  n'_}====— 16/^-1-4/34-20/2- 1014- 2 -I- (4-16 /S-(-o/*2— I  / -1-7)  D 4- (0/2 -f  3/— 4)  D2-f-(— 4/  — 2)D3-{-D^ 

64  n'  5=f  i6/<  — 64/3  4-87/'8— 46/-|-7  4-(o/'3-|-o/*^-f  o/4-2)D-|-(— 8/24- 16/  — 9)  D24- (-(-o /  — 2)  EP-f 

96  n'  }=—i6;^-}-i24/3  — 340/24-394/  — 162 -{-(—16/^-1-96/2— 191  /■4- 133)  D 
4-(o/2  — 3/4.2)  D2  4-(  f  4/  — io)D3-f 

384  n'  J=f  16/^— 184/3 4-739/8— 1 196/4-625  4- (4- 32/3— 288/24-810/— 696)0 

4-(4-24/2— i5o/4-22i)D2  4-(-h8/  — 26)  D-^-hD^ 

3  840  n'_5=-{-32/"'»4-240/<4-5io/-»4-7o/«— 596/  — 256  4- (—80/^  —  520/3  — 95 5/2 —  290/ 4- 276)  D 
4- (4-80/34-420/24-580/ 4- 140)  D2  4-(— 40/2  — 150/  — 115)  D34-      10/  I  20)  D<  — 0* 


Digitized  by 


OPERATORS  RELATING  ONLY  TO  INNER  PLANET.  43 

768  n'_J= -  32 -  80 14  -f  26  f » -h  74  »^  -  4 '  -f  1 6  +  ( +  48 4- '  04  + 1 7  +  34 ' -h  28)  D 

+  (-i6/-3_i2/i-4«-36)  D«H-(-8i«-26;-7)I>'  +  (+6*  +  8)  D*-D^ 
38^  n'J=  f  32/*- 801^  +  26^34- 7ot»-48i  +  o  +  (-i6t44-40i3_33,«  +  oi+i2)D 

_^(_i6i34.,2|2  +  I2»-i6)D«4-(+8j«-I4*+i)I>^+(+2/4-4)D^-I> 
384  n'  »===-32i«4-240/4-666^'3  +  866/i»-544*+i36  +  (-i6/44-88^3_i77^^4-i64«-56)D 

-H(4-i6f3-84r^+i32^"-72)D2  +  (+8/2-i8/4-5)I>-'4-(-2i  +  8)  D^-D"^ 

768  n'  5=4-32.•«-400^^+^  894^»-4  250l^  +  45'6/~I  792 4- (4-481^-488/'+ I  793'^^ 

+  (f  i6/3-io8z'2  +  244/-22o)  D2+(-8/^  +  58/-90I^'  +  {-6'  +  2o)  D^-D^ 

3840  n'  J=- 32/'^  + 560 1^  —  3  7io»'+  II  45o«^— 16044^  +  7  776 

+  (_8o /4+ I  160 ,-3-5  995''*+ 12  910^-9  564)  D  +  (-8o»'3  +  900t*-3  220^  +  3620)  D« 

_|_(_4o/2  +  3ioi  — 575)r>'^  +  {— iot  +  4o)r)4  — 

II— Operators  relating  only  to  Outer  Planet. 

2n'SLl=-2»-i  +  D 
2n'5:  l=  +  2i  +  3  +  i> 

8n't|=  +  4'«-*-i  +  (-4''4-i)D  +  D» 

4  n';.  ;=:-4»^-8 1-4  +  D  + 

8  n'S:  *=:  +  4'^  +  i7«4-i74-(4'  +  9)I>+D' 
48  n'SL3=-8/3+i8/2-5'-4-h(4-«2/^-2i/  +  5)I>-f  (-6'  f  6)D«  t 
,6n'J_}  =  +  8^a+iof^  +  t-2  +  (-4^^-7'-0D  +  (-2/  +  2)D^+r>'» 

16  n'S;  ;=-8i3-38/«-57 '-28  +  (^4 ''^-9' -3)  D  +  (+  2 r  +  6)  + 
48  n'J:;==  +  8/3  +  66/2+i73'+H2  +  (+i2r^  +  69i495)D  +  (4-6/4-i8)  D'^  +  D^ 
384  n'ijLl=+i6»^-88/3+ 139  £«-4o/-27  +  (~  32       144 '■*-i74/  +  4o)Df  (+24/^-781^ 
+  (_8»+i4)I>*4-I>' 

96nrJ=-'6,-4+i2,-3  +  20,-^+2/-6  +  (-f.6i3  +  o,^-i9'-5)D  +  (o.-^-i5/  +  S)D-^+-(-4 

64n-J=+i6.-4  +  64.»  +  79^^  +  30.--i4-(o'^-i6^--32/-io)I)  +  (-8/-i6/ 

96  n'S  }=-i6.-4-i40.-3--436/^-578/-282  +  (-i6.-3-96/^-i73'-95)D  +  (oi^+i5'> 
(+4,+  i4)D^  +  D4 

384  n'S:  l=-f  16/4  +  216/3+1051/^  +  2  1641  + I  569+(+32^^  +  336/^+ I  I34/-4- 1  220)  D 
+  (+24/^-hi74''4-305)I^^  +  (-H8/  +  3o)D^  +  D^ 
38^on-J=-32/^  +  32o/4-ii.o/3+i  485'-^-434/-256  +  (4-8o/4-68o,-+i9t5'^-i94o/  + 
_^(^8o/3f54o/»— io9o/4  6i5)I>^  +  (+4o/^-i9o/+205)D3  +  (-io/4-25)D4  +  D5 

768  n'!U=+32^'^-'^8^'^  +  94/^  +  53'-^+io/-32  +  (-48/^  +  i36/'-i7'-^-6o/-42) 

+  (+,6/3+i2/2-iio/  +  43)D^^(+S/^-5o/  +  49)I>^+(-6/+i3)D4  +  D^ 

384  n'j  ;=-32/^-64/^  +  30'-^  +  io7'^4-2o/-24  4-(+ 16/^  +  72/^  +  33 '•«--74/--26)D 
^(^i6/3-i2/-2-66/+i5)D^  +  (-8/^-22/+  25)D3  +  (-2/  +  9)D4  +  D^ 


Digitized  by 


44  DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 

384  n'l  t=-f  32 J* +  256 1^4- 738 194-951*2 -f. 560/  + 124+ (+161^  +  56/3 -15, 1467  — 66) D 

_j_(^i6tS_io8ia— 174£— 29)D«-f  (— 8j2— ioj4-37)r)3-f  (-}-2«  +  i3)  D< -f 
768  n'S.  5=— 32«*— 448 239813— 61431^—7  5821  — 3  664-1- (-48 — 5201-3  — I  985«-2  — 3  1761— I  846)0 

_^      16  f'4_84 18  — 34 /-f  183)  D« -h  ( 4- 8 12  4- 82 1 -h  181)  D3 -f- (4. 6  f -f- 25)  D<  4- D6 
3  840  n'S;  5=  4-  32 -f  640  i<  4-  4  950  *3  4-  18  385 4-  32  494 14-21  576 

4_  (4. 80 /4_j_ ,  320 /3  4. 79,5  j2 4_  20  320  J  4- 18  694)  D  4-  (-f-  80 1*34, 1  o2oj'2  4- 4  210 1  -\-  5  595) 

4- (4. 40 1«  +  350 z>  745)  D3  4- (+ 10  J -h  45)  I>  + 

III. — Operators  relating  to  both  Planets. 


4  n'  1: 1=— 4''^— 2f4-64-(— 4/— i)D  — 1)2 
4  n'_}:  l=4-4''*4-2i— 64-(ot— 5)  D— D« 

4n'  j_l  =  4-4«*— 21  — 24  (oj4-3)D  — D2 

4  n'_i_|=— 4»*4-2«4-2  -|-(4-4«— i)D— 

16  n'_|_|=    8  /s 4-  2 12 4-  5  ;  4-  I  4-  (4-  12  j2—  1 1  —  2)  D  4-  (— 6 1 4- o)     4-  D3 
8  n'  ;_l=4-8?3— i2?^»4-oi4-44-(— 4124-6/— 5)D4-(— 2*4-0)  D24-D3 
16  n'  5_i  =  — 8?3  4-22ja_5/_9  4-(_4,-a_3,-_^x6)D4  (4-2J  — 8)  D*4-D3 
16  n'_l  i  =  4-8/34-6/«— II/— 34-(— 41^— i3t4.2)D4-(— 2i4-4)D2-hD3  . 
8  n'  5:  1  =  — 8/3-f  4/24-16/— 12  4-(— 4t«4-io/— i)D4-(-f  2/4-4)D2  4-D3 

16  n'  5;  J=4-8/3— 14/«— 21  /4-27  4-(4- 12/3  — 15/—  ,2)      (4-6/— 4)  D24-  r>» 

16  n'_l_J=-h8/3— TO/3-f  0/4-  2-f  (— 12/24-  II  /—  I)  D+  (4-6/— 3)  r)2  — 1)3 

16  n'  {_J=  — 8/34-  io/«4-o/— 2  4-(4-4/3— 9/4-3)  D4-(4-2/4-i)  i)^—i>^ 
8  n'_i;  ;=— 8/3  — 8/«4-8/4-84-(-h4««4-io/4-2)  D-f  (4-2/  — 3)  D'^  — 1)3 
8  n'  {•  3=-h8/34-8/2  — 8/  — 8-f  (4-4i«4-6/4-6)D4-(-2/4-i)l)«  — D3 
16  n'_i:  ;=4-8/3-h26/2-f  o/— 34  4-(4-4i'«  — 7/— 35)D4-(— 2/-ii)D2-D3 
16  n'  i;  |=  — 8/3  — 26/«4-o/4-34  4-(— 12/2  — 27/4-i)I)4-(— 6/— 7)D3  — D3 
96  n'_t.l  =  — i6/<— 20/3 4-14 »*4-i'^^'  +  44- (-1-3213 -f  36/^  —  9/— 8)  I) -I-  (-24/*  — 21/4- 1)  D2 

4-(4.8/-h4)i>'-r)* 

32  n'_?-_l  =  4-  16  /*—  20  /"^  —  2  /-»  4-  6  /  -f  O  4-  (—  16  /3  4-  16  /«  —  7  /—  2)  D  4-  (O  /^  —  3/4-3)  1)3 

4-(4-4/4-o)D3-D* 

32  n'  ?_!=— 16/^4-60/3— 58/^—6/4- 2o4-(o/3—i2/« 4- 35/— 32) D4-(4-8/'»— 17/4-9) D« 


4- (0/4- 4)  D3  — 

96  n'  ?Li  =  4-  16/4— iO)/3  4-  i66/«— 18/— 64  4-(4-  16/3  — 48 /«— 43/4  126)  D  4- (o/«  4- 33/— 77)  D« 
4_(_4/_^i6)D3  — 

96  n'J:  {=4-i6/*4-36/3  — 2/2  — 38/— 12  4-(— 16?"3— 48/8- 29/4-  8)  D  4- (0/3 4-  15/4- 13)  d« 
f  (-h4^*-f-o)D3-DV 

32  n'_J;  |=— 16/^4-4/34-30/2  — i8/4-o4-(o/3 4- 20/2  — II  /-I-6)  D4-(H-8/3-f  i  /— i)  D« 
4-(o/— 4)  D^  —  D* 


Digitized  by 


OPERATORS  RELATING  TO  BOTH  PLANETS. 


45 


32  n'  ?  J  =  4-  i6i<— 44t«— io«i-|-98f  — 6o-f-(4- 16/3— 48t»+3i  i-f  16)  D-f-(o/«— i3«-|-2i) 
_|_(_4/^o)D»  — D-* 

96  n'  J  |  =  —  i6»^-|-84t3  — 58t2  — 2021-j-  1924-  (—32/3^  i32i«— 63/— 122)  D 
+  (— 24  «3  4- 69  «•  —  17)  D2 -I- (  — 8 « -f- 12)  D'  — 1)^ 

64  n'_t.|=-h  16/^  — i6i3_5zi_|.4,  -j_  I  -|-(_32/3-j-24t«-f-4i  — 2)  D-|-(-f-24i3  — 12«— i)D« 
-f  (— 8i-f-2)  D3-I-D* 

32  n'  ^*  =  -i6/^-h36i'3  — 2o;-»  — 4i  +  4  +  (4-i6j»  — 32''2  +  23i— 5)D4.(oi«-h3/-4)Di 
^(-4i  +  2)D3-f  D< 

64  n'  *_2=-h  i6f^  — 56i3-f-45ri  +  4«  — 9-|-(o*3-f-24j2— 46/:-f- 16)  D -f- (— 8r^+ 18/ -f- 1)  D« 
\-(oi—6)  D3-f  D< 

32  n'J;  ;==— 16 z^  - 20 734- 12 134-20/4-44- (+16/3  + 32  «2 4-5/  — 5)  D -I- (o«i— 152  -4) 
4-(-4/  +  2)D3  4-D^ 

16  n'  f  ;=4-i6?<-hoi3  — 32 134-0 « 4-16 4- (o/3_8j3  4-o«  — 8)  D 4- (  — 8/^4-01  — 7)  024.(0/4- 2)  1>» 

32  n'  J:  5=— 16/*4-20»'34-52/-  — 20/  — 364-  (—16/34-0/24-27/4-37)  D4-(o/3  — 17/  — 2)D« 
4-(4-4/-6)EM-hD^ 

64  n'J;  *=4-*i6/*4-56/3  4-i3/'J  — 68/— i7  4-(o/3— 40/2— 82/4-8)  D4-(— 8/3— i8/4-25)D« 
4-(o/4-io)D3  4-D< 

32  n'  5:  5  =  ~i6/^  — 36 /3 4- 52 /-1 4- b8/  — 68 -f(— 16/34-0/^4-73/— 19)  D 4- (0/3-^29/4-22)02 
4-(-f  4'>io)D3  4-D^ 

64  n'  J:  J=4-i6/^4-i6/3— 117/3  — 68/4-i53  4-(4-32/'4-24/2  — 132/— 38)D4-(4-24/^4-i2/— 37)D» 
4- (4-8/4-2)  I>«-hD^ 

96  n'_lJ=-i6/^4-52/3-46/34-2/4-8  4-(4-32i"»— 84/^ 4-57 '  -6)  D4-(— 24/34-45/  -17)  D2 
_(4_8/— 8)D3  — 

32  n'_[_J=4-i6/<4-4/3— 18/"3  — 6/4-44-(— 16/3— i6/34-ii/4-4)D-^(o«"^'«4-i5/  — 3)D34-(4-4/— 4)D3  — D4 

32  n'_l:  ?=— 16 /^  — 60 1's- 38/2 4- 58/4- 564- (0/3 4-28 4- 69/4-34)0 4- (4- 8/3 4- 17/  — 9)  D3 
^(o/— 8)  D3  — D^ 

96  n'_J:  5=-h  i6/*4-  ii6z*?-^2i4/3  — 621  — 284-h(+  16/34-48/3— 121/— 332)  D 4- (0/3—45/— 131)  D3 
4-(_4/_2o)  D3  — D< 

96  n'  |  J=4*i6/<  — 52 /•3  + 46 /"2_2 /—8-h(— 16/34-48/^  —  47/4- 14)  D 4- (0/3  —  3/4- 7)  D3 
4-(-h4*-4)D3-I>^ 

32  n'  jL?=— 16/<  — 4'^4-i8/^4-6/-4  4-(o''^  — 4«*  — i3'+o)  D4-(-r8/3— i/4-5)D3  4-(o/4-o)I>^ 

32  n'  1:  J=4-i6/^4-6o«-3  4-38/3— 58/  — 56  4-(4- 16/3 4- 48/3 4- 45/4- 22) D4- (0/3+ 1/4- 15)  D' 

4-(-4/-4)D3-D4 

96  n'  1: 5=— 16/^— 116 /"s— 214/3 -^62/ 4- 284 4- (—32/3— 180/3  — 225/ -^48)  D 4- (—24/3— 93/— 59)  D3 

f  (—8/— 16)  IP  — 

768  n'_l_i=— 32  /5— 128  /<  — 94 1"3  -f  109  /3  -f  1 18  /  27  ^  (-t-  80  /<  4-  280  /3  ^  199  i2  —  78  /— 55)  D 


4-(_8o/3— 228/3  — 130/4-  ,1)  D2  4-(4-4o/3  4-82/4-27)D3  4-(— 10/— ii)D<4-I> 
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DEVELOPMENT  OF  THE  PERTURBATIVE  FUNCTION. 


768  n'. 


192 


192  n'_i 


128  n' 


128  II'  }; 


192  n'  J. 


768  n' t 
768  n'  1: 
384  n' J: 
192  n'_J 
384  n' J: 
128  n'^J-J 
64  n'_?:  I 
128  n'_?:  I 


128  n' 


64  n'  ?.  ;= 


s_|_32/6-j-i6o«4-h2o6«-»  — 71  /i  — 246/ —  81         48;'^  -23213  — 353/3  — 134  J +  57)  D 
-|-(-hi6£3  +  84r^-f  i54*>79)r>»-f-(-f-8»-'+io£-i3)     -f  (-6£- 7) D^-f- D» 

:_|_32/'V-|-8/*  -44t3'-^oi«-(-6  7— 2-f-(  — 48f<  — i2«'3  4-22i3— 231  — 5)  D 
_^(_^i6/3  — 6/^-h4i4-ii)D2-f-(-h8/i-Hii«  — 2)D'»-f  (— 6f  — 3)  D^-f  D* 

:_32/fi— 40/^  I-52/34-40P  — 26/4-6-f(-h  16/^4-52/34-18/^+1  /4-23)  t) 
_^(_^i6/3  4-6/^4-o/-5)D2  4-(-8/*-i3/— 10)  D3  4-(-2/4-i)D^4-D6 

=  — 32 /» 4- 1 12/^  — 110/34-5/^-1-32/— 7  4- (4- 16/^  —  64/34-87/^  —  50/4-5)0 
4.  (4_  16/5  —  24 /M-  2  / 4-  1 1)     4-  (—8/2 4-  20  /  —  7)  1)3  +  (_ 2  /  —  3)     4-  D* 

=  _^32/6  — 80/*  — 18/3+  169/^— 124/4-21  4-(4- 16/^  —  64/34-87/^  —  42/4-  13)  D 
4_(_i6/3  4-8/2  4-3o/— 25)D^4-(— 8/i4-i2/— i5)D3  4-(-H2/4-i)D^4-I> 

=  f  32/6— 232/''4-556/3— 448/^  —70/4- 1624- (-i-  i6/'»  — 52/3— 54/^4-319/  — 295)  D 
4_(_i6/-^4-io2/«— i92/4-i3i)D'  +  (-8/i4-i3/4-i2)D3  4-(4-2/— 11)0^-^0^^ 

=  _32/ft4-  200/^  —  308 /■3  — 232 /i  ^858/  — 486 +  (— 48/^  +  268 /»-.- 434 /-a 4- 87/4- 237)  D 
^^_i6/3  4-9o/^  — 196/4- 139)      |-(|-8/*"— II  /  — 28)  1)3-^(4-6/— 7)  LH  4- D^' 

=  — 32/*^    352/^  —  1  294/34-1  653/^  — 54 /  — 625  4- (  -48/^4-360/3  —  593/2  —  614/^  I  321) 
16 /3 _  12 /-f  4- 518/ -917)        (  4-8/^—106/4- 247)  D3  4-(4-6/— 27)LM  +  Df^ 

=  4-  32  /**  —  320 /<  f  926  /3  —  1 75    —  2  338  /  +  I  875  4-  (4-  80  /"» —  664  /3  4-  I  495  /i  _  158  /  -   I  463)  D 

4_(4_8o/»  -516/^4-802/  — 33)  0-^(4-40/^  —  178/4- 143)  t)'  +  (+io/  — 23)LH4-D• 
:;  4_  32  /6  4- 16  /^  —  54  /3  —  1 2  /-i  4-  14  /  t-  4  -f-  (—  80  /*  —  40 /* -\- 83 /i 4-  II  /— 8)  D 
f  (4-80/3  +  36/^— 44/  — 3)  D- 4- (-40/-'  — 14/4-8)  D3  4-  (4-10/4-2)0^  —  06 

_ 32  /ft  —  88  /^  —  40 /3  4-  72  /•  -f-  72  /  f  1 6  -h  ( 4-  48  /^     140 +110/^  —  6/  —  20)  O 
4.  (_  x6r3  — 66/^-67  /  —  1 2)  O-J  ^  (  —  8  /^  4-  5  /  4-  II )  03  +  (4-  6  /  4-  2)  O^  —  0« 

-4-32  r  4- 160  /*  4-  198  /3  —  84  /-  —  238  /  —  68  +  ( —  16  /<  — 144  /3  —  327  /-!  —191/4-32)0 
4_(_,6/:3_24/*4-78/4-83)  O-' -h  (4-8/-^  4-40/4-  »4)  0'^(4-2/  — 6)  0<  — O^ 

=  _  3  2  /6  4-  64  /*  —  30  /3  —  8  /^  4-  6  /  4-  o  4-  ( 4-  48  /*  —  80  /3  ^  4  5  /2  _  5  /  —  2 )  0 
4.      16/34-  24/-  -  18/4-3)  D''  4-  (-8 /^  4-4/4-  2)  03  4-  (4-  6 /  -  2)  0<  -  O'i 

=  -f32/fi4-8/'»  — 56/3  — 81^4-24/4-0  .  f— 16/^  —  28/34-  14/^— 10/  — 8)  O 
|_(_i6/3  4-6/-  -9/4-6)  02  4- (4- 8/2  4- 7/4- 5)  034- (2/— 2)  D4  — Oft 

=  _ 32  /ft  —  80 1*  4-  78  /3  4-  1 36  /-^  — 102  / 4-  o  -|-  (—  1 6  /^  +-  40  /■»  ^  1 27  /-!  ~  7 1  /    34)  O 
4.(4- 16/3 4- 68/2  — 8/4-1)  0^4-(4-8/2  — 6/  — 24)  03  4-(  — 2/  -10)  o<— O* 

=  h32«'^>  — 144/^4-210/3  —  92/2  —  26/-j-2o4-(—  i6/<4-88/3 — 161  /^^  127/  —  32)  O 
4-(_i6/3  4-36r2  — 16/— II)  024.(4- 8/2  — 26/4- 16)  O** 4- (2/4- 2)  0^  — Oft 

=  -32/54-  72  /^  4-  56 /3  — 152  /•!  —  24  /  4-  80 4-  ( -  16  /*  4-  28  /3  4-6/2-^2  /— 68)  O 
4_  (_^  i6r'  —  26  /2  -f-  17  /  — 20)  O-  4-  ( 4- 8  ;"^  —  7  /  4-  19)      4-  ( —  2  /  4-  2)  0<  —  Oft 

=  4-  32  /ft  4-  o  /^  —  258  /3  4- 1 24  /2  4-  442  / — 340  4-  ( 4-  48  /^ — 48  /3  —  227  /-  4-  317  /  4-  24)  D 
f  (+16/3— 727"^  — 6/4-  139)  0^4-(— 8  7"3  — 36/4-22)  03  4-(— 6/  — 6)  O-*- Oft 

=_32   4-  224 /-« —486 /3 -f- 312  /i  4- 46  /  — 64  4-  ( — 16  /^  4-  16 /■3 4-  201  /2  —  361  /4- 1 26)  D 
4.(4_i62'3  — 120/24-186/— i3)0-4-(4-8/2  — 8/— 46)03 -f(— 2/4- 14)  0<  — 06 


Digitized  by 


OPERATORS  RELATING  TO  BOTH  PLANETS. 

192  11'  i  5=-h32i*--i52i^4-40f3-^4o8/2_72«  — 256-f  (-f  48t<— 140/^— io6/2-j- 158,-^ 
4-(4_,6e-3  +  3or2— 1491-58)  I>+(-8/=^-h59'--43)I>'  + (-6* -f  14)  D^  —  D* 

384  n'  i  J=  —  32  /»  4-  80    -f  342 1'^— 696 12  —  782  /  -f- 1  088  -f-  (~  80    -f  168    -f  563  «i  —  819  e — 478)  D 
-|-(— 80 j'' 4-  132/^4-3081  — 239)  D2  4-(— 4or^  +  46j4-56)I>»4-(— io/4-6)I>  — D* 

384  n'JJ=  — 32 /-i-h 96/^  — 66/3  —  19/24-  17, •4.4-^(4- 80 i<  —  2C»/^ 4- 1091^^ 

4- (—80/34- 156/"!  — 58/  — 5)  Di-h  (4-40/^  —  54/4-  10)  0''4-(— 10/4-7)  D^4-D6 

128  n'_*-_;=- 32/5-1-  i6/4_34/3_2i  /j-^5/4-2-h  (— 48/*— 48/34-27/^-h  19/— 1)  n 
4-(-f  lei's 4- 48/^—6/— 5)  D2  4-(4-8/2  — 20/ 4-0)  D'»4-(— 6/4-3)  L>^  +  I> 

1 28  n ?  =  —  3  2  /ft — 1 28  /< — 1 06  /3  4-  9  7  /^  4- 1 4 1  /  4-  2 8  -f  ( 1 6  /■•  4- 1 20  /•»   209  /2   7  3  / — 2  5 )  D 

h-(4-  i6i"3  4- 12/2  — 74/— 37)  D2  4-(— 8/2  — 34/-{-2)  D3  4.(_2/4-7)  D^-  D-^ 

384fl'_J  5=  r32''*-f  240/^4-486/3— 17'-  — 599'— '42 -h(+i6/<— 16/3— 465/2  — 749/  t  47)  D 
-{-(--lep— 144/2  — 198/4- 219)  D2  4-(— 8/24-0/4- 112)  D» 4- (4-2/4-  19)  D^^  D-^ 

192  n'  5"_5=  -1-32/'^— 136 /< -|- 196/3—96/2— 12/4- 164-  (— 48/-«4- 172/3— 218/24- 119/— 24)  D 

.^(4.  i6/'3_42/2  4-46/  — 23)  D2  4- (4- 8/2  — 19/4-7)  D3-f(— 6/-h7)  D^-hD* 

64  n'  -32/5 4-24/<4-44/»  — 24/2  — 20/4-S  t-(-f  16/^4-4/3  —  23/24-21  /-h2)  D 

^(4.16/3—18/24-18/- II)  D2  4-(— 8/2  — /  — 3)  D3  4-(— 2/4-3)D<4-D^ 

64  n'  5:  ?  =  -f  32/64-88/*  — 44/3— 192/2-^4/4-  ii24-(-hi6/*  — 41*3  — 82/2— 45/— i6)D 
^  (_  ,6/-3_5o/2  — 26 /— 55)     -h  (  — 8 /2 4- I /— I)  D3 -f  (-^  2 / -h  7)  I> -h D» 

192  n'  ;  5=  —  32  /a  —  20D  /*  — 196  /3  -I-  552  /2  -f  444  /  —  568  4-  (—48  /*  —  1 72  /3  4-  190  /2  -\-  657  /—  238)  D 
^(_, 6/3  4- 54/2 -^362/4-165)0^4- (4-8/2  +  83/4-109)      4.(4-6/4-19)  D*^IP 

384  n'  |J=-32/8  4-  176/*— 326/3-f  211/24-7/  — 36+(4-  16/4  —  112/34-255/2-235/4-73)0 
^(4_  ,6/3  — 48/2  4- 30/ 4- 15)  D2  4-(— 8/24-32/— 28)  D3-h(— 2/— 1)0*4-05 

128  n'  J_?=t-32'^  — 64/*-54i'3  4-69/2  4-35/— i8  +  (4-i6/*-8/3-i5/2_65/  ^5)0 
4.(_i6/3-L44/2  4-2/4-23)02-h(-8/2  4-2/  — 6)  0^4.(4-2/  -5)0*4-05 

128  n'  I  ]=  -32/5  — 48/*4-i94/3  -(-287/2  — 149/— 252  4-(  — 48/*  — 8o/3  4-io7/2  4-  245/-j-i69)0 
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INHQUALITIES  OF  LONG  PERIOD,  AND  OF  THE  SECOND  ORDER  AS 
TO  THE  MASSES  IN  THE  MEAN  LONGITUDES  OF  THE  FOUR  INNER 
PLANETS 

I. 

General  character  of  these  terms. 

The  terms  to  be  considered  in  the  present  paper  are  those  which  arise  from  close 
approximation  to  linear  relations  among  the  mean  motions  of  three  planets.  From  an 
analytic  point  of  view  they  owe  their  origin  to  the  fact  that  when  the  inequalities  of 
the  elements  of  a  planet  are  fully  developed,  tei-ms  appear  which  contain  as  a  factor 
the  ratio  of  the  mean  motion  w,  to  the  linear  function 

If  for  any  values  of  the  integers  i,  i',  i",  this  ratio  is  a  large  number,  the  inequalities 
in  question  may  also  become  large,  even  when  the  other  factors  which  enter  into  them 
are  small.  Those  of  the  mean  longitudes  will  be  much  the  largest,  because  they  and 
they  alone  contain  the  square  of  the  ratio  above  mentioned  as  a  factor. 

In  the  case  of  the  four  inner  planets,  to  which  attention  is  confined  in  the  present 
paper,  there  is  reason  to  suppose  that  the  only  inequalities  of  the  class  in  question 
which  can  be  of  importance  in  the  present  state  of  astronomy  are  those  of  the  mean 
longitude.    To  them,  therefore,  attention  will  be  confined. 

In  the  only  method  at  present  practicable  of  treating  these  inequalities  for  the 
purpose  of  tabulation,  the  perihelia  and  nodes  of  the  several  planets  are  considered  as 
invariable.  Since  this  is  not  the  case  the  results  are  not  rigorous,  and  can  hold  true 
for  only  a  few  centuries.  In  the  direction  of  obtaining  more  rigorous  results,  two 
steps  may  be  taken.  One  would  be  to  consider  the  inequalities  as  functions  not  only 
of  the  mean  longitudes,  but  also  of  the  longitudes  of  the  perihelia  and  of  the  nodes,  and 
to  regard  these  elements  as  affected  by  their  secular  variations  as  they  exist  at  the 
present  time.  We  should  then  have,  instead  of  a  single  pair  of  terms  containing  a  given 
linear  function  of  the  mean  longitudes  as  an  argument,  a  long  series  of  terms  contain- 
ing combinations  of  multiples  of  the  perihelia  and  nodes.  But  the  results  would  still 
not  be  rigorous  for  all  time.  To  obtain  such  results  we  should  have  to  adopt  the  sys- 
tem developed  in  the  paper  of  the  present  author,  published  in  1874  by  the  Smith- 
sonian Institution.*  By  this  method  the  perihelia  and  nodes  are  replaced  by  linear 
combinations  of  certain  invariable  arguments.  The  result  would  be  for  each  combi- 
nation of  the  mean  motions,  an  indefinite  series  of  terms  having  different  periods.  In 

^Smitbsouian  Contributions  to  Knowledge,  Vol.  XXI,  No.  281.  Bee  also  PomcARl^ :  Les  Miihodes  NouvelUi  de  la 
Mecanique  Celeste,  Tome  II. 
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the  present  condition  of  astronomy,  the  actual  numerical  development  of  the  quantities 
is  out  of  the  question,  and  the  results  would  not  admit  of  application  if  obtained. 
When  astronomers  have  to  construct  a  single  theory  which  shall  be  valid  for  several 
thousand  years,  this  method  may  have  to  be  adopted. 

By  considering  the  perihelia  and  nodes  as  constant  we  obtain  results  which  are 
rigorous  for  the  particular  epoch  chosen  for  computation,  and  deviate  very  slightly  for 
several  centuries  from  it.  Tliis  remains  true  even  if  the  effect  of  introducing  the 
motion  of  the  nodes  and  penhelia  should  be  to  materially  alter  the  values  of  the  coeffi- 
cients for  the  inequaHties. 

Of  the  inequalities  in  question,  tlie  most  important  is  that  in  the  motion  of  the 
Earth  around  the  Sun,  which  was,  I  believe,  discovered  by  Hansen.  It  arises  from  the 
modification  of  the  action  of  Mars  on  tlie  Earth,  produced  by  the  inequaUties  of  the 
motiim  of  these  two  planets  by  Jupiter.    The  argument  is 

3J-8M+4E 

the  letters  being  the  initials  of  the  names  of  the  planets.  The  period  of  this  inequality 
is  about  1,850  years.  In  the  case  of  the  Earth,  its  coefficient  is  about  7",  and  its 
introduction  by  Hansen  and  Le  Verrier  has  caused  a  not  unimportant  change  in  the 
measurement  of  mean  solar  time.  Solar  time  as  used  in  astronomy  is  measured  by  the 
mean  longitude  of  the  Sun,  which  is  obtained  by  subtracting  from  its  actual  longitude 
as  observed  all  the  periodic  inequalities  with  wliicli  its  motion  is  affected.  The 
inequality  in  question  attained  its  minimum  about  our  time.  The  result  might  be 
described  as  a  discovery  that,  since  accurate  astronomical  observation  commenced,  the 
observed  longitude  of  the  Sun,  coiTected  for  all  the  inequalities  previously  known, 
was  about  7''  too  small  in  arc,  or  nearly  o.'*45  when  referred  to  mean  time.  Thus  arose 
a  change  of  this  amount  in  the  sidereal  time  of  mean  noon,  and  thus  in  all  determina- 
tions of  mean  time,  through  the  introduction  of  the  table  of  Hansen  and  Le  Verrier. 

It  may  be  an  open  question  whether  this  change  was  advisable.  Its  only  prac- 
tical object  was  to  unify  the  measure  of  solar  time  as  it  would  have  been  determined  a 
thousand  years  ago,  and  as  it  will  be  determined  a  thousand  years  hence,  with  that 
determined  now.  Practically,  however,  the  former  determinations  do  not  exist,  and 
it  might  be  questionable  whether  a  discrepancy  of  a  second  between  the  determina- 
tions of  time  during  the  nineteenth  and  twentieth  centuries  and  those  to  be  determined 
a  thousand  years  hence  will  prove  troublesome.  It  must  also  be  remembered  that, 
from  what  has  just  been  said,  the  character  of  the  inequality,  as  it  will  be  found  to 
exist  after  one  or  two  thousand  years,  must  be  very  uncertain.  The  possible  error  in 
our  own  detenni nations  of  the  Sun's  mean  motion  will  also  affect  the  result.  When  the 
astronomers  of  a  thousand  years  hence  unify  our  measure  of  time  with  their  own,  they 
are  as  likely  to  fall  upon  Bessel's  mean  longitude  as  the  standard  for  our  time  as  they 
are  upon  the  corrected  mean  longitudes  of  Hansen  and  Le  Verrier.  Still,  as  the 
change  has  been  made,  it  is  probably  better  to  adhere  to  it.  The  question  of  whether 
this  shall  be  done  is  not,  however,  germane  to  the  present  })aper 

Another  inequality,  depending  on  the  argument 

4M-7E+3V, 
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was  discovered  by  Le  Verrier.  Its  period  is  308  years,  and  as,  in  the  case  of  the 
Sun,  it^  coefficient  is  only  about  o''.3,  it  is  hardly  important  to  the  astronomy  of  our 
time.  I  have,  however,  thought  it  best  to  follow  the  example  of  Le  Verriee  and  in- 
troduce it  into  the  tables. 

Another  argument  computed  in  the  present  paper  is  that  depending  on  the  com- 
bination 

J-2M+E, 

which  is  sensible  only  in  the  motion  of  Mars. 

Le  Verrier's  method  of  computing  these  inequalities  must  have  been  very  tedious. 
In  accordance  with  the  general  principles  on  which  I  have  constinicted  the  planetary 
tables  I  have  deemed  it  advisable  to  determine  independently  the  numerical  values  of 
all  the  inequalities.  The  method  adopted  is  different  ab  initio  from  that  of  Le  Ver- 
rier, for  although  the  same  development  of  the  perturbative  function  is  used,  yet  the 
terras  enter  into  the  inequalities  in  an  entirely  different  way. 


II. 

General  formulcB  for  the  largest  terms  of  the  inequalities. 

The  terms  of  the  mean  longitude  which  contain  the  square  of  the  ratio  of  the 
mean  motion  of  a  planet  to  the  motion  of  an  argument  arise  from  the  following  rig- 
orous equation  for  the  variation  of  the  mean  distance  of  the  planet: 

Let  us  put,  for  brevity, 

no  arbitrary  constant  being  added.    We  then  have 

u  u 

a  ao 

being  the  constant  of  the  mean  distance,  and  -~  the  arbitrary  constant  in  (2).  What 

2  aQ 

we  actually  want  for  the  terms  in  question  is  the  value  of  the  mean  motion,  n,  to 
terms  of  the  second  order  in  s.    From  the  relation 

a^  n^—fJL 

we  have 

fi  n-=.k^ 

where  we  put,  for  brevity, 

a 
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Putting  no,  Ao,  etc.,  for  the  constant  parts  of    A,  etc.,  and 

S  n  zzw  — 71q 
S  A=A—Ao=—2s 
etc.,  etc., 

we  find,  to  terms  of  the  second  order, 
Let  us  also  put 


M         2  M 


Si  being  the  terms  of  the  first  order  in  s,  and  those  of  the  second  order.  Then  we 
have 

_       3  ^0^0       3  «o^o     ,3^0  2 
and  for  the  mean  longitude 

Here  the  terms  of  the  second  order  are  of  two  classes,  those  in  ^2  and  those  in  ^2-  Let 
us  first  consider  the  latter.    We  have,  to  quantities  of  the  first  order, 

 2"  *1  ^ 

2  jLi^  on 

We  hereafter  omit  the  subscript  o'^,  putting  a,  n,  etc.,  for  the  absolute  constants  Wo, 
etc.    Thus  the  terms  of  the  second  order  arising  from  sj  are  equivalent  to 


6  n 

an  expression  which  we  may  utilize  to  determine  the  order  of  magnitude  of  the  terms 
in  question. 

Next,  for  the  terms  in  ^2,  we  have 

D,.2=*||l).^+<5|^D,p  +  ^D,<5t;+i|D;cJp  (6) 

dY     dy'    ^dvdp    ^^dvdy'    ^dvdp'    ^^dYdy  ^ 


where 


with  a  corresponding  expression  for 

.dU 
dp 
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But  owing  to  the  minuteness  of  the  terms  arising  from  the  motion  of  the  orbital  plane, 
we  may  put  S  v  and  S  v'  for  8  v  and  8  y'  and  omit  8  y.    Thus  we  actually  use 


dY  dy  d  p        dvdy  dvdp' 

dp     dvdp        d  p^        dVdp  dpdp 


(7) 


where  6  v  and  d  v'  are  the  perturbations  of  the  longitude  in  orbit  of  the  first  order. 

All  the  derivatives  of  R  as  to  v,  v',  p,  and  p'  are  known  to  be  equal  to  the  corres- 
ponding derivatives  of  the  developed  function  R  as  to  A,  A',  log  a  and  log  a',  where  A 
and  A'  are  the  mean  angular  distances  of  the  planet  from  the  common  node,  provided 
that  we  first  eliminate  the  longitudes  of  the  perihelia  by  replacing  them  by  their 
expressions  as  functions  of  the  mean  anomalies  and  mean  longitudes.  And  when  the 
eccentric  is  used  instead  of  the  mean  anomaly,  a  corresponding  theorem  may  be 
applied,  as  shown  on  page  1 8  of  Volume  111. 

When  we  consider  only  the  mutual  action  of  two  planets,  the  expression  (6)  will 
contain  only  terms  having  the  same  arguments  as  those  of  the  first  order,  and  from  the 
smallness  of  the  latter  we  infer  that  the  terms  of  the  second  order  of  this  class  are  insen- 
sible. But  when  we  consider  the  changes  in  the  mutual  action  of  two  planets  due  to  the 
action  of  a  third  planet  upon  them,  we  meet  with  terms  of  triple  argument,  some  of  which 
are  known  to  be  appreciable,  owing  to  their  very  long  period  and  the  consequent  mag- 
nitude of  the  factor  whose  square  enters  into  them.  Let  any  term  of  the  second  deriv- 
atives of  R  in  (7)  be 

D2R=— A^'^  (i'g'+ig) 
cos^  ' 

and  any  term  m  6    d  v'  ^  S  p  or  S  p'  he 

sin  /  •/  /  /  /  1  •/  /  \ 

Then  in  2  5       and  2  S  4^  we  shall  have  the  terms 
dv  dp 

and  in  (6)  we  shall  have  terms  of  the  same  argument,  as  well  as  smaller  terms  in  which 
I  g  is  replaced  by  (i  +  i )  ^r,  (i  —  i )  etc. 

Let  us  represent  any  one  of  these  terms  by 


m  n 


Let  us  also  put,  for  brevity. 


{K  cos  {i"g''+i'  g'  +ig)'\-K  sin  (i"  ^ '  +i'  g" +ig)) 
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the  latter  being  the  coefficient  of  t  in  N.    We  then  have 

w^'  ft 

2  D, —  (j,^  COS  N + A. sin  N)  (8) 

^^~^ra  C'^cSinN— A,cosN) 
Then,  in  (4),  S2  will  give  rise  to  the  terms 

In  the  case  of  the  four  inner  planets  the  largest  values  of  and  /?,  are  of  the 
order  of  inagitude  of  the  perturbations  in  longitude,  and  therefore  rarely  exceed  10". 

The  ratio  —  has  its  largest  value  in  the  case  of  the  Earth,  for  which  it  amounts  to 
M 

1-^330  ocxD.  We  may  therefore  regard  it  as  certain  that  no  term  of  this  class  can 
exceed  o''.i,  unless 

i^zz~>  100 
n 

In  judging  of  a  probabiHty  that  a  term  for  which  this  condition  is  fulfilled  may  be 
sensible,  we  must  note  that  and  will  always  contain  as  factors  powers  of  the 
eccentricities  whose  lowest  exponent  is  +  i  taken  positively,  so  that  the  larger 

this  sum  the  greater  the  value  of  v  to  make  a  term  become  sensible. 

III. 

Possible  arguments  of  the  inequalities. 

Let  us  now  inquire  for  what  triple  arguments  n  approximates  to  zero.  Repre- 
senting by  Wo?  ^hj  ^21  ^tc,  the  ratios  of  the  mean  motions  of  Mercury,  Venus,  Earth,  Mars, 
and  Jupiter  to  that  of  the  Earth,  we  have 

^0=4.15209 

1.62552 

1. 00000 
W3 11:0.53168 
11:0.08430 

which  numbers  may  be  used  for  the  mean  motions  n,  n\ 

We  have  now  to  find  the  triplets  of  planets  for  which  a  linear  combination  of 
these  motions  may  approximate  to  zero. 

Earth —  Venus — Mercury, 

In  order  that  ino'\-i'  Uy^  +  i"  no  may  be  zero,  we  must  have  0.15209  i+0.37448  i'zz 
an  integer.    We  thus  find  that  small  values  of  11  may  be  formed  as  follows: 
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15  ^2+%— 4^o=  +  -oi7i6 
6  +4  —3  +.04581 
5  +2  -2  -.05314 
4    —5+1  +.02449 

The  last  value  is  the  only  one  to  be  considered.  In  the  motion  of  Mercury  disturbed 
by  Venus  it  gives  rise  to  a  term  in  the  mean  longitude  having  a  period  of  40  years  and  a 
coefficient  of  the  order  of  magnitude  of  o".05.  It  seems  unnecessary  to  take  account 
of  this  term. 

Mars—Earth—  Venus. 

The  following  are  the  annual  motions  of  arguments  of  long  period: 

12  /«3  +  5;^^--7Wizz  +  .ooi52 

12    —8    +1  +.00568 

8    —I    —2  +.00240 

4    +6    —5  —.00088 

4    —7    +3  +.00328 

The  last  two  equations  alone  demand  consideration.  The  last  argument  was  shown  by 
Leverrier  to  lead  to  an  inequality  whose  coefficient  is  about  0^.3  in  the  motion  of  the 
Earth. 

Mars — Earth-^Mercury. 

The  only  close  relation  is 

1 1  n^—g  7^2+WoII:+.ooo57 

A  short  examination  of  the  perturbations  of  Mercury  by  the  Earth  shows  that  the  term 
depending  on  this  argument  cannot  become  sensible. 

In  Mars— Venus— Mercury  there  is  no  term  to  be  considered. 

J upiter—Mars— Earth. 

The  following  are  the  close  relations : 

I  W4 —  27/3+1  W2ZZ  +  . 02094 


2 

—  6 

+  3 

—.02148 

3 

-  8 

+4 

—  .00054 

4 

— 10 

+  5 

-+-  .02040 

7 

-  3 

+  1 

—  .00494 

10 

—  1 1 

+  5 

—.00548 

IV. 

Numerical  examination  of  the  order  of  magnitwJe  of  the  doubtful  terms. 

By  comparing  the  equations  (6)  and  (7)  it  will  be  seen  that  the  principal  quan- 
tities which  enter  into  h^  and  A,  are  sums  of  products  of  two  factors,  the  one  a  func- 


Digitized  by 


6o 


INEQUALITIES  OF  LONG  PERIOD  IN  THE  INNER  PLANETS. 


tion  of  the  derivatives  of  R,  the  other  the  terms  of  the  perturbations  of  one  or  the 
other  planet.    This  makes  it  easy  to  determine  the  order  of  magnitude  of  any  term  of 
long  period  in  advance  of  an  accurate  computation. 
It  is  also  to  be  remarked  that  the  largest  term  of 

J)iV  is  n 

and  of 

J)tP  is— sin  9 

the  latter  containing  the  eccentricity  as  a  factor.  The  second  term  of  (6)  may  there- 
fore be  omitted  in  determining  the  order  of  magnitude  of  Sg. 

It  is  also  to  be  remarked  that  if  the  first  derivatives  of  R  contain  terms  of  the  form 


dR_j^  sin 
dy  ~  cos 


rfR    7/  sm/.,    ,  .  \ 
dp       cosV  ^  ' 

the  order  of  magnitude  of  the  corresponding  terms  of  the  second  derivatives  will  be 

^i^R     .     7  sin  ,  .,  ,     .  . 

t/^R       .       sin  ,     ,    .  . 

The  rough  computations  of  the  largest  coefficients  follow  in  tabular  form.  and 
Pp  are  the  limiting  values  of  the  products  which  make  up  he  and 

ARGUMENT  4  EARTH  -  5  VENUS  -f  MERCURY. 

The  numbers  for  Mercury  are  as  follows: 


V.,M. 

dR 

d\ 

d'  R 
d  V  d  \' 

d^  R 
d  V  d  p' 

E„  V. 

(5  V' 

dp' 

P. 

i>  —  1 

.08 

.08 

4.-4 

0.  90 

0.  2 

0.  07 

0. 1 

2,-1 

•32 

.64 

.80 

4,  —3 

0.  60 

0. 02 

0.  38 

0. 0 

3.— I 

.  10 

.30 

•36 

4,  —2 

0. 01 

0.  00 

0. 00 

0. 0 

2,  —2 

.46 

.92 

I.  00 

3.-3 

0.60 

0.  02 

0.  60 

0. 0 

From  this  it  may  be  concluded  that  the  order  of  magnitude  of  the  largest  terms 
in  ^V+A/  depending  on  the  argument 

4  E-5V+1  M 

is  o".6o.    This  coefficient  is' multiplied  by 


3  m  a  rr  i 


2  >u     ir     2  400  000  X  .006"  ai 


a  factor  whose  order  of  magnitude  is 
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The  coefficient  in  6'^  I  is  less  than  o''.02.  The  terms  in  the  motion  of  the  Eai-th 
and  Venus  are  still  smaller. 

ARGUMENT  4  MARS-f  6  EARTH  — 5  VENUS. 

(a)  In  the  motion  of  Venus, 


Earth  on  Venus. 

Mars  on  Earth. 

E.,V. 

dR 

d  V 

<f-  R 

d\'  d\' 

6-  R 

d\d  p- 

M.,E. 





n 

6,-5 

.07 

.42 

.48 

4,  0 

.001 

.  000 

.  000 

.  000 

7,-5 

.008 

.056 

.  100 

4,-1 

.01 

.  002 

.  001 

.  000 

8,-5 

.  001 

.008 

.016 

4,-2 

.6 

.02 

.005 

.002 

9,-5 

.CKX> 

.  000 

.000 

4.  -3 

•5 

.  10 

.000 

.  CXX) 

The  factor  ~         in  the  action  of  the  Earth  on  Venus,  is  about  4.    The  limiting 

value  of  the  term  in  question  in  the  motion  of  Venus  is  about  o".oi.  Owing  to  the 
small  eccentricity  of  Venus  the  contiguous  term  is  yet  smaller  than  o".oi. 

(6)  In  the  motion  of  the  Earth, 

To  investigate  the  corresponding  term  in  the  motion  of  the  Earth  we  have  to  con- 
sider, in  the  action  of  Venus  on  the  Earth,  the  modifications  produced  by  the  pertur- 
bation of  the  Earth  by  Mars,  and  in  the  action  of  Mars,  the  perturbations  by  Venus. 


Mars  on  Earth. 

Venus  on  Earth. 

P. 

P.' 

Pp' 

M.,  E. 

d  R 

dR 

<f2  R 

ff=R 

E.,  V. 

8v 

d  V 

dp 

d 

d\dp 

II 

// 

II 

11 

II 

II 

.  // 

4,  0 

.  0001 

.  001 

.  0002 

.004 

6,-5 

.04 

.01 

.09 

.02 

.  00 

.  00 

.  00 

.  00 

4,-1 

.  006 

.  016 

.024 

.06 

7,-5 

'3 

•03 

•>5 

•03 

.  00 

.  00 

.  00 

.  00 

4,-2- 

.08 

•  13 

.5 

8,  -5 

15 

.  cx)6 

.  02 

.  001 

.  00 

.  00 

.  00 

4,-3 

.  ,0 

.50 

1.6 

2.  0 

9,  -5 

.  00 

■ 

.  00 

.00 

.00 

.  00 

.  00 

.  00 

.CO 

4,  —4 

.46 

.52^ 

1.8 

2. 0 

.0.-S 

.00 



.  00 

.00 

.  00 

.  00 

.  00 

.00 

.00 

Venus  on  Earth. 


E.,  V. 


dR 


dR 
dp 


(f-'R 
d 


d-^R 
d  V  d  p 


6, 

-5 

.07 

.08 

•4 

•5 

7, 

-5 

.01 

.  01 

.  I 

.  I 

8, 

-5 

.001 

.  002 

.01 

.02 

9, 

-5 

.  000 

.  000 

.  00 

.  00 

10, 

.  000 

.  000 

.00 

.  00 

1 

Mars  on  Earth. 

P. 

Pp 

p.' 

Pp' 

M.,  E. 

dv 

8p 

D  dv 

1/ 

II 

II 

4,  -0 

.001 

. 

.  002 

.  000 

.  00 

.  00 

.  00 

.  00 

4,-1 

.01 

.002 

.01 

.  002 

.  00 

.  00 

.  00 

,00 

4,  —2 

•6 

.02 

.08 

.003 

.00 

.  00 

.  00 

. 

,4—3 

.5 

.  10 

.5 

.09 

.00 

.  00 

.  00 

.00 

4,-4 

.03 

.  01 

.06 

.02 

.  00 

.  00 

.  00 

.  00 
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The  limiting  value  of  any  of  the  resulting  terms  in  the  motion  of  the  Earth  is  of 
the  order  of  magnitude  o" .02. 

(c)  In  the  motion  of  Mars, 


Earth  on  Mars. 

Venus  oil  Earth. 

1 

! 
1 

M.,  E. 

dR 

E.,  V. 

8v 

dV 

dv'dv 

d\'  dp 

4,  0 

.  000 

.  CXD4 

6,-5 

.04 

.  01 

.  00 

.  00 

4,-1 

.  007 

.028 

.08 

7.-5 

•  '3 

•03 

.  00 

.  00  ; 

4,  —2 

.09 

•5 

8,-5 

•15 

.  01 

.05 

.  00  \ 

4,-3 

.37 

i-S 

1.8 

9.-5 

.001 

.  001 

.  00 

.00  i 

4,  —4 

.46 

1.8 

..0  , 

10,  -5 

.  001 

.  001 

.00 

.  00 

The  largest  term  which  can  arise  in  the  motion  of  Mans  is  less  than  o''.i,  and,  the 
period  being  more  than  i  ,chdo  years,  it  is  without  importance  at  our  epoch. 
The  argument 

4M-7E+3V 

is  omitted  in  this  examination,  as  Leverrier  has  com|)uted  the  inequahties  depending 
upon  it  in  all  three  planets. 

ARGUMENT  JUPITER— 2  MARS  f  EARTH. 


(a)  In  the 

motion  of  the  Earth, 

Mars  on 

Earth. 

1 

Jupiter  on  Mars. 

1 

m.,e. 

rfR 
d  V 

d^  R 

d  V  rf V 

rf-  R 
dv  d  fj' 

J.,  M. 

O,  — I 

.  02 

.02 

.  II 

1,-2 

3 

I 

.06 

0.  0 

I,— I 

•15 

•  15 

.6 

I,  —1 

26 

1 1 

4.0 

7.0 

2,  —I 

.  09 

18 

.4 

I,  —0 

4 

0.7 

04. 

2,-2 

.8 

1-7 

2.  0 

m  a  n" 


The  factor  2  is  less  than  .001.    It  may  be  inferred  that  the  term  in  the  motion 

of  the  Earth  is  less  than  o".oi 

(h)  In  the  motion  of  Mars. 


Jupitor  on  Mars. 

J.,  M. 

d  R 
d  V 

d  R 
d  p 

d-  R 
d\- 

d'  R 
d  V  d  p 

I,  — 2 

.  004 

.  004 

.  01 

.01 

1,-1 

.  oil 

.031 

.  01 

•03 

I,  0 

.  000 

•  005 

,  00 

.  01 

Earth  on  Mars. 


M.,  E. 

8  V 

5p 

1)^(5/. 

0,  -I 

0.8 

II 

0.4 

1-5 

0.8 

I.  —I 

8.0 

30 

7.0 

3-0 

2,  —I 

13.0 

I.O 

1-5 

0.  I 
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Earth  on  Mars. 

Jupiter  ou  Mars. 

M..E. 

d  K 

(I  R 

d'  R 

d'  R 

dp 

d  V 

dp 

d  V- 

V  - 

J.,  M. 

i 

8  V 

I,  —I 

'S 

4.4 

1.5 

4.4 

I,  —  I 

26,  0 

II.  0 

22. 0 

II 

10. 0 

2,  —I 

0. 1 

0.7 

0.  2 

1,4 

I,  —0 

4.0 

I.  0 

0.7 

0.  2 

The  limiting  value  of  the  term  is  a  quantity  of  the  order  of  magnitude  o''.io.  It 
seems  worth  while  to  compute  the  tenn  more  precisely. 

We  conclude  that  terms  of  the  following  arguments  are  the  only  ones  which  require 
an  accurate  computation: 

(1)  4  M— 7  E+3  V;  period  308  years, 

(2)  J  — 2  M  +  E;  period  48  years, 

(3)  3  J— 8  M+4  E;  period  1,850  years. 

of  which  the  second  can  be  appreciable  only  in  the  motion  of  Mars. 


V. 

Formulce  for  special  cases. 

In  the  actual  computation  of  the  terms  in  question,  the  special  form  of  the  work 
will  vary  with  the  case  to  be  considered.  There  are  tliree  cases,  according  as  the  planet 
whose  inequalities  are  required  is  the  iimer,  the  outer,  or  the  middle  of  those  whose 
mutual  action  is  considered. 

We  shall  mark  the  elements  pertaining  to  the  middle  and  outer  planets  by  one  and 
two  accents  respectively. 

Case  I. — The  disturbed  planet  the  inner  one— In  this  case  the  principal  tenns  to  be 
considered  are  those  arising  from  the  change  in  the  action  of  the  inner  planet  produced 
by  the  action  of  the  outer  one  upon  it.  Rigorously  considered  there  will  also  be  terms 
arising  through  the  action  of  the  outer  on  the  inner  planet,  but  we  may  assume  that 
these  will  be  too  small  to  demand  consideration  at  the  present  time,  except  in  the  com- 
bination 

3J_8M+4E 
Then  in  (7)  the  only  terms  required  will  be 

d'R 


(10) 


■rf  p     dy  dp  ^  "  '  dp  dp' 
Since  the  action  of  the  outer  on  the  inner  planet  is  neglected,  we  shall  also  have 
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Thus  (6)  will  become 


1\S2=S       D,v  +  S  D,p 
(I  V  dp  ' 


where  v  and  D,  p  are  to  be  taken  from  the  terms  of  tlie  undisturbed  elliptic  motion, 
which  give,  approximately, 

!)<  v=in  (  I  +  2  ^;  cos       -     cos  2  .    .    .  ) 


D,p=»(esin</H-- e'isin  2  f/+    .    .    .  ) 
Taking  N,  as  in  (8),  for  the  argument  of  the  term  of  very  long  period,  we  may  put 


„  (I  R  m' 
a  V  a, 


+  (V_i  cos  +  V'_,  sin)  (N  — //) 
+  (Vo  cos  +  V'„  sin)  N 
+  (Vi  cos+V,  sin)(N+.7) 
+  


«    R  ni 
2  <5  ----  = 
d  p  rt, 


+  (R_i  cos  +  R'_,  sin)  (N —<j) 
+  (Ro  cos  +  R'o  sin)N 
+  (R,  cos  +  R'.  sin)(N+/y) 

,  +  

Then,  to  form  2  Dj  s.^  in  the  equation  (8)  we  shall  have 


+,.(^V,+|v_,+  |R',-|r'_3) 
+ 


K=Y\+e  (  V'i+V'_,-'  R,+ '  ) 


(12) 


+ 
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We  see  that  the  term  in  N  of         drops  out  entirely,  and  that  the  coefficients  of 

all  the  terms  in  both  S  and  S  which  belong  to  the  argument  ^ziziff,  ^re  mul- 
tiplied by  e\  Hence,  in  any  case,  these  terms  are  not  required  to  the  same  degree  of 
precision  as  the  others,  and  the  term  of  S       in  N  will  be  the  controlling  one,  unless 

the  adjacent  terms  are  much  larger  than  it  is.  Whether  such  is  the  case  can  be  readily 
determined  from  the  approximate  values  of  the  coefficients  already  giveh. 

Having  found  he  and  A„  the  term  of  (5  Z  in  N  is  immediately  obtained  from  (9) 
without  modification,  m'  being  the  mass  and  Oi  the  mean  distance  of  the  middle  planet. 

Case  II, — The  disturbed  planet  the  outer  one. — In  this  case  the  terms  of  R  and  its 
derivatives  will  arise  from  the  action  of  the  middle  on  the  outer  planet;  ,and  the  equa- 
tions (10),  (11),  and  (12),  will  be  used  without  any  change,  except  affecting  v  and  p 
with  iwo  accents.    But  a  and  ai  will  now  both  be  the  mean  distance  of  the  outer 

planet,  so  that  ~  will  disappear  from  (9),  and  we  shall 

(5^ zz^ ^ I  K  cos  N  +  A, sin  N  I  (14) 

Case  HI. — The  disturbed  planet  the  middle  one. — We  have  here  to  consider  the 
action  of  each  of  the  extreme  planets  on  the  middle  one,  as  modified  by  the  perturba- 
tions of  the  middle  one  produced  by  the  other  extreme  one. 

We  take  first  the  value  of  R  as  arising  from  the  action  of  the  outer  on  the  middle 
planet  and  combine  it  with  the  perturbations  of  the  latter  by  the  umer  one.  Thus  we 
shall  have  for  (7) 


dR___dn  .  ,  ^R 
dy'~dV'  ^'^dVdp' 


dp'-'dy'dp'  ^'^dp'^^ 


S  y'  and  S  p'  being  due  to  the  action  of  the  inner  planet.  We  have  to  include  all  four 
terms  of  (6),  which  now  becomes 

The  first  two  terms  are  formed  as  in  (13);  the  last  two  by  a  process  quite  like  that  by 

which  d  ^  ?  and  &       are  formed.    The  form  (g)  will  then  become 
dy  dp  , 


SH'  =  ^ '-C  S  Ac  cos  N + K  sin  N  ] 
2  ju  a        (  ) 


The  modification  of  the  action  of  the  inner  planet  due  to  the  direct  action  of  the 
outer  one  upon  the  middle  one  will  commonly  give  inequalities  of  the  same  order  of 
Vol  5,  pts  1  and  2  5 
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magnitude  as  those  just  considered.  Now,  the  terms  of  li  will  be  those  due  to  the 
action  of  the  inner  on  the  middle  i)lanet;  those  of  S  v'  and  8  p'  will  be  due  to  the  action 
of  the  outer  on  the  middle  planet.    The  first  formula  (9)  will  become 


52  j;  _  3        S  j^^      N  +  h,  sin  N  \ 
2  ju^  I  ) 


VI. 

Accurakt  comjmtation  of  terms  depending  on  the  arf/ument  4  Mars — 7  Earth -\-^  Venu^, 

The  computation  of  the  inequalities  requires  the  second  derivatives  of  R  as  to  v 
and  p,  which  are  not  computed  in  the  determination  of  the  inequalities  of  the  first  order. 
They  may  be  computed  either  by  the  method  laid  down  in  the  first  paper  of  this  vol- 
ume, or  they  may  be  derived  from  Le  Verriek's  development  of  the  perturbative  func- 
tion in  Tome  I  of  his  Researches.*  To  guard  against  serious  mistakes,  1  have  had  most 
of  the  com})utations  made  by  both  methods,  Mr.  Preistiss  using  the  first  method,  to 
which  he  had  become  accustomed,  and  I  using  Le  Verrier's  development.  I  have  been 
so  far  satisfied  with  the  general  agreement  of  the  results  as  to  deem  a  careful  control 
of  either  computation  unnecessary,  and  this  for  two  reasons.  Firstly,  no  attempt  has 
been  made  to  include  all  the  jiossible  terms  hi  either  computation,  so  that  difterences 
of  the  order  of  magnitude  of  the  omitted  terms  do  not  necessarily  imply  an  error  in 
either  result.  Secondly,  the  order  of  approximation  aimed  at  was  only  that  necessary 
to  the  special  problem  in  hand. 

To  enable  the  degree  of  uncertainty  to  be  estimated  I  shall  present  both  sets  of 
results  in  all  cases  where  tlie  two  metliods  were  used.  The  principal  combinations 
which  lead  to  the  argument  now  under  consideration  are 

4M-2E-(5E-3  V) 
4M-3  E-(4E-3  V) 
4M-4E-(3E-3  V) 
4M-5  E-(2E-3  V) 
etc.  etc. 

In  the  case  of  each  planet  the  adjacent  terms  depending  011  arguments  one  of  whose 
coeflicients  is  diff'erent  by  unity  are  also  to  be  considered. 

Designating  quantities  pertaining  to  the  Earth  by  one  accent  and  to  Mars  by  two 
accents,  we  have 

and,  for  the  epoch  1850.0, 

No  =14  //'  -  2  //  +  3  //  =  66^.80. 


*Auuale8  de  I'Observatoire  do  Paris.  Mcmoires.  At  tho  time  the  c()iii])utations  of  this  paper  were  made 
(1890-1891)  the  developmeuts  iu  Part  I  of  the  preseut  volume  were  not  in  shape  for  use. 
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a.  Ineqmlity  in  the  motion  of  Venus, 

III  R  and  its  derivatives  we  need  the  terms  arising  from  the  action  of  the  Earth 
on  Venus,  which  depend  on  the  argument  just  given,  and  on  the  adjacent  ones  if  neces- 
sary. To  determine  wiiat  arguments  should  be  included  the  following  approximate 
coefficients  have  been  computed : 


Mars  on  Earth. 

Earth  and  Venus. 

Earth  and  Venus. 

M.,  E. 

E.,  V. 

an 

d  \ 

d'U 
dvdv' 

d-n 

dvdfj'. 

E.,  V. 

dR 
dv 

d'U 
d\  d\' 

dvdp' 

4,  -2 

.70 

7  " 
.05 

5»-3 

.  cx)6 

•03 

•03 

5.-4 

.07 

•3 



•5 

4,  -3 

.55 

.  20 

4,-3 

.  060 

.  15 

.28 

4,-4 

.90 

3.6 

6. 

4,  —4 

.04 

.  02 

3.  —3 

.96 

2.9 

4-7 

3.-2 

.04 

.  2 

.  I 

4,  -5 

.  001 



.  OOI 

2,  -3 

.  005 

.02 

2,  —2 

1.05 

2.  0 

2. 

The  combined  effect  of  the  terms  depending  upon  the  combination  of  the  argu- 
ments 4  M  —  2  E  with  5  E  —  3  V,*  and  4  M — 3  E  with  4  E — 4  V  is  a  quantity  whose  limit 
is  about  o/'o2  5;  they  have  therefore  been  omitted  in  the  accurate  computation. 

The  principal  necessary  coefficients  in  the  mutual  action  of  Venus  and  the  Earth 
lire  as  follows.    The  symbol  D  is  used  for  the  derivative  as  to  log  a- 

Venus  and  the  Earth. 


a'  Ai 

o-3'957 
o.  20379 
o.  13324 


Values  of 

a'  a  D„  Ai 

ia'ct'D^Ai 

a'Ai 

a'  aD^Ai 

a'  A^ 

a'aD^A^ 

ia'a'^D\Ai 

I.  2290 
0.  9927 
0.  7844 

2.  257 
2.  256 
2.  139 

I.  2290 
0.  9927 
0.  7844 

5-743 
5- 504 
5.063 

14.  87 

15.  75 

16.  22 

5-743 
5.  504 
5.063 

35.48 
37.00 

37.50 

131-9 
139.9 
148.1 

From  these  I  derive  the  following  expressions  for  R  and  its  derivatives  from 
LeVerrier's  development: 

Veftus  and  the  Earth. 


{f'y(J,W',  to 

R 

dR 
dp 

rf-R 

dp^ 

dR 
dv 

d'R 
dv' 

d'R 
dvdp 

of  j'  w'  j  IV 

COS  sin 

3.  —3. 3.  —3 

-fo.  3192 

+  1.2288 

1-5.753 

-f-o.  9576 

-2.  873 

4-3.  686 

4-.  0472 — .  9989 

2,  —2 

-f-o.  0001 

—0.  0003 

—0. 006 

-fo.  0002 

—0. 000 

— 0.  OOI 

+.5270— .8499 

4,  —4 

-f-o.  0001 

-f-o.  0004 

—0.  OOI 

4-0.  0004 

—0. 002 

-f  0. 002 

4446—.  8957 

4,— 3»4  —4 

—0. 0089 

— 0. 0460 

-3.  277 

—0.  0356 

-|-o.  142 

—0. 184 

-.4446—.  8957 

3  -3 

-j-o.  0291 

-f-o.  1204 

+0.  636 

4-0. 0873 

—0.  262 

4-0.  361 

4-.  0472—.  9989 

5.— 3»  3»  —3 

-|-o.  0017 

4-0. 0076 

-f  0.0452 

-f^o.  005 1 

—0. 015 

f  0. 023 

+.047  —.999 

4,  —4 

— 0.  OOI  I 

— 0. 0058 

—0.  0384 

— 0.0042 

-|-o.  017 

-0. 023 

-.445  —.896 

5»  -5 

-f-o.  0002 

-f-o.  OOI  I 

-f-o.  0081 

-f-o.  0008 

—0. 004 

4-0. 005 

— .  824  — .  566 

5.  -3 

-{-0.0014 

-f  0. 0126 

-f-o.  131 

-f-o.  0044 

—0.013 

—0. 038 

4-.  796  — .  605 
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Reducing  these  expressions  to  the  form 

H,  cos  (i'  g'  +  ig)  +  R,  sin  (i'  g'  + 1  g) 

we  have  the  results  found  in  the  first  of  each  pair  of  Hues  below.  Under  each  is  given 
the  result  of  the  developments  made  according  to  the  eccentric  anomaly  and  then  trans- 
formed tg  mean  anomaly: 

Earth  on  Venm. 


■  ■ 

Argument. 

^9'- 



-3^7 

-  — 

-^9 

— 



Function. 

cos 

sin 

cos 

■ 

sin 

-f  15. 1 

+  319- 0 

+  5.4 

4-  21. 1 

R 

+  15. 1 

+  319- 0 

4-  5.3 

+  20.9 

dR 

+  58 

4-1228 

-h  26 

+  79 

dp 

-f  58 

+  1228 

4-  26 

+  79 

d^R 

+  269 

+5741 

fi53 

+387 

d  (i^ 

+  269 

+5744 

4  142 

4-384 

dK_  dR 

-  957. 1 

f  45-1 

-  55-3 

H-  19-9 

d\      '  d\' 

-  957-  2 

-h  45-2 

-  55.  1 

+  19- 9 

d'  R_d'i  R 

—  134 

—2872 

-  74 

-135 

-  135 

—2871 

-  75 

~'33 

dR 

-  73 

-1547 

-  31 

— 100 

dp' 

-  73 

-1547 

-  31 

—  100 

d'  R 

-  327 

-6969 

-179 

—466 

d  p  d  p' 

—  327 

-6972 

-168 

—463 

d^  R  _      di  R 

-3683 

4-  173 

—  196 

+  99 

d  V  d  p          d\'  dp 

—3705 

4-  168 

— 196 

4-  97 

dn<    _  d'R 

f4640 

-  218 

+  251 

-119 

d\dp'  d\'dp' 

f4662 

—  213 

4-251 

-117 

d^R 

4-  398 

48514 

-f  210 

4-566 

dp'i 

f  400 

4-8519 

4-199 

+563 

The  tenns  depending  on  5//'  —  ^  g  are  here  omitted  as  unimportant. 

To  obtain  the  inequality  in  the  motion  of  Venus  arising  through  the  action  of 
Mars  on  the  Earth  we  need  the  expressions 

o  —  —    (5  V  4-  op 

.r^R      rf^R    .  ,  ,    dm    .  , 

o  ^zz  o  V  +  o  p 

dp     dv'  dp  dpdp' 

where  S  V  and  S  p'  are  the  perturbations  of  the  Earth  by  Mars,  which  are  as  follows.* 
The  derivatives  of  these  perturbations  are  added  for  subsequent  use  in  the  motion  of 
the  Earth: 

*  Vol.  Ill,  p.  529 
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Perturbations  of  the  Earth  by  Mars, 


9",  9' 

8v' 

1  n 

lO  V 

cos 

sin 

COS 

sin 

cos  ' 

sin 

COS 

sin 

// 

// 

II 

II 

4,  -5 

-fo.ooi 
-f-o.  01 1 

+0.001 

4-0. 032 

0.000 

0.  000 

4,-4 

f  0. 022 

—0.  008 

— 0.060 

-|-o.  021 

+0.015 

+0.  039 

4,  —3 

—0. 131 

+0.483 

"f-o.  219 

-fo.  060 

— 0. 422 

—0.  115 

— 0. 052 

+0.  191 

4,  —2 

+0. 526 

— 0.  256 

-f  0. 020 

-|-o.  046 

—0. 032 

—0.  066 

-f-o.  006 

— 0.  003 

Performing  the  necessary  multiplications  we  find  the  following  quantities  relating  to 
the  action  of  the  Earth  on  Venus: 

Vo=+o/'304;  V'o=+o."o28 
V,=+2.7;  V\zz-o.5 
Rizz+0.7;  R'i=+34 
A,zz+o.334;  ^,=+0.024 
6^  Z=+o/'268  cos  N  +o/'oi9  sin  N 


/?.  Inequality  in  the  motion  of  the  Earth, 

The  terms  which  come  into  consideration  have  two  sources:  (i).  The  action  of 
Mars  on  the  Earth  as  modified  by  the  perturbations  of  the  Earth  by  Venus.  (2).  The 
action  of  Venus  on  the  Earth  as  modified  by  the  perturbations  of  the  Earth  by  Mars. 

The  arguments  to  be  combined  are 


4  -4 
etc. 


^  ff  —?>9 
3  —3 
etc. 


The  coefficients  for  forming  R  and  its  derivatives  for  the  action  of  Mars  on  the 
Earth  belonging  to  these  arguments  are  given  subsequently  (p.  74).  We  have  to  com- 
bine them  with  the  following  perturbations  of  the  Earth  by  Venus  (Vol.  Ill,  p.  487): 


Argn- 
ment. 

8v' 

6 

p' 

n' 

9' 3  9 

COS 

sin 

cos 

sin 

COS 

sin 

COS 

sin 

2,  —3 

3,  -3 

4,  —3 

5,  -3 

// 

—0.013 
— 0.  676 

+I.53I 

+0. 775 

// 

-f-o.  001 
-f  0. 027 
—0. 403 
— 0. 694 

// 

-f-o.  001 
-f  0. 021 

-0.183 

-|-o.  061 

// 

-f-o.  010 
+0.  506 
— 0. 701 
4-0. 071 

// 

0. 00 
— 0. 04 

+0. 35 
— 0. 09 

// 

— 0.04 
—I.  27 

+  1-34 
—0. 10 

// 

— 0. 03 
—0.95 
-1-0.61 
-f-o.  01 

II 

0. 00 
+0.04 
—0.  16 
— 0. 01 
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We  find,  by  executing  the  multiplications: 

2      R_m''  S  -4."55  cos  N-o/'  1 1  sin  N 

¥         ^  _|_ 3/' 7  eos  (N -  2/' 2  sin  (N ) 

I  -2/'7  cos(N-^0-4/'7  sin  (N-/)  | 

2i^D,(5t''  +  2'5?D,(Sp'zz'''"/  S  +i/'66cosN-o/'i7  8inN  I 
a\  dp  ci     (  ) 

From  these  coefficients  we  find 

Also,  from  the  adopted  mass  of  Mars  i  -=-3093500 


Wlience 


3  w''  a'  n'' 


52  r  =— o/'o84  cos  N  -o/'oio  sin  N 


We  have  next  to  compute  the  modification  in  the  action  of  Venus  produced  by  the 
perturbations  of  the  Earth  by  Mars.  From  the  data  already  given  we  find,  in  the 
action  of  Venus  on  the  Earth,  the  following  terms,  each  of  which  is  to  be  multiplied 


m 


by  the  factor  — , 
a 


Argu- 

(PR 

Dient. 

dv'dp 

dp'^ 

9'f  9 

cos 

sin 

cos 

sin 

cos 

sin 

3.  -3' 

-0. 13 

-2.87 

—4.  64 

-|-o.  22 

4-0.40 

4-8.51 

4,  —3 

—0. 074 

-0. 135 

—0.  25 

-{-0.  12 

-f-O.  21 

-ho.  58 

5.-3 

—0. 033 

~o.  015 

— 0. 05 

^0. 06 

Multiplying  by  the  ])erturbati()ns  of  fhe  Earth  by  Mars,  already  given,  we  find 
rfR       ^  — o."3 1 1  cos  N — o/'o22sinN  ) 
dv     a  ^ -.2.38  cos  (N+y)— 0.^69  sin  (N+//)  ^ 

2  5^=^  I  +i/'i6cos(N  +  </')-4."o8sin  (N+/)  | 
2  -rj—,  DtO  V  =  -  ,   <  — o.  070  COS  N  +0.  003  sin  N  > 
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2^1),  dp'  =^!!i^  \  -o/'o78  COS  N  +o."oo9 sin  N  i 
dp  d    (  ) 

K=—o/'543 
h,=— 0.032 

^  -2=0.3412 

2  /i  ir 

52  ]'--o!'  1 85  cos  N -o!'o\  I  sin  N 

Adding  this  to  the  term  arising*  from  the  action  of  Mars,  the  total  perturbation 
becomes 

rf^/'iz:— o/'269  cosN— o/'o2i  sinN 

Lk  Verrier's  value,  reduced  to  Hall's  mass  of  Mars,  is 

— 0.2 76  cos  N— 0.018  sinN 

In  the  motion  of  Mars. 

The  only  appreciable  effect  is  that  resulting  from  the  action  of  the  Earth  on  Mars 
as  modified  by  the  perturbations  of  the  Earth  by  Venus.  The  most  important  terms 
for  the  action  of  Earth  on  Mars  will  be  those  hereafter  given  in  connection  with  the 
action  of  the  Earth  and  Jupiter  on  Mars,  but  terms  depending  on  the  following  argu- 
ments may  also  be  appreciable: 

3  -4 
■     3  -3 
3  -2 

From  Le  Verrier's  tables  I  find  tlie  following  terms  depending  on  these  argu- 
ments (units  of  third  place  of  decimals) : 

„        ,        „      ,  u  dR  d'R 

d  p  d  /j  ' 

3,-2,      2,-2      +I4I.9     +4094  +1655 
3—3      —    18.0     —    69.2      —  320 

3—3     2  — 2    +    1.4    -f    0.3    —  24 

3—  3    +2II.O    +792.0  +3435 

4—  4    +"    1-4    +    4-9    +  9 

3—4     3—3    +    4-4    +  12.3    +  22 
4—4    -  '4-3    —  53  2    —  159 
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<IR 


r  9" 
4-2 


B 


dp 

2  —2    +  354  +112 

3-  3    -    9-1    -  38 

4—  4    +    0.6    +  3 

4—2    +    0.3    +  2 

Reducing  each  terra  to  a  binomial  after  forming  the  derivatives,  the  following 
values  of  the  derivatives  of  R  are  found: 

Earth  on  Mars. 

[Units  of  third  place  of  decimals.] 


Argu- 
ment. 

d^ 

R 

(PR 

rPR 

d  V' d  \" 

dp'  dv" 

dv'dp" 

dp' dp" 

9"  9' 

cos 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

3»  -4 

+  232 

— 106 

—  99 

-  215 

—  124 

—  276 

—  213 

-f-  100 

3.  —3 

+  1749 

+691 

-867 

—2197 

-I-1096 

—2781 

—3933 

-1556 

3»— 2 

-  307 

—404 

-863 

+  418 

-1155 

+  546 

-f  929 

+2127 

4,-2 

—  121 

— 162 

—251 

4-  177 

Multiplying  these  expressions  by  the  proper  terms  in  the  perturbations  of  the 
Earth  by  Venus  we  find 

^  [  +  3."53  cos  (N-5r-)  +  2/'45  sin(N-0 

^        R  ,  ,  XT  'XT 

2       77 zz  7,^+4.56  COS  N— 0.05  smN 

1  +  2.41  cos  (N+y)— 0.73  sin(N+y) 

2  5  ^  '  +3  "6  cos  (N-5r-)-6.''3  sin  (N-^O] 
^  a"  1  _  1 .0  cos  (N  +y ')  -  3.9  sin  (N  +g'')  J 


From  these  coefficients  follow 


K  =  +  5''22 


We  also  have 


2  jLi  n 


0.1 185 


and  hence,  in  the  mean  longitude  of  Mars,  the  inequality 

+o."6i9  cos  N +0/^038  sin  N 
LeVerrier's  value,  when  reduced  to  m'zz  i    3  2  7000,  is 

+o/'62o  cos  N  +0.^053  sin  N 
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VIL 

Terms  depending  on  the  argument  3  Jupiter—^  Mars  +  ^  Earth. 

The  existence  of  a  term  in  the  Sun's  mean  longitude  depending  on  this  argument, 
and  therefore  having  a  period  of  nearly  eighteen  hundred  years,  was,  I  believe,  first 
recognized  by  Hansen.  To  it  is  due  the  difference  of  6"  in  the  Sun's  mean  longitude, 
as  given  by  the  tables  of  Carlini  and  the  recent  ones  of  Hanskn  and  Le  Verkier. 

Designating  quantities  pertaining  to  Jupiter  by  two  accents,  and  those  pertaining 
to  Mars  by  one,  we  have 

3  w"  — 8  w'+4ni=— 727".o 

and  for  the  epoch  1850.0 

3^'-8fl''+4^7=282^.94 


a.  In  the  motion  of  the  Earth. 

The  only  terms  in  the  mean  longitude  of  the  Earth  depending  on  this  argument 
which  can  become  appreciable  are  those  which  arise  from  the  changes  in  the  mutual 
action  of  Mars  and  the  Earth  produced  by  the  action  of  Jupiter.  But  it  is  necessary 
to  take  into  account  the  action  of  J  upiter  on  both  planets.  Thus,  putting  R  for  the 
perturbative  function  depending  on  the  action  of  Mars  on  the  Earth,  we  have 

dy     dy^         dydy  dydp  dydp 

.dR     d'R  ^-       d'U    .  .    d'R.    ,    d'R   .  , 
dp    dpdy        dpdy        ^  dp'       '  dpdp 

As  S  v'  and  and  S  p'  do  not  depend  on  the  same  argument  as  5  t;  and  S  p  they  have 
to  be  computed  separately.  The  combinations  of  the  mean  anomalies  which  may  give 
rise  to  appreciable  results  are 

For  R  and  its  derivativeB  For  S  v'  and  S  p' 

4^-4.9    A9'  —  Sff    A9'—Za  35^'— 4^ 

5    -4      5    -5      5    -3  3  —3 

6—4      6—5      6    —3  3  —2 

7    -4      7    -5      7    -3  3  —1 
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The  following  tables  show  the  values  of  the  coefficients  which  are  employed  in 
the  computation  of  R  and  its  derivatives  when  LeVerrier's  development  of  R  is  used 
for  the  computation: 

TahU  of  coefficients  for  the  action  of  Mars  on  the  Earth, 


i 

a' 

a'  a  A^ 

i  a'  a-  A^ 

2 

o.  4048 

1. 0467 

- 

I.  2207 

I. 3861 

1-973 

3 

0. 2240 

0.  8108 

I.  2919 

1-5336 

2.026 

4 

0. 12956 

0.  6012 

1.2324 

1.6820 

2.158 

5 

0.  07688 

0. 4347 

1.0958 

I.  7559 

2.  340 

6 

0.  04640 

0.  3092 

0.  9275 

I. 7361 

2.  51 1 

7 

0.  02834 

0.  2174 

0.  7574 

1.6356 

2.  619 

8 

0.01747 

0.  1516 

0.  6018 

1.4798 

2.  638 

a'  A^         a'  aU^A^     ^  a'  (t^  D-^  A^- 


1.0467  ' 

3.4880 

6.  600 

1 2.  048 

22.  62 

0.8108 

3-  3945  1 

7.185 

12.  703 

23.  13 

0.6012  1 

3. 0660 

7. 511 

13-  677 

24. 07 

0. 4347  1 

2.  6263 

7-  459 

14.  629 

25.52 

0.  3092 

2. 1643 

7.063 

r5. 254 

27.  26 

0.2174 

1.7322 

6.  421 

15-384 

28.  69 

0.  1516 

I- 3552 

5  - 643 

14.  992 

30.19 

i 

a'  Ai 

a'  a  D„  A^ 

i  a'  A^ 

ha  a^l)\Ai 

^,a'a*T)\Ai 

2 

3-  4880 

16.  687 

49.  345 

1 26.  64 

301.5 

3 

3.  3946 

17.  764 

52.  479 

130.  62 

306.7 

4 

3. 0660 

18.088 

56.053 

137.30 

315-2 

5 

2.  6263 

17.545 

-V  58.  806 

145-  95 

328.  I 

6 

2.  1643 

16.  291 

59. 886 

154.  80 

345.8 

7 

1.7322 

14-575 

58.  994 

161.  90 

366.3 

8 

I- 3552 

12. 641 

56.  26 

165.74 

387.6 
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Thence  we  have,  from  Le  Verrier's  development  of  R,  the  values  of  the  coefficients 
given  in  the  following  table : 


9'  9  ^ 

R 

dR 

d'R 

9'  9  't' 

R 

dR 

(PR 

'  w 

d 

d  a 

4,  — 3>  2, 

— 2 

-r  27 

 J  2 

0,  — 3. 3. 

—3 

+ 

8.  96 

-T  4 

212 

o 

-f-107.  86 

4-4x6.  7 

4-1992 

4, 

— 4 

- 

3-  45 

—  18.  I 

—  113 

4, 

— 4 

—  12.  74 

—  63.  2 

—  360 

5. 

— 5 

+ 

0. 43 

4-  2.8 

4"  20 

6, 

-6 

— 

0. 02 

—  0. 1 

—  I 

4,  — 4»  3. 

—3 

+  2.03 

+  5.0 

+  I 

0,  — 4, 4, 

—4 

+ 

30.  29 

+  '52-  3 

+  090 

4, 

—4 

-I-119.  16 

+562.3 

4-2958 

5, 

~5 

— 

7.28 

—  44. 1 

  290 

5, 

—5 

-f  1.51 

+  7.4 

+  33 

 5 

+ 

0. 49 

-r  3-4 

-r  25 

4.-5.4, 

—4 

-f  3-33 

4-  13-0 

+  44 

^.—5.4, 

—4 

+ 

0.80 

+  30 

1  0 
+  8 

5. 

-5 

—  11.32 

-  55.9 

-  255 

J. 

— c 

+ 

54.  59 

+  ^IQ.  S 

4- 2044. 

6, 

—6 

5.95 

—  41.  8 

—  124 

5.  -3. 3, 

-3 

4-  34-  13 

-f-140. 0 

+  719 

7.  -3, 3. 

—3 

+ 

2. 03 

+  9.3 

+  57 

4. 

—4 

-  8.43 

—  43- 0 

-  258 

4, 

-4 

1.05 

-  5.8 

—  39 

5. 

-5 

+  0.5s 

-f-  3.3 

4-  22 

5. 

-5 

+ 

0.  20 

+  1.3 

+  10 

7.-4,4, 

—4 

+ 

9.  20 

+  47.9 

+  299 

5.-4.3. 

—3 

-h  0.56 

+  1.2 

—  4 

5, 

-5 

3.63 

V 

—  22.3 

-  154 

4. 

—4 

-h  78- 01 

+378.9 

+2090 

6, 

-6 

+ 

0.  46 

+  3.2 

+  25 

5. 

-5 

-  8.90 

-  53.4 

—  360 

7, 

—7' 

0.02 

—     0.  2 

—  I 

5.-5.4, 

—4 

-f-    2. 21 

+  8.7 

+  28 

7.-5.5, 

-5 

+ 

25.  22 

+  I5I.2 

4-1005 

5, 

-5 

-h  66.52 

+382.  4 

+2379 

6, 

—6 

5-93 

—  41.6 

—  319 

6, 

—6 

4-  1.43 

+  8.7 

+  52 

7, 

—7 

+ 

0.  41 

+  3.2 

+  27 

The  adopted  values  of  the  combinations  of  w  and     and  of  their  cosines  and  sines 

are 


COS 

sin 

t/—w)  =  —  21° 

10'.  4 

+•  9325 

— .  3612 

4 

=  —  148 

13.9 

— . 8502 

-•  5265 

5 

=  +  84 

42.7 

4-.  0922 

+•9957 

6 

^-42 

20.8 

+• 739« 

-.6736 

From  these  data  we  derive  the  values  of  the  coefficients  of 

sin  ^ .,  /  ,  •  \ 

in  the  various  terms  of  R  and  its  derivatives,  as  shown  in  the  second  sets  of  numbers 
in  the  following  table  by  combining  the  terms  which  depend  upon  each  combination 
of  g  and  into  a  binomial,  and  using  the  precepts  of  Vol.  Ill,  pp.  1 8  and  8 1 .  The 
first  sets  are  obtained  by  development  in  terms  of  the  eccentric  anomalies,  and  are 
computed  to  detect  any  serious  error  in  the  others: 
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MARS  AND  EARTH. 

Coefficients  for  expressing  B  and  its  derivatives. 

[Units  of  third  place  of  decimals.] 


M.,  E. 

R 

DR 

D^R 

D,R 

D«rK 

cos 

sin 

cos 

cos 

sin 

cos 

sin 

4,  —5 

4-  04 

+  13.04 

—  17.2 

+  63.5 

-  74 

+  287 

—  3>o 

-  75 

-  63.5 

—  17.  2 

+  74 

—  310 

3.87 

-f-13.02 

—  16.2 

+  62.5 

—  60 

+  277 

—  305 

—  70 

—  63.4 

-  16.5 

+  71 

—  310 

— 4 

99. 48 

-I-62. 19 

-473. 8 

-I-291.  6 

—2525 

+  1537 

—"57 

— 1901 

—246.  6 

—399-  9 

+  1604 

—  977 

99.  28 

+61.97 

—472.  6 

+290.5 

—2510 

+  1524 

— 1152 

-1895 

-245.  5 

—399.3 

+  1599 

—  969 

— 3 

-Hii.44 

+32.  09 

+442.  8 

+  118.5 

4-2167 

+  559 

—  326 

+  1382 

-  89.9 

+345.  2 

—1077 

—  244 

4-III.33 

+31.98 

+442.2 

+  117.8 

4-2156 

+  542 

—  320 

4-1380 

-  89.5 

+344.9 

—1078 

—  244 

5,-5 

-h 

5.36 

— 64. 60 

+  34.4 

—373.  2 

4-  221 

—2354 

4-1865 

+  192 

+323. 1 

+  29.5 

—  162 

4-1616 

-f 

5.31 

—64.  21 

+  34.2 

-370. 3 

+  233 

-2319 

4-1850 

+  184 

+320.  8 

+  29.5 

—  161 

4-1602 

— 4 

66.  86 

+50.  25 

—328.  0 

+252.  2 

—1824 

+  1441 

— 1061 

— 1316 

—209.  2 

— 269.0 

4-1083 

—  880 

66. 62 

+50.  14 

—325. 9 

+253.  > 

— 1814 

+  1457 

—1065 

— 1310 

—209.  2 

-267.  8 

+  1076 

—  881 

— 3 

38.21 

+  7-  31 

4-161.4 

+  24.6 

+  846 

+  io8 

-  48 

+  520 

-  16.  7 

+  121. 7 

—  394 

—  28 

38.95 

+  7.33 

+  167.5 

+  24.7 

+  891 

+  102 

-  46 

+  540 

-  15.4 

+  124.0 

—  400 

—  22 

6,  -5 

0.  15 

-58.  24 

-  2.8 

—346.  2 

+  30 

—2188 

4-1760 

—  104 

4-295.6 

—  3.0 

+  42 

+  1504 

0. 05 

-57.95 

—344.7 

-  58 

— 2249 

+  1753 

-  38 

+294.2 

-3.9 

+  43 

+  1497 

—4 

25.  24 

+23-01 

—127.4 

+  111.7 

-  736 

+  736 

—  533 

—  508 

-  99.6 

—100.8 

+  403 

—  435 

26.06 

+23.52 

-131.  I 

+  126.4 

-  766 

+  782 

-  555 

-  523 

—102.  0 

— 104.  2 

+  416 

-  448 

—3 

10.  59 

+  0.99 

+  47.6 

+  1.8 

+  266 

+  2 

+  8 

+  155 

-  0.5 

+  34.6 

-  "3 

+  9 

-h 

11.32 

+  0.98 

+  51.5 

-f  1.6 

+  296 

—  3 

+  10 

+  171 

0. 2 

+  36.9 

—  123 

+  II 

7,  -5 

2.  56 

-28. 67 

—  19.0 

—  172.8 

-  73 

-1094 

+  892 

+  51 

+  145.7 

—  17.0 

+  "4 

+  752 

2. 46 

—29.04 

—  19.9 

-177.9 

—  171 

— 1211 

+  916 

-  136 

4-149. I 

-  17.5 

4-  120 

+  768 

-4 

8.  37 

+  8.23 

—  38.4 

+  45.5 

—  230 

+  291 

—  208 

-  159 

-  36.8 

—  34.0 

+  138 

—  168 

7.  79 

+  8.76 

—  40.  2 

+  49.6 

—  248 

+  317 

—  225 

—  159 

-  39.3 

-  30.8 

+  120 

-  179 

—3 

+ 

2.  40 

+  0. 16 

+  II. 0 

+    0. 2 

+  75 

-  5 

+  '  2 

+  36 

+   0. 2 

+  7-9 

—  26 

+  4 

2.81 

—  0.02 

+  13.7 

—  I.O 

+  87 

-  10 

.+  8 

+  46 

+  1.0 

+  9.4 

—  31 

+  7 

The  four  second  derivatives  which  enter  into  the  formulae  for  the  various  inequal- 
ities are  given  by  the  equations 


d  V  d  V 
d'R 


dpdy 
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dvdp 


d^R 


dpdp^ 


The  constant  factor  ^  is  omitted,  as  usual. 

For  each  quantity  the  upper  value  is  that  derived  from  the  development  just 
described,  the  lower  one  that  from  the  independent  development  in  teiins  of  eccentric 
anomalies: 

Mars  and  Earth. 


9 

9 

dv  d  V' 

d^R 
dpdw' 

dTcTp' 

d'R 
dpdp' 

cos 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

4» 

-5 

.071 

+ 

.310 

4-  . 

305 

070 

4-  -368 

4- 

.087 

4- 

.076 

-  .339 

.074 

4- 

.310 

4-  . 

310 

4-  . 

075 

4"  .373 

4- 

.092 

4- 

.  091 

—  .  350 

—4 

1.599 

-h 

.969 

4-1. 

152 

4-1.895 

4-1.398 

4-2.  294 

4-2.983 

—1. 814 

I.  604 

4- 

.977 

f  1. 157 

4-1. 901 

4-1.404 

4-2. 301 

+2. 999 

-1.829 

-3 

4-1.078 

4- 

.244 

4-  . 

320 

—I. 

380 

4-  .410 

— 

1.725 

2.598 

—  .660 

4-1.077 

4- 

•  244 

4-  . 

326 

— I 

382 

4-  .416 

— 

1.727 

2.610 

—  .677 

5. 

-5 

4- 

.161 

602 

850 

184 

-  2. 171 

.2J4 

.  267 

4-2.689 

.  162 

4-1. 616 

—I 

865 

192 

—2. 188 

.  222 

.255 

+  2.  727 

—4 

1. 076 

4- 

.881 

-f  1.065 

+  1.310 

4-1.274 

+  1.578 

4-2. 140 

—  I.  710 

1.083 

4- 

.880 

4-1. 061 

+  1.316 

4-1.270 

+  1.585 

4-2. 152 

-1.693 

-3 

4- 

.  400 

4- 

.  022 

4-  . 

046 

540 

4-  .061 

.664 

1.059 

-  .127 

-h 

.394 

-f 

.028 

4-  . 

048 

520 

4-  .065 

.  642 

1. 007 

-  .  «33 

6, 

-5 

•043 

1.497 

—I. 

753 

-f  . 

038 

—2. 047 

4- 

.  042 

4- 

.062 

4-2.594 

.  042 

1.504 

760 

+  . 

104 

—2. 056 

4- 

.107 

.027 

4-2.  534 

—4 

.  416 

4- 

.448 

4- 

555 

4-  . 

523 

4-  .657 

4- 

.  627 

4- 

.897 

—  .908 

•403 

4- 

.435 

533 

+ 

508  • 

-h  .633 

4- 

.  609 

4- 

.863 

-  .848 

-3 

4- 

•  123 

.  on 

GIG 

171 

—  .GIG 

.2g8 

.347 

4-  .001 

4- 

.113 

.009 

008 

155 

—  .GO8 

.  190 

.314 

—  .004 

7, 

-5 

.  120 

.768 

916 

4-  . 

136 

—  1.065 

+ 

•  153 

4- 

.191 

+1.389 

.  114 

.752 

892 

051 

-1.038 

.034 

4- 

.  092 

+1.267 

—4 

.  120 

4- 

.  179 

4-  . 

225 

4-  . 

159 

-f  .  264 

4- 

.  190 

+ 

.288 

-  .367 

.138 

.  168 

4-  . 

208 

■4-  . 

159 

4-  .245 

4- 

•  193 

.268 

—  .336 

—3 

.031 

.007 

008 

046 

—  .  009 

.055 

.  lOI 

4-  .GIG 

.  026 

.  004 

G02 

036 

—  .GG2 

.044 

.064 

+  .005 
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In  the  continuation  of  the  computation  I  have  used  the  mean  of  the  two  sets  of 
coefficients.    A  computation  of  the  diflference  between  the  results  was  also  made. 

The  perturbations  of  Mars  by  Jupiter,  which  are  to  be  combined  with  the  above 
derivatives,  are  shown  in  the  following  table: 

Perturbations  of  Mars  by  Jupiter, 


Argu- 
ment. 

dv' 

dp' 

n' 

0"  9' 
—I 

—2 

—3 

—4 
-5 

cos 
— o.  205 

—2.  821 

-1.730 

—  I.  281 
— 0.  201 

—  0.  027 

siu 

// 

— 0.  108 
—1.450 
-1.949 
-)-o.  266 
4-0. 046 
-|-o.  006 

COS 

sin 

1 

cos      1  sin 

COS      1  sill 

4-0. 054 
— 0. 396 
—1.244 

4-0.  242 

+0. 039 
f  0. 005 

// 

— 0. lOI 

-f  0.  818 
-f  1053 
-f  0.  987 
-ho.  156 
-j-o.  021 

—0.051     1  4-0.097 
4-0.760  —1.478 
4-2.  970       —2.  637 
—0.671  -3.233 
—0.  162        —0.  709 
—  0.  027  — 0.  122 

1 

/;            '  // 
— 0.  048        —0.  026 
—0.  429        —0.  208 
—  I.  605     i   —I.  896 
—2.491        4-0.  611 

—0.550     -ho.  138 

—0.0^5  !  4-0.023 

By  multiplying  these  expressions  for  8  v'  and  5  p'  into  the  second  derivatives  of 
R,  we  find  the  following  terms  of  the  second  order: 
Put 


Then 


c.    R  m 
28  — 
d\  a 


—  2.^09  cos  (N—(7)— 0/^13  sin  (N— ^) 

+4."  1 2  cos  N  +  5. "95  sin  N 

+  6.'' 2 2  cos  (N + rjr)  _  1 1  /^34  sin  (N  +5^) 


2  8^-^\~  ^"^^  cos(N-5r)-3."o9sin  {^-g)\ 
p     a'  [+ 14/'  1 1  cos  (N  +    +  7.^09  sin  (N  H-^r)) 

The  terms  from  which  the  inequality  principally  arises  are  those  depending  on 
d  R 

the  argument  N  in  2  5  —  - .    In  the  case  of  this  term  the  result  of  the  development 

through  the  eccentric  anomalies  exceeds  that  through  the  mean  anomalies  by  the 
amount 

+0."  1 1  cos  N — o."  1 2  sin  N 
so  that  the  separate  values  would  have  been : 
From  mean  anomalies, 

4."o7cosN  +  6."oi  sinN 

From  eccentric  anomalies, 

4."i7cosN  +  5."89  sinN 
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The  formulae  (13)  now  give 

^2  /z=+4/'32  cos  N  +  5/' 70  sin  N 


Whence, 


We  have  next  to  determine  that  portion  of  the  inequality  arising  from  the  action 
of  Mars  on  the  Earth  as  modified  by  the  perturbations  of  the  Earth  by  Jupiter.  The 
only  combinations  of  arguments  which  can  give  rise  to  appreciable  terms  are: 


Jupiter  on  Earth. 

8  V  OT  6  (J, 

3ff"  —  3ff  . 
3  -2 
3  -I 


Mars  on  Earth. 

Derivatives  of  R. 

^ff'-7ff 
8  -6 

8  -5 


The  terms  of  this  class  are  so.  small  that  I  have  deemed  it  imnecessary  to  compute 
those  which  depend  upon  other  arguments  than  N  in  the  values  of  6       and  S 

except  the  largest.  Of  this  I  have  made  only  an  approximate  computation  in  order  to 
determine  its  order  of  magnitude.  The  only  development  used  is  that  in  terms  of  the 
mean  anomaly.  The  terms  which  have  been  computed  are  shown  in  the  following 
table: 

Action  of  Mars  on  the  Earth. 


9' 

R 

g  w' 

M? 

dp 

8 

-7  +  8 

-8 

-  3.6 

-  32 

+  7 

—  7 

+25.0 

+  197 

8 

-6+8 

—  8 

+  0.3 

-f  7 

-7 

—  4.3 

-37 

+  6 

-6 

+20.  2 

4-141 

8 

-5  +  6 

-6 

-3.6 

-  25 

+  5 

-5 

-fio.  6 

+  64 

Forming  the  derivatives  as  to  v  and  reducing  the  terms  to  binomials  we  have  the 
following  results : 


d^R 

Argument. 

d  \  d  p 

9'y  9 

cos 

siu 

cos 

siu 

8,-7 

+  i.3> 

-0.43 

—0.  58 

—  1.47 

8,  —6 

-0.  75 

-0.  43 

— 0.  50 

-f-o.  89 

8,-5 

-f-o.  07 

+0.  35 

+0.  43 

— 0.  08 

d'JR 
dp^ 


-I.  60 


+0. 48 
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The  value  of        has  been  assumed,  by  induction,  as  equal  to  8   — . 

The  perturbations  of  the  Earth  by  Jupiter  which  enter  into  the  problem  are  as 
follows: 


Argu- 
ment. 

8v 

dp 

^D,  (5t7 

9"  9 

cos 

sin 

cos      '  sin^ 

1 

cos 

sin 

cos 

sin 

3-3 
3-2 
3-1 

II 

— o.  162 
+0, 07 1 
— 0. 031 

II 

-|-o.  027 
+0. 551 

-1-0.  208 

-fo.  021 
-fo.  379 
4-0.  082 

+0.  132 
—0.  050 
-fo.  012 

— 07 
—0.  96 
—0.  16 

—0.44 
-fo.  12 
—0.  02 

— 0. 36 
-fo.09 

—0.  01 

-fo.  06  ' 
-f  0. 66 
-f  0. 06 

We  thus  find 


^rfR    ,„'(-o."83coaN-D."74  8inN  ) 
dv    a  (— o."4ocos(N-|-(/)-l-i."o98m(N+</)) 

2  <5^^zz  j'{-i."5  cos  (N+^)-o."3  sin  (N+^ 


2/^45De<Sv+^^D,<5p^:r'";  {o."29co8N+o"2i  sinN} 
n\dy  dp         J  a!^ 


Tlience 


K=-o."ss 

h,=-o."52 

The  complete  values  of  and  h,  are  thus  found  to  be 
We  also  have 


3  m  a  /^ 
2  ju  a'  n^" 


:  1.012 


and  thus,  for  the  definitive  inequality  in  the  mean  longitude  of  the  Earth 

+     76  cos  N  +  5.''  1 8  sin  N 

If,  in  order  to  make  the  motion  of  the  argument  positive,  we  put 

N' 1=360°— N  =  77.^o6  +  727.''o  (f- 1850.0) 

the  inequality  becomes 

(5^  /zz  +  3/' 76  cos     -  5/'  1 8  sin  W 
zz6."4o  sin  (N'+ 144.^03) 
zz  6.''4o  sin  { 2  2 1 . ^09  +  7  2  7''    —  1 8 50.0) } 
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The  values  of  Hansen  and  Le  Verrier,  for  1850,  when  reduced  to  our  mass  of 
Mars  are,  respectively: 

Hansen:  6/'43  sin  220.^72 
Le  Verrier:  6/^21  sin  225.^23 

/?.  In  the  motion  of  Mars. 

Appreciable  terms  in  the  motion  of  Mars  depending  on  the  argument  3  Jupiter — 8 
Mai's +4  Earth  arise  in  three  ways,  namely: 

1.  Through  the  action  of  the  Earth  on  Mars  as  modified  by  the  perturbations  of 
Mars  by  Jupiter. 

2.  Through  the  same  action  as  modified  by  the  perturbations  of  the  Earth  by 
Jupiter. 

3.  Through  the  action  of  Jupiter  on  Mars  as  modified  by  the  perturbations  of 
Mars  bv  the  Earth. 

I.  Earth  on  Mars  as  modified  hy  perturbations  of  Mars  by  Jupiter. — ^The  following 
are  the  combinations  of  arguments  which  lead  to  sensible  terms  of  this  class: 

Earth  on  Mars.  Jupiter  on  Mars. 

Aff—Ag  zf—Au' 
5    -4    •  3—3 

6—  4  3—2 

7-  4  ~  3-1 

In  the  action  of  Earth  on  Mars  the  derivatives  of  R  required  are 

rf^R  rf^R  «  dR  d/R 
dV'  dp'dv''  dp""'  dv''  dp' 

The  first  three  are  derived  from  the  values  already  given  for  the  action  of  Mars 
on  the  Earth  by  the  formulie 

(f'R  __  rf^R 
dv"  ~  dydv' 

_^R__  d'B^ 

dV  dp'~  dvdp' 

d'^R  __dR_  d^R 
dp''^  ~    dp'    dp  dp' 

Vol  6,  pts  1  and  2  6 
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The  perturbations  of  Mars  by  Jupiter  depending  upon  the  arguments  in  question 
are  given  on  p.  78.    By  performing  the  necessary  multi])hcations  we  find 


2d 


dp'~a; 


- 1  ."85  cos (N      )  -  2/'6 1  sin  (N  ) 
—4/'  1 2  cos  N  —  s''9A  N 
-5/'8  cos  (N+/)- 1 1/'2  sin  (N  +  (/') 
-3/^5  cos  (N  +  2  g') - 1 4/'8  sin  (N  +  2  g') 

+  3."8  cos  (N-^0-3."3  sin  (N-^O 
+  1 7/'o  cos  (N+y)-8/'9  sin  (N  +y) 
+  2 1 ."9  cos  (N  +  2  y ) -  5/'5  sin  (N  +  2  g') 


The  separate  vahies  of  the  terms  in  cos  N  and  sin  N  arising  from  the  two  devel- 
ments  are 

P>om  mean  anomah'es:  —4. '07  cos  N  —  5/^98  sin  N 
From  eccentric  anoniahes:  —4/'  1 8  cos  N  —  5/^89  sin  N 

We  also  have  arising  in  the  same  way 

2^^^D,Sv'  +  2  '^-^  D,  (5    zz  26  cos  N  - 1  /'  74  sin  N  j 

Forming  the  complete  value  of  L)^  .S2  ^ve  find 

2  D,52=='''^f- j--8/'42  cos  N-9/'88  sin  N  j 

Adopting  mass  of  Earth  zz  —  ^ —  we  find 

32  7000 


and  hence 


^  ^=4.121 

2  ywir 


S^V z^—T^^J'y  cos N— 40/' 7  sinN 


II.  Action  of  Jupiter  on  Mars  as  modified  hy  the  perturbations  of  Mars  by  the  Earth. — 
The  combinations  of  the  arguments  are  the  same  as  in  the  last  case.    The  action  of 

Jupiter  on  Mars  depends  on  ^\  ^and  The  additions  to  these  (luantities  are 

d  V  dp 

.d\i  dm ,  .  .  dm  .  , 

'd7=d^'^''+dy'd^'' 

.dn  dm  .  , ,  dm.  , 
'dp-dryQ:p^''+dp-^'' 

The  constants  for  the  action  of  Jupiter  on  Mars,  as  derived  from  those  given  in 
Vol.  Ill,  p.  553,  are 
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For  action  of  Jupiter  on  Mars. 


% 

a' 

a'  a  D„ 

k  a'(r'D\  Ai 

ia'a3  1>\A^ 

0 

2. 04504 

0. 09474 

0.  05731 

0. 01 122 

I 

0. 00994 

.03096 

.03400 

•01573 

2 

0. 06674 

• '3863 

.08025 

.01228 

3 

0.0163 15 

. 05027 

•05374 

.  02296 

4 

0.004185 

.01709 

.  02673 

.01976 

1 

a'  A^ 

a'  a  A^ 

0 

•09474 

.2094 

.1483 

.0520 

I 

.03096 

.0989 

.1151 

.0629 

2 

.  13863 

.2991 

•  1974 

.0566 

3 

.  05027 

.1578 

.  1764 

.0867 

4 

.  01709 

.0705 

.  1 128 

.0881 

D'logaOf 


a'  A^ 

a 

0 

.2094 

I 

.  0989 

2 

.2991 

3 

.1578 

4 

.0705 

•  5059 
.3292 
.6938 
.5105 

.  2960 


i  a'  or^  V\  Ai 

ia'a^D\Ai 

.4527 

.257 

.4190 

.282 

.5645 

.277 

.  6129 

.365 

.4889 

.410 
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From  Le  Verrier's  development  of  R  and  these  constants  I  find  the  follov»^ing 
terms  of  R  and  its  derivatives  in  the  action  of  Jupiter  on  Mars: 


[Units  of  third  place  of  decimals.] 


(J  w"  w' 


3  —  2 


3  —  3    2  — 
3- 
4- 


-4    3  — 


+  o.  15 

—  0.04 
+  0.25 

—  o.  01 

-h  o.  16 
-3-24 
-f  I  03 

—  o.  01 

10 

--  6.  72 

—  0.04 

-(-  I.  00 

f 15- 27 
+  o.  14 

4-  2. 20 

—  o.  29 


f  w"-\-jw' 


DR 


+  0.04 

—  o.  12 
-f-  o.  62 

—  o.  19 

+  0.51 

—  6.  92 
-h  3.26 

—  0.03 

+23-  39 
—20.  84 

—  o.  14 

4-2.00 
-(-47.  18 
+  0.54 

+  6.70 

—  1. 18 


urn 


0.4 
0.4 
1.4 
0.7 

1.6 
-  15.8 
+  10.5 


4- 


—  O.  I 

+  518 

—  66.4 

—  0.6 

+  3.9 
+148.4 

4-  2.1 

-h  20.5 

—  4.6 


1. 0000 

+.7813 
-|-.  2209 

— .  4363 

+.7813 
-|-.  2209 

-•  4363 

+.7813 
I  +.2209 

— .  4363 
-•9025 

-|-.  2209 

— •  4363 
—.9025 

— •  4363 
— .  9025 


0000 

+. 

6242 

+. 

9753 

+. 

8998 

+■ 

6242 

-f. 

9753 

+. 

8998 

-f. 

6242 

-h- 

9753 

4- 

8998 

4- 

4307 

-f 

9753 

4- 

8998 

-f 

4307 

8998 

+ 

4307 

We  thus  have  the  resuUs  of  the  following  table,  which  include,  in  some  cases  for 
comparison,  the  r(\sults  of  the  developments  hi  Vol.  Ill,  Part  V : 


dR 

dR 

R 

dv' 

dp' 

g'.g" 

cos 

sin 

cos 

sin 

cos 

sin 

3.  0 

4-0.  21 

—  0.  17 

4-  0.32 

4-  0. 17 

+  0. 18 

—  0.36 

-f-o.  20 

—  0.  17 

4-  0  32 

-f  0. 16 

+  0. 16 

-  0.31 

3»  -I 

-I.  OS 

4-  2.13 

—  3-43 

—  2. 67 

-  2.55 

+  3- 50 

-1.03 

-f-  2.  II 

—  3.41 

—  2.63 

-  2.51 

4-  3.48 

3»— 2 

+5-41 

—  4-74 

-h  3-40 

4-13.84 

+14. 36 

-  3.98 

4-5.41 

-  4.77 

4-  3.48 

+  13.81 

+14. 36 

-  3.98 

3»— 3 

-6.57 

-14.78 

+43-  42 

— 20. 06 

—20. 63 

—44. 64 

—6.60 

-14.  79 

+43-  47 

—20. 15 

-20.  73 

—44. 64 

3»— 4 

— 0.  70 

-  1.86 

1-  5.46 

-  1.74 

—  I.  86 

-  5.52 

-0.  66 

-  1.87 

4-  5  - 40 

-  1.74 

—  I.  76 

—  5-44 
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d^R 

(PR 

dp'* 

9".  9' 

cos 

sin 

COS 

sin 

cos 

sin 

3.  0 

—  0.4 

+  1.4 

+  0.6 

+  0.5 

+  0.4 

-  0.5 

3»-i 

+  6.8 

—  41 

—  4.4 

-  6.9 

-  6.9 

+  5.0 

3.-2 

-36.8 

—  "5 

—  10.8 

+  .38.  I 

+40.8 

+  9.6 

3.  —3 

+61. 1 

+  128.6 

+132.2 

—  62.8 

-65.7 

-138.2 

3»  -4 

+  4.2 

4-  15.9 

+  16. 1 

—  4.5 

-  4.8 

—  16.4 

The  following  are  the  perturbations  of  Mars  by  the  Earth  which  are  to  be  com- 
bined with  the  preceding  derivatives: 


8p' 

n' 

^,  9 

cos 

sin 

cos 

sin 

cos 

sin 

COS 

sin 

// 

II 

// 

II 

// 

ll 

// 

4»— 4 

—0.036 

-0. 054 

— 0. 050 

+0.  032 

+0.19 

— 0. 13 

— 0.  n 

—0. 18 

5,-4 

-^.086 

— 0. 1 1 2 

—0.090 

+0. 069 

+0.  28 

—0.  22 

—0. 17 

—0.  23 

6,-4 

—0  156 

—0. 188 

—0. 130 

+0.  1 10 

+0.  29 

— 0.  24 

~o.  17 

—0.  20 

7,-4 

+0. 801 

+0.  712 

+0.  224 

—0.243 

— 0.  37 

+0. 42 

+0. 13 

+0. 12 

8,-4 

+0. 190 

+0.  148 

-0. 057 

+0.  070 

+0. 07 

— 0.09 

+0. 03 

+0. 03 

Performing  the  multiplications  we  find 


.  <i  R  m' 


— o.''oo93  cos  (N  +g')— 0/^00^^  sin  (N+^r') 
— o/'o2 10  cos  N — o/'o28o  sin  N 
— o.^'i  105  cos  (N—/)  + 0/^0051  sin  (N— /) 
+o.''i75  cos(N  — 2//')+o/'o77  sin(N  — 25^') 

—0/^004.  cos(N+/)+o/'oi  I  sin  (N+/) 
+o/'oo7  cos(N— /)-ho/'i  13  sin  (N— 
+o/'o8o  cos  (N  —  2  (J)—o."  1 79  sin  (N  —  2 g') 


2  S  v' zz^, {+o/'oi  58  cos  N  +o.''oi  1 3  sin  N I 

2  ^ D,  (J    =  ^  j  +  o.'^o 1 34  cos*N + o/'oo76  sin  N I 
a  p  any  J 
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And  hence 


h,=—o/^ooyo 


Also 


Thence 


o  =376.6 
2   a  n 


SH'=—i/'77  cos  N  —  2/^65  sin  N 

The  perturbations  of  Mars  being  computed  with  a  mass  of  the  Earth  m  i  -7-3  54936, 
we  reduce  this  result  to  the  mass  1-^-32  7000,  and  thus  find 

SH'  =  -i  ."92  cos  N  -  2/'87  sin  N 

The  third  action  to  be  computed  is  that  of  the  Earth  on  Mars  as  modified  by  the 
perturbations  of  the  Earth  by  Jupiter.    The  arguments  to  be  combined  are  as  follow: 

Jupiter  on  Earth.  Earth  on  Mars. 

3-3  8-7  7-7 

3—2  8—6  7  —6 

3-1  8-5  7-5 

In  the  action  of  Earth  on  Mars  we  require  the  expressions 

o  —  o  v-V--  o  p 

.rfR     rf^R  .    ,    (i^R  . 

o  —  o  vA  o  p 

dp'    d\dp'  ^dpdp'  ^ 
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d  V  and  6  p  being  the  perturbations  of  the  Earth  by  Jupiter.  From  Le  Verrier's 
development  of  R,  I  have  computed  the  coefficients  shown  in  the  following  table: 

Mars  on  the  Earth, 


[Units  of  third  place  of  decimals.] 


Argument. 

R 

D  R 

D2R 

g'    g  w'  w 

cos 

sin 

8-8+7-7 

j  1.6 

+  12 

+  85 

983 

— .  184 

1  fi  8 
+  » — 0 

+  11.  I 

+  90 

+  903 

+. 

446 

+  •  095 

i-  0.  0 

4-  8 

4-  68 

+. 

446 

— .  80 «; 

8-7+6-6 

+  I.O 

+  6 

+  37 

+• 

739 

— .  674 

+  7  —  7 

+25.  0 

+  197 

+  1629 

983 

— .  104 

+8—8 

—  r6 

—  288 

+. 

446 

+.  8g«; 

8-6+5-5 

+  0.3 

+  3 

+  25 

+• 

092 

+.996 

+6-6 

+20.0 

+  140 

+  1049 

+. 

739 

— ■  674 

+7-7 

-  5.5 

-  43 

-  359 

983 

— .  184 

+8-8 

r  03 

+  3 

+  27 

+. 

446 

+.895 

8  -5+5-5 

+  8.9 

+  55 

+  395 

+• 

092 

+.996 

+6-6 

-  3-5 

-  25 

—  192 

+ 

739 

—.674 

+7-7 

+  0.5 

+  4 

+  31 

983 

— .  184 

+8-8 

0. 0 

0 

—  2 

+. 

446 

+.895 

7-7+6-6 

+  1.9 

+  12 

+  72 

+ 

739 

— ■  674 

+7—7 

+20.  2 

+  158 

+1300 

983 

— .  184 

+8-8 

+  1.0 

+  9 

+  73 

+ 

446 

+.895 

7-6+5-5 

+  0.9 

+  5 

+  22 

+ 

092 

+.996 

+6-6 

+37.5 

+257 

+  1876 

+ 

739 

— .  674 

+7-7 

-  3.8 

-30 

-  251 

983 

— .  184 

From  these  numbers  we  derive  the  following  coefficients  for  the  second  deriva- 
tives of  R  in  the  action  of  Mars  on  the  Earth: 


9',  9 

rf-R 

dYd\' 

d^ 
d\' 

R 
dp 

d^R 
dvdp' 

d^R 
dpdp' 

cos 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

8,  —8 

8»-7 
8,  -6 

8,-5 

+  .268 
—1. 289 

+  .805 

—  .098 

— .  554 
+.452 
+.410 
— .  300 

-.627 
+.508 

+.469 
— .  370 

—  .304 
+  1.446 

—  .927 
+  .III 

—•697 
+•569 
+.539 
— .  428 

-  .336 
+  1.628 

-1.055 
+  .  126 

-.383 
+  1.908 
—1.299 
+  1.54 

+.810 
— .  652 
— .  662 
+.585 

7,-7 
7,-6 

7,  -5 

-  .893 

+1. 180 

—  .  120 

+.164 

+■855 
— .  768 

+.187 
+.965 

— .  916 

+  -999 
—I.  343 
+  .136 

+0.  21 
+  1.11 
— 1. 06 

+  1. 13 
-1.54 
+0.15 

+  1.34 
-1.85 
+0. 19 

— 0.  25 

-1.36 
.+'•39 
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In  the  action  of  Jupiter  on  the  Earth  we  have  the  following  terms: 

Jupiter  on  Earth, 


Argument. 

8p 

9"j  9 

COS 

sin 

cos 

sin 

// 

// 

// 

3,  —4 

— o.  005 

-I-.002 

.  000 

-|-.002 

--3 

—  .  162 

027 

+.009 

-f.057 

—2 

4-  .071 

+.551 

-I-.I64 

— .  021 

—  I 

—  .031 

+.208 

+.035 

+.005 

Forming  and  adding  the  necessary  products  we  have 

2  ^<?R_wj+o-"6i4cosN+o."57i  sinN 

dV'-a'  I +0." 763  cos  (N  +/) +0." 73 5  sin  (N  +^) 

2  6  ^^=^»{_o."97  cos  (N+/)+o."99  sin  ) 
We  then  find 

A,=+o/'685 

x  m  n'^ 
2  juir 


whence 


l=+S.  '01  cos  N  +  2/'82  shi  N 
The  combination  of  the  three  parts  gives  for  the  total  value  of  the  inequality 

6H'=^33/'6  cos  N-4o/'8  sin  N 
Le  Verrier's  value  is,  when  reduced  to  the  mass  i  —327000  of  the  Earth, 

r = - 33/'  I  cos  N  - 3 2/' 2  sin  N 


VIII. 

Inequality  in  the  motion  of  Mars  dependent  on  the  argument  J—2M-\-E. 

This  inequality  is  so  minute  that  it  might  be  omitted  but  for  the  ease  with  which 
it  may  be  computed,  and  the  fact  that  it  may  be  multiplied  four  times  in  the  geocentric 
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longitude  of  Mars  at  opposition.  As  it  is,  only  an  approximate  computation  is  required 
The  combinations  of  arguments  to  be  considered  are 

y—  y  and  g'—g 
g"  ''2g'-g 
9" -2^    "  9 

Much  the  largest  part  of  the  inequahty  arises  from  the  combination  of  the  first  two 
arguments 

We  have  two  classes  of  terms  to  deal  with,  according  as  the  immediate  disturbing 
planet  is  Jupiter  or  the  Earth,  the  perturbations  of  Mars  by  the  other  planet  being  the 
modifying  cause. 

For  the  action  of  Jupiter  on  Mars  I  have  computed,  from  Le  Verrier's  data,  the 
following  coefficients: 


9" 

9' 

w"  \& 

R 

DR 

D«R 

-  I, 

— 2 

0  0 

.  00 

—    .  01 

— _  

+  .01 

I  — I 

— 

-  1.67 

—  6.06 

2-2 

—  1.46 

—  2.  76 

-  4.73 

I, 

—  I 

0  0 

—  0.  34 

—  0.81 

—  2-3 

I  — I 

+  10.19 

+31.80 

+  101. 9 

2—1 

-h  0.41 

+  0.76 

+  1.2 

I, 

0 

0  0 

4-51.62 

+  7.46 

+  17.7 

I  — I 

—  2.39 

-  7.56 

—  24.7 

2—2 

—  0.03 

—  0.05 

—   0. 2 

Hence  are  derived  the  following  expressions  for  the  derivatives  of  R  required  in  the 
computatioi\ 

Jupiter  on  Mars, 


[Units  of  third  place  of  decimals.] 


Argu- 

R 

<f*R 

(PR 

ment. 

dv'dp' 

dp"' 

9'»  9' 

cos 

sin 

cos 

sin 

cos 

sin 

I,  -2 

+1.7 

—6.0 

-  6.4 

-  2.5 

-  5.8 

+  8.4 

I,— I 

-8.3 

+8.0 

+21.3 

+25.2 

+77.6 

—64.8 

I,— 0 

+1.9 

-1.6 

-  4.8 

-  5.  9  • 

—  1.9 

+  15.6 
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The  perturbations  of  Mars  l)y  the  Earth  to  be  nmltipHed  by  these  aerivatives  are 
as  follows: 


Earth  on  Mars, 


Arj?ii- 
meiit. 


g  i9 


0,  —I 

1,  — I 


8p' 


I-  0.67 
i-  6.  50 


2,  —I    :  ^12.  i4 


fo.  46 
f-4-57 


-f  o.  27  — o.  40 
+  1.73  —2.52 


14.  54       — o.  50 


f  1. 16 


— o.  86 
— 4.  02 
f  o.  54 


-f  I.  26 
+5.72 
-1.45 


+o-  75 


+0.51 


-|-2.  22     '  -f-I.52 

-fo.  14    I    -f-o.  06 


Forming  the  products  of  the  quantities  thus  indicated  we  find 

^3  d  R_m''  S  -o/'o68  cos  (N-//0+o/'o33  sin  (N-//)  ) 
^  '  d\'~a''  ^  _o/'o35cosN+o/'i6i  sinN  \ 

2  5  +o/'i75^*<>s(N-//)+o/'i64sin(N-/)  | 

dp     a    i  ^  ) 

'  7a=  045COSN— o.  i5osniN} 

n  (I  t     a   {  J 


^  r/v'w'  dt'^^dp 


We  hence  have 


and 


/«,=— o/'oo3 

*,=  +  0/'022 


2  /i  a  n^  ^ 


Hence,  in  the  motion  of  Mars,  we  have  the  inequality 

— o/'ooi  cos  N4-o/'oo6  shi  N 

We  have  next  to  compute  the  terms  arising  through  the  action  of  the  Earth  as 
modified  by  the  perturbations  of  Mars  l)y  Jupiter.    I  have  computed  the  quantities 


Earth  on 

Mars. 

9'  9 

w' 

w 

K 

I)  R 

D-  R  ! 

1 

0,  — I 

0 

0 

—  .007 

i  -  .024 

—  .  '27 

I 

—I 

-344 

'  ~  -555 

-1.87  I 

i»  — I 

1- 

—I 

,  -.5.7 

^5.865 

6. 045  I 

2,  — I 

I- 

—I 

-f  o-  06 

jo- 54 

+0.  74 

2 

-2 

'  — 0.02 

1 

— c.  06 

—0. 26  j 
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Argu- 
ment. 

(PR 

(PR 

dp'^ 

9'  9 

cos 

sin 

cos 

sin 

cos 

sin 

0,  — I 

-fO.  21 

— 0.  28 

+0. 17 

-f-o.  12 

— 0. 85 

+0.87 

I,— I 

— 0.  91 

+  1.19 

-3. 50 

— 2.  62 

—2.51 

+3.31 

2,-1 

-{-0.  02 

—0.  13 

—0.  64 

— 0.  32 

-1.03 

+  1.90 

The  perturbations  of  Mars  by  J  upiter  are : 

Jupiter-  on  Mars, 


9".  9' 

<5p 

Id 
It 

COS 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

// 

// 

II 

// 

// 

II 

// 

-h  2.29 

+  1-34 

— I.  27 

—  4.  22 

+  3-96 

+  2.34 

-f-2. 47 

1,  -1 

+16. 66 

+  19. 14 

-f8.  26 

-7.  21 

—  16.  II 

+14.02 

-f-6.07 

+6.95 

I,  0 

-h  3.56 

—  I- '3 

34 

+0.64 

—  0.  18 

-  O.S7 

-j-o.  10 

-fo.05 

We  now  find 


.    R  m 
a  V  a 


-  5." 5  cos  (N  i3/'o  sin  (N-/) 

—  2."4  COS  N+  io."o  sin  N 

-6."6  cos  (N+y)+o."3  sin  (N+/) 


Hence  follows 


and 


^  ^  j-59."5  cos(N-y)- 1«."8  sin(N-y) j 

(ip'-a'l_i4."8co8(N+/)+i2."8sin(N+(7')J 

.^|P^  +  p^'U'«{-x."8co8N+9."9sinN| 

K=-  3  "8 
A,=  +i9/'o 


^  ^1:10.00206 

2  ju  n"^ 


52/'  =  — o.^'oii  cosN+o.''o55  sin  N 

We  have,  in  the  third  place,  to  consider  the  effect  of  the  action  of  Jupiter  on  the 
Earth  in  disturbing  Mars.  In  the  present  case  this  is  extremely  simple,  as  only  a 
single  set  of  terms  need  be  considered.  We  have,  in  the  action  of  Mars  on  the  Earth, 
the  terms 
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j^y/  =  |^(-Q44  cos(2/-2.9)-i.56sin(2/-25r).) 

/pfv~^  (-2.0I  cos(25r'-25r)+o.57sin(2y-25r)) 

and  in  the  perturbations  of  the  Earth  by  Jupiter 

6  v——t!'2o  cos  (y  —  ^)+o/'o6  sin  {g"  —g) 
(Jp=+o/'o3  cos(y^-^)  +  3  "35 

which  give 

(5^/i=+o/'oi5  cosN--o/'o53  sinN 

We  thus  have,  for  the  total  perturbation  of  the  mean  longitude  of  Mars  depending 
OH  the  argument 

Action  of  Jupiter:  S^V  -=i—o!'oo\  cos  N+o/'oo6  sin  N 
Action  of  Earth:  — o/'oi  i  +0/^055 

+0/015  -o/'o53 
Total  X—^o!'ooz  cos  N  +o/'oo8  sin  N 

IX. 

Addendum, 

The  preceding  wo.rk  was  completed  and  prepared  for  the  press  during  the  year 
1 890  except  some  final  arrangement  and  revision.  Meanwhile  a  very  valuable  paper 
on  the  same  subject  has  appeared  from  the  pen  of  von  H^erdtl,*  which  I  overlooked 
until  the  preceding  pages  were  in  type.  He  finds  that  the  second  combination,  Jupiter- 
Mars — Earth.,  on  page  59  preceding,  gives  rise  to  an  important  teiTn  in  the  motion  of 
Mars  and  that  there  is  also  an  appreciable  term  depending  on  the  argument  2  Saturn — 
2  Mars -{-Earth,    Reduced  to  the  forms  of  the  preceding  paper  by  putting 

^,=  2g"-6g'  +  ig 

I  find  that  von  II^erdtl's  results  for  the  two  inequalities  arising  from  the  action  of 
Jupiter  become 

6'^  I'  z=i—o,"oo2^  cos  Ni+o.'^02  2  sinNi 
+0.^297  cosN2+o."oi4  sinNg 

It  will  be  seen  that  the  value  of  the  first  inequality,  the  only  one  computed  in  the  pre- 
ceding paper,  differs  from  tlie  value 

+o/'oo3  cosNi-|-o."oo8«in  Ni 

•Bulletin  Astrouomique ;  Tisserand:  1892.   Tome  IX,  pp.  409  417. 
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by  a  considerable  fraction  of  its  whole  amount,  but  not  by  a  quantity  of  astronomical 
importance. 

The  new  term  discovered  by  von  H^rdtl  is  of  sufficient  importance  to  merit 
re-computation.  The  following  steps  of  the  computation  seem  all  that  need  be  pre- 
sented. 

Earth  on  Mars. 


[Units  of  third  place  of  docimals.] 


f  4-^ 

9'  g  W  w 

R 

D  R 

D2R 

cos 

sin 

3»— 3  3-3 

-f-211 

4-792 

-f-3435 

f--9325 

— . 3612 

4,  —3  3—3 

-h  108.0 

4-417.0 

4-1960 

+•  9325 

—.3612 

4—4 

—  13.7 

-  66.1 

-  358 

8502 

-• 5265 

5.-3  3—3 

+  34.9 

4-141.3 

4-  708 

+. 9325 

— . 3612 

4-4 

-  8.4 

—  44.4 

—  257 

- . 8502 

-.  5265 

5-5 

+  0.5 

+  3.3 

4-  22 

4".  0922 

-f.  9957 

(PR 

dy'dp 

<PR 

dp'^ 

cos 

sin 

cos 

sin 

cos 

sin 

3.  -3 

-1.75 

— 0.  69  • 

—1. 10 

4-2.  78 

4-4.88 

-hi.  89 

4,-3 

—1.093 

—0.  236 

— 0. 401 

4-1.740 

4-3- 13 

4-0.  78 

5»— 3 

—0. 406 

— 0. 031 

— 0. 061 

+0. 673 

4-1.26 

4-0.  16 

These  are  to  be  nmltiplied  by  the  following  perturbations  of  Mars  by  Jupiter: 


9",  9' 

8 

p' 

n'  ' 

1 

n' 

cos 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

II 

// 

// 

II 

II 

2,  —3 

—  2.05 

— 0. 46 

—0. 32 

4-  1. 41 

4-1.24 

-  551 

-  3.78 

— 0.  86 

2,-2 

—15.68 

—3.  30 

—2.18 

-hio.  28 

+5.  56 

— 26. 40 

-17.31 

-3.  67 

2,  —I 

—21.63 

-3.17 

—1. 14 

4-  7.81 

-\-2.  16 

-14.77 

-  5.  33 

— 0.  78 

2,  0 

-  1.44 

— 0.  24 

4-0.  II 

—  0. 69 

— 0.  08 

f  0.46 

—  0.  22 

— 0. 04 
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Jupiter  on  Mars, 

[Units  of  third  place  of  decimals.] 


g"  g'  w 

R 

DR 

D^R 

cos 

sin 

2,      O,  2, 

 2 

-f-  1-5' 

4  3.28 

7.69 

-f  .2208 

+.9753 

I, 

—  I 

—  0-35 

-  1.13 

-  3.83 

H  .  7813 

+.6242 

o, 

O 

-h  2.58 

+  0.56 

+  1-39 

I. 

.  0 

2,-1,  2, 

— 2 

-18. 83 

—  39. 67 

-  87.96 

4-  .2208 

4-.  9753 

-f  1.47 

+  4.62 

4-  15.10 

4-  .7813 

4-.  6242 

2,-2,  3, 

—3 

4-  0.3 

"h  0.9 

+  2.8 

—  -436 

+.900 

2, 

— 2 

+65.1 

-fi35-3 

+292.  8 

4-  .2208 

4-.  9753 

I, 

—  I 

—  0  I 

—  0.3 

-    1. 0 

4-  .7813 

4-.  6242 

(T^R 

<PR 

d^R 

d\' 

dp' 

9"  J  g' 

cos 

sin 

cos 

sin 

cos 

sin 

2,  0 

— .  001 

4-.  006 



4^.006 

.  tXX) 

— .  001 

005 

2,  —I 

4-.  0154 

-.0725 

-■  0745 

—.0139 

—.0076 

4-.  0764 

2,  — 2 

-.  057 

4-.  257 

4-.  266 

4-.  058 

t  .063 

287 

These  are  to  l)e  multiplied  by  the  following  perturbations  of  Mars  by  the  Earth: 


8 

v' 

8p' 

n' 

'  g'y  g 

cos 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

// 

// 

II 

// 

6,-3 

-fo.  095 

-0.  895 

4-0. 257 

4-0.030 

—0. 320 

-0. 034 

-\-o.  oil 

— 0.  092 

5.-3 

-f  0. 450 

—2.409 

-0. 883 

-0.  165 

4-1.545 

4-0.  289 

4-0.  106 

—0.  566 

4,  —3 

—0. 116 

4-0.  308 

-f  0. 245 

4-0. 085 

—0.  506 

— 0.  191 

—0. 140 

4-0. 402 

3»— 3 

— 0. 072 

4-0.  187 

4-0. 160 

4-0.  062 

We  have  also  in  the  action  of  Jupiter  on  the  Earth  the  perturbations 

o/'54  cos(2//' —   r/)4- 1/'52  sin  (2/^—   g)  * 
+  o,"  1 4  cos  (2     ~  2  //)  +  2/'  73  sin  (2  (j"  —  2  (f) 

5p  =+o/'66cos(2  r/'—   /y)+o/'23  sin  (2 //) 
+  i/'gi  cos(2/'  — 2.^)— o/'iosin  (2^  —  2 g) 

which  are  to  be  multiplied  by  the  following  terms  in  the  action  of  the  Earth  on  Mars: 
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d^R  _m/-o.42cos(6y— 4//)+o.45sin(65r  —4ff)\ 
rfvrfv'""a'\_o.o4cos(6^r'  — 5       i.5osm(6/  — 55r)/ 

cPU  _  m  /  - 1  •  74  ^'<^s  (6  fl''  -  4 .9)  +  0.04  sin  (6  ^r'  -  4  .(7)  \ 
dpdY'^ci!  V  +0.56  cos  (6  (7' - 5  ry) +0.5 2  sin  (6^-5  ry) / 

The  following  are  the  results  from  the  tliree  actions: 

(5^i!'zz+o/'o23  cosNg— o/'oo6  sin  N2 
+o/'3o6  -o/'oi5 
— o/'oo9         — o/'oo5 

ii:+o/'32o  cos  Ng— o/'o26  sin 

The  method  of  com})utation  adopted  by  von  H^rdtl  is  so  radically  different  from 
that  of  the  preceding  paper  that  no  common  element  or  datum  enters  in  the  same  way 
into  the  two  results.  He  has,  in  fact,  used  Le  Verrier's  method  throughout,  in  which 
the  variations  of  the  disturbing  forces  are  expressed  in  terms  of  the  variations  of  the 
elements.  On  this  method  it  may  be  remarked  that  the  disturbing  forces  are  a  function 
only  of  the  co-ordinates  of  the  disturbing  i)lanet  at  any  moment,  and  that  the  changes 
which  they  may  undergo  by  perturbations  of  the  planet  are,  in  consequence,  a  function 
solely  of  the  perturbations  of  its  co-ordinates.  But  the  perturbations  of  the  elements 
are  functions  not  only  of  the  co-ordinates  but  of  their  first  derivatives  as  to  the  time,  and 
the  pertm-bations  of  these  first  derivatives  thus  enter  into  the  expressions  for  the  forces 
when  elements  are  used,  although  their  final  results  must  be  self  compensatory.  Thus 
there  are  implicitly  contained  in  the  equations  certahi  quantities  which  are  to  disappear 
from  the  final  result.  This  is  not  of  itself  a  serious  inconvenience  in  cases  where  the 
pertm-bations  of  the  elements  are  no  larger  than  those  of  the  co-ordinates.  But  there 
are  cases,  one  of  which  occurs  in  the  action  of  any  inner  planet  upon  an  outer  planet, 
in  which  the  perturbations  of  the  elements  may  be  many  times  larger  than  those  of  the 
co-ordinates.  In  such  cases  these  self-compensatory  terms  must  be  computed  with  a 
high  degree  of  precision,  and  perhaps  in  great  numbers,  when  the  final  results  may  be 
comparatively  small. 

In  the  preceding  paper  are  computed  only  the  perturbations  of  the  mean  longi- 
tude, and  in  this  case  only  those  which  contain  the  square  of  the  ratio  of  the  length 
of  the  period  to  the  time  of  revolution  of  the  planet.  Le  Verrier's  method,  as  applied 
by  von  H^rdtl,  would  include  the  first  power  of  v  as  well  as  the  second  in  the  mean 
longitude.  I  conceive,  however,  that  this  term  would  ordinarily  be  smaller  than  the 
other  in  the  ratio  i :     and  would,  therefore,  be  unimportant  in  the  present  case. 

What  has  here  been  said  on  the  use  of  perturbations  of  the  elements  instead  of 
those  of  the  co-ordinates  in  the  computation  has  no  relation  to  the  question  whether 
the  perturbations  finally  computed  shall  be  those  of  the  co-ordinates  or  of  the  elements. 
Even  though  the  La  Grangian  method  of  the  variation  of  elements  is  used,  it  is  not 
necessary  to  express  these  variations  in  terms  of  the  partial  derivatives  of  the  disturb- 
ing force  with  respect  to  the  elements.    In  practice  it  will  be  found  more  advantageous 
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to  use  the  derivatives  with  respect  to  v,  r,  or  its  logarithm,  and  the  two  quantities 
which  fix  the  plane  of  the  orbit.  These  quantities,  as  I  have  shown  in  several  papers, 
can  be  readily  derived  from  the  ordinary  development  of  the  perturbative  function  as 
a  fimction  of  the  elements. 

It  is  to  be  expected  that  Mars  may  undergo  not  unimportant  perturbations  of 
comparatively  short  period  dependent  on  the  product  of  the  masses  of  Jupiter  and 
Saturn.  The  investigation  of  these  perturbations  must,  however,  be  defen-ed  to  a 
future  occasion. 

The  recomputation,  by  the  preceding  method,  of  von  H^rdtl's  inequality  depend- 
ing-oii  the  action  of  Saturn,  must  also  be  included  in  the  supplementary  investigations 
of  the  perturbations  of  the  four  inner  planets  which,  it  is  expected,  will  form  a  future 
pai't  of  the  present  volume 

O 


Digitized  by 


III. 
THEORY 

OP  THK 

INEQUALITIES  IN  THE  MOTION  OF  THE  MOON 

PRODUCED  BY 

THE  ACTION  OF  THE  PLANETS 

BY  * 

SIMON  NEWCOMB. 


A.  P.— VOL.  V,  PT.  HL   1 

»7 


Digitized  by 


Digitized  by 


Google 


CONTENTS  OF  PART  IH. 


CHAPTER  I.    GENERAL  THEORY—  Page. 

1  I.    Fundamental  differential  equations  for  the  undisturbed  motion  of  three  bodies   105 

g    2.    Reduced  form  of  the  potential^   109 

{    3. '  Comparison  of  two  methods  of  integrating  the  preceding  equations   113 

{    4.    Requirements  of  the  problem   1 16 

2  5.    The  problem  of  three  bodies   118 

{    6.    Considerations  on  the  form  and  order  of  magnitude  of  the  expressions  which  enter -into  the  preceding  theory  .  .  122 

{    7.    Method  of  expressing  the  coordinates  in  terms  of  the  elements  «   128 

{    8.    Method  of  forming  the  La  Grangian  coefficients   133 

{    9.    Reduction  of  the  equations  to  the  canonical  form  .  . '   141 

J  10.    Transformationof  the  preceding  equations   146 

CHAPTER  n.    SPECIAL  CASE  OF  THE  MOON'S  MOTION— 

{  II.    Computation  of  the  analytic  expressions  >tj,>6^,  etc.,  employed  in  the  preceding  theory   152 

§  12.    Formation  of  the  differential  equations   186 

§13.    Remarks  on  the  relation  of  the  preceding  theory  to  that  of  Delaunay   200 

J  14.    Transformation  of  the  perturbative  function  R  and  of  its  derivatives   203 

2  15.    Form  of  the  perturbations  arising  from  the  second  term  of  R   206 

2  16.    Final  form  of  the  differential  equations  for  the  variations  of  the  lunar  elements   209 

CHAPTER  III.    NUMERICAL  DEVELOPMENTS  FOR  DETERMINING  THE  ACTION  OF 
THE  SEPARATE  PLANETS  ON  THE  MOON— 

217.    Development  of  those  factors  in  the  perturbative  function  which  depend  upon  the  coordinates  of  the  Sun  and 

of  the  planet   226 

2  18.    Numerical  details  of  quantities  depending  on  the  position  of  the  planets  Mercury,  Venus,  and  Mars   237 

2  19.    Inequalities  independent  of  R  •   264 

2  20.    Preliminary  data  for  inequalities  arising  through  R   267 

2  21.    Action  of  Mercury   271 

2  22.    Action  of  Venus   274 

2  23.    Action  of  Mars   290 

2  24.    Action  of  Jupiter   292 

99 


Digitized  by 


Digitized  by 


Google 


The  fact  that  the  observed  motion  of  the  Moon  is  apparently  affected  by  inequal- 
ities of  long  period  not  yet  satisfactorily  accounted  for  is  well  known  to  all  who  have 
interested  themselves  in  the  subject  The  study  of  these  inequalities  was  undertaken 
by  the  author  about  the  year  1870.  The  discussion  of  such*observations  as  seemed 
best  fitted  to  throw  light  on  the  subject  was  made  at  the  U.  S.  Naval  Observatory,  and 
published  in  the  year  1878,  as  an  appendix  to  the  Washington  Observations  for  1875. 
The  result  of  that  discussion  was  that  the  inequalities  in  question  could  not  be  repre- 
sented by  any  existing  theory,  and  might,  therefore,  be  attributed  to  changes  in  the 
Earth's  axial  rotation,  if  it  could  be  shown  by  other  independent  observations  that 
such  changes  really  existed.  In  the  absence  of  such  independent  proof  an  attempt 
was  made  to  represent  the  outstanding  differences  between  theory  and  observation  by 
an  empirical  formula;  and  the  curious  result  was  reached  that  by  a  quite  simple 
change  ih  what  is  now  known  as  Hansen's  first  inequality  of  long  period  a  fairly  good 
agreement  with  observation  could  be  brought  about. 

The  changes  indicated  by  this  formula  were  made  in  the  mean  longitude  of  Han- 
sen's lunar  tables,  and  the  observations  up  to  the  year  1863  show  that  the  corrected 
motion  agrees  remarkably  well  with  the  fact.  The  simple  way  in  which  this  agree- 
ment was  brought  about  would  seem  to  point  very  strongly  to  the  theoretical  correct 
ness  of  the  proposed  change.  Yet  the  most  rigid  examination  into  the  subject  has 
failed  to  show  the  possibility  of  any  eiTor  in  Hansen's  result. 

Meanwhile  an  independent  test  of  the  constancy  of  the  Earth's  axis  of  rotation 
has  been  made  through  the  discussion  of  the  observed  transits  of  Mercury,  published  in 
the  first  volume  of  the  present  series.  The  results  of  this  test  were  inconclusive,  in 
that,  while  it  seemed  proved  very  clearly  that  the  apparent  inequalities  in  the  motion 
of  the  Moon  were  not  wholly  due  to  chang^es  in  the  Earth's  rotation,  yet  such  changes 
•  were  indicated  in  a  somewhat  inconclusive  way,  having  a  certain  general  analogy  to 
those  previously  inferred  from  the  motion  of  the  Moon,  though  much  smaller  in  amount, 
and  therefore  not  very  certain.  .What  is  most  remarkable  in  this  connection  is  that  a 
study  of  the  motions  of  the  Moon,  Mercury,  and  the  first  satellite  of-  Jupiter  all  agree 
in  indicating  that,  during  some  years  previous  to  1863,  there  was  an  increase  in  the 
speed  of  the  rotation  of  the  Earth  which,  however,  rapidly  subsided  about  that  epoch. 
Added  importance  was  thus  given  to  the  theoretical  side  of  the  question. 

Among  the  problems  of  celestial  mechanics  which  admit  of  rigorous  treatment,  it 

is  well  understood  that  that  of  the  action  of  the  planets  on  the  Moon  is  the  most  diffi- 
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cult  which  presents  itself.  It  was  therefore  necessary,  in  commencing  the  work,  to 
devise  a  method  by  which  it  was  supposed  these  difficulties  could  best  be  surmounted, 
and  especially,  by  which  every  possible  inequality  could  be  detected  and  investigated. 
It  occurred  to  the  author  that  a  more  rigorous  and  general  treatment  than  that  hitherto 
adopted  would  be  to  consider  the  arbitrary  constants  which  enter  into  the  solution  of 
the  problem  of  three  bodies,  the  Sun,  Moon,  and  Earth,  as  simultaneously  varied  by 
the  action  of  a  fourth  body,  a  planet,  using  La  Grange's  method  of  the  variation  of 
elements.  The  detemiination  of  the  La  Grangian  coefficients  necessary  in  the  theory 
proved  to  be  a  work  of  more  simplicity  and  elegance  than  would  have  been  supposed. 
Accordingly  he  took  advantage  of  a  visit  to  Paris  in  April,  1871,  to  read,  before  the 
French  Academy,  a  preliminary  chapter  on  the  subject,  which  was  soon  afterward 
published  in  LiouvUle's  Journal  de  Mathematiques  Pures  et  AppUquees.  In  the  course  of 
the  next  two  years  the  results  of  Delaunay's  great  work  were  utilized  for  the  purpose 
of  forming  the  actual  values  of  the  expressions  which  entered  into  the  theory,  and  the 
greater  part  of  the  numerical  developments  pertaining  to  the  action  of  the  indi\ndual 
planets  was  also  effected.  The  computation  of  the  inequalities  of  long  period  produced 
by  the  action  of  Venus  and  Mars  was  also  supposed  to  be  nearly  completed. 

At  this  stage  of  the  work  a  more  careful  investigation  was  made  of  its  foundation, 
leading  to  the  discovery  that  the  author  had  wrongly  measured  the  importance  of 
quantities  in  the  theory  of  three  bodies  by  the  numerical  value  of  the  perturba- 
tions to  which  they  gave  rise.  The  motion  of  the  center  of  gravity  of  the  Earth  and 
Moon  around  the  Sun,  as  determined  by  the  action  of  the  Sun  itself,  deviates  from  an 
invariable  ellipse  by  quantities  of  no  practical  importance  in  ordinary  astronomy.  It 
was,  therefore,  supposed  at  the  outset  that  the  elements  of  the  orbit  of  the  Moon  need 
not  be  regai'ded  as  contained  in  this  motion.  An  examination  of  the  problem  showed, 
however,  that  this  conclusion  was  ill-founded,  and  that,  so  far  as  mere  order  of  mag- 
nitude went,  the  consideration  of  the  lunar  elements  in  this  motion  was  as  necessary 
as  in  the  motion  of  the  Moon  itself  It  therefore  seemed  to  be  necessary  to  form  expres- 
sions for  the  solar  elements  in  terms  of  the  lunar  elements,  a  work  which,  if  completely 
executed,  might  be  very  laborious.  Under  these  circumstances  the  work  was  laid  aside 
until  the  author  should  find  the  leisure  necessary  to  carry  through  the  required  inves- 
tigations. Attempts  were  made  from  time  to  time  to  overcome  or  evade  the  difficult}^, 
but  none  of  them  were  brought  to  an  entirely  satisfactory  conclusion.  Indeed,  the 
author  is  quite  prepared  for  the  conclusion  that  the  rule  found  to  hold  hi  the  theories 
of  the  planets,  that  the  more  general  and  abstractly  rigorous  a  method  of  considering 
perturbations  is,  the  less  it  is  adapted  to  their  actual  numerical  computation,  may  hold 
true  in  the  present  case.  He  has,  however,  at  length  deemed  it  best  to  publish  the 
work,  notwithstanding  its  lack  of  completeness,  for  the  following  reasons: 

I.  Its  analogy  with  some  of  the  modem  theories  of  celestial  mechanics,  and  its 
possible  value  as  illustrating  those  theories,  especially  in  the  form  developed  by 
P01NCAR6  in  his  recent  treatise  Les  methodes  nouvcUcs  de  la  Mecanique  celeste.  The  path 
on  which  it  proceeds  to  extend  the  solution  of  the  problem  of  three  bodies  to  that  of  four 
may  perhaps  lead  to  the  method  by  which  the  most  general  solution  of  the  equations 
of  planetary  motion  is  hereafter  to  be  investigated. 


PRODUCED  BY  THE  ACTION  OF  THE  PLANETS. 


2.  The  numerical  developments  for  the  action  of  the  planets,  from  Mercury  to 
Jupiter,  inclusive,  are  equally  necessary  in  applying  any  other  method.  Indeed,  one 
circumstance  which  led  to  the  question  of  publication  being  considered  at  the  present 
moment,  was  the  remark  that  these  numerical  developments  might  perhaps  have  been 
of  use  to  Radau  in  his  recent  elaborate  researches  on  the  subject. 

3.  Many  of  the  analytic  developments  of  the  present  method  will  be  found  closely 
analogous  to,  or  identical  with,  those  of  other  methods,  and  may  thus  serve  as  a  control 
on  the  latter,  or  as  a  basis  for  their  immediate  application. 

4.  We  have  also  to  consider  the  usefulness  of  even  an  abstract  method  of  consid- 
ering the  theory  in  its  most  general  form,  in  that  a  more  luminous  view  of  the  scope 
and  principles  of  other  methods  may  be  obtained. 

5.  Finally,  the  author  is  not  without  hope  that  some  way  of  avoiding  or  over- 
coming the  difficulties  he  has  encountered  will  be  devised  by  an  abler  investigator;  or, 
at  least,  that  such  an  investigator  will  find  the  work  useful.  In  any  case  the  problem 
of  applying  the  method  is  now  merely  that  of  completing  the  analytic  theory  of  the 
motion  of  three  bodies. 

The  first  part  of  the  work,  relating  to  the  general  dynamical  theory  of  the  subject, 
was  reconstructed  at  various  times  between  the  years  1873  1888,  with  a  view  of 
putting  it  in  such  a  shape  as  would  best  admit  of  farther  development  and  wider  appli- 
cation. This  remark  applies  especially  to  §§  2  to  4,  which,  though  first  in  order,  are 
practically  the  last  that  have  been  prepared.  All  the  rest  of  the  work  is  now  published 
as  originally  written  in  the  years  1 871-1873,  except  ordinary  revision  of  details. 
Being  once  shaped  into  a  logical  and  continuous  whole,  it  was  scarcely  possible  to 
make  any  extended  changes  or  additions,  except  by  a  process  which  would  have  been 
equivalent  to  a  complete  reconstruction.  The  author  was  the  more  willing  to  refrain 
from  such  a  course  because  he  might  then  be  more  readily  excused  if  it  should  appear 
that  he  had  not  duly  considered  the  advances  made  within  the  last  twenty  years  in  the 
theory  of  the  subject  By  this  course  he  has  made  plain  an  oversight  in  his  conclusions 
as  to  the  possibility  of  inequahties  being  produced  by  Jupiter,  whereby  what  is  now 
known  as  the  Jovian  evection  was  left  to  be  discovered  by  Mr.  Nevill. 

It  may  not  be  amiss  in  this  connection  to  call  attention  to  the  fact  that  the  problem 
has  lost  none  of  its  importance  during  the  time  which  has  elapsed.  There  are  three 
possible  sources  to  which  may  be  attributed  the  apparent  inequalities  in  question: 

(a)  Defects  in  the  gravitational  theory. 

Inequalities  in  the  I^arth's  time  of  rotation. 

(y)  Action  on  the  Moon  of  other  forces  than  the  gravitation  of  known  bodies. 

The  second  of  these  causes  seems  to  be  not  at  all  improbable,  in  view  of  recent 
discoveries  respecting  variations  of  latitude,  which  can  be  accounted  for  only  by  minute 
changes  in  the  Earth's  axis  of  rotation.  But  the  independent  tests  of  this  cause  offered 
by  the  observed  transits  of  Mercury  do  not  show  that  it  suffices  to  explain  the  observed 
inequalities  in  the  motion  of  the  Moon.  Two  other  tests  remain  to  be  applied:  the 
motion  of  the  first  satellite  of  Jupiter  and  observations  of  Mercury,  Venus,  and  Mars. 
So  far  as  evidence  on  these  points  has  been  brought  out,  the  conclusion  indicated  is 
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that  inequalities  of  the  Earth's  rotation  are  real,  but  not  large  enough  to  produce  the 
observed  effects  on  the  Moon's  mean  longitude.  The  subject  is  therefore  still  involved 
in  doubt,  and  the  first  step  toward  the  removal  of  this  doubt  is  such  a  determination 
of  the  inequalities  in  the  mean  motion  produced  by  the  action  of  the  planets,  as 
shall  place  the  subject  on  an  undoubted  basis. 


GENERAL  THEORY. 


§  I- 

FUNDAMENTAL  DIFFERENTIAL  EQUATIONS  FOR  THE  DISTURBED  AND 
UNDISTURBED  MOTION  OF  THREE  BODIES. 

For  convenient  reference,  a  part  of  the  notation  used  throughout  this  paper  is 
given  here.    We  put 

niij  ni2,  m^j  m^,  the  masses  of  the  Sun,  Earth,  Moon,  and  planet,  respectively; 

x,yyZj  the  rectangular  coordinates  of  the  Moon  relative  to  the  Earth; 

x\  i/y  z\  the  rectangular  coordinates  of  the  Sun  relative  to  the  center  of  gravity  - 
of  the  Earth  and  Moon; 

tx  — — ^ 

^2  +  ^3 

^1  +  ^2  +  ^3 

X4,  Y4,  Z4,  etc.,  the  rectangular  coordinates  of  the  planet  relatively  to  the  center  of 
gravity  of  the  Sun,  Earth,  and  Moon; 

y^j  ^4,  r4,  the  rectangular  coordinates  and  radius  vector  of  the  planet  refeiTed  to 
the  Sun; 

r,  the  radius  vector  of  the  Moon,  so  that 
/^=ar^+?^+^; 

/,  the  Sun's  radius  vector  from  center  of  gravity  of  Earth  and  Moon; 

/>,  the  distance  of  the  planet  from  the  center  of  gravity  of  the  Earth  and 
Moon; 

a,  e,  ;r,  etc.,  the  elements  of  the  Moon's  orbit  round  the  Earth,  the  major  axes 
being  determined  by  the  condition  a^w^zzsum  of  masses; 
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a',  e',  7r\  etc.,  the  elements  of  the  relative  orbit  of  the  Sun  round  the  center  of 
gravity  of  the  Earth  and  Moon; 
w',  the  mean  motions  of  the  Moon  and  Sun,  respectively,  as  actually 
observed; 

O,  the  potential,  or  sum  of  the  products  of  each  pair  of  masses  divided  by 
the  distance,  when  only  three  bodies  are  considered; 

R,  the  terms  of  the  potential  added  by  the  planet; 

Piz:/2  +  R,  the  entire  potential; 

^'17  ^^^-7       derivatives  of  x,  t/,    x' ^  etc.,  as  to  the  time. 

If  we  suppose,  for  the  present,  7^,  and  ^<  (i  having  in  succession  the  values 
I,  2,  3,  4),  to  represent  the  rectangular  coordinates  of  the  four  bodies  referred  to  any 
arbitrary  fixed  origin,  and  7o7  and  ^0  to  represent  the  coordinates  of  the  center  of 
gravity  of  the  Sun,  Earth  and  Moon,  the  differential  equations  of  the  motion  of  the  three 
bodies  will  be 

Both  sides  of  these  equations  admit  of  being  completely  expressed  in  terms  of  the 
three  relative  coordinates  already  defined.  The  expressions  for  the  relative  coordinates 
Xy    z^  ^  iV' t    in  terms  of  the  absolute  coordinates  are 


X  —  ^3  Hi 

(2) 


*  (if  =  ^i  —  (l—M)^2—M^3 

y'  =  f?i  —  i^—M)V2—Mf?3 

Differentiating  these  equations  twice,  and  substituting  the  values  of  the  second 
derivatives  in  (i)  we  find 

d^r  _  I  clF     I  (IF 

^       ^  (3) 
d^x'  -        -  - 


dt' 

with  similar  equations  in  y,y',z  and  <^ . 


J_dP^_  _i       /dV  _^d'P\ 

nil  d  5 1    Wis + '"3  \d^2  dP,^) 


Digitized  by 


PRODUCED  BY  THE  ACTION  OF  THE  PLANETS.  I07 

The  four  absolute  coordinates  ^i,  ^g?  ^s?  admit  of  being  completely  expressed  as 
a  function  of  the  four  quantities  x,  x'j  ^q,  and  X4.  If,  therefore,  we  suppose  P  expressed 
in  terms  of  the  last  four  quantities,  we  may  put,  in  (3) 

d^i~  dx  d       d  x' d  Hid  X,  dHid    d  Hi 

the  last  terra,  however,  being  identically  zero,  because  Hq  disappears  from  P. 
The  complete  expressions  for  the  coordinates  H  are 

H,=H,+fx'x' 
H2=Ho—(i—m)  x'  —  fjx 

-  Representing  the  distance  of  the  bodies  numbered  i  and  j  by  Pi  j,  the  complete 
expression  for  P  is 

the  general  value  of  Pij  being  derived  from 

The  expressions  for  the  six  values  of  in  terms  of  the  relative  coordinates  are 
from  (5) 

p\  ,=(x,-M'x'y+(Y,-M'i/'y+ (z,  -^/y 

p\,=r'=x?+f  +  s'  (6) 
p\,=(X,+{i-^,')x'  +  nxy+(Y,^{i-fi')y'-\-piyy 

+(z,+(i-y)/+/.^y 

P^,=  (X,+(i-/.')^'-(i-y")^)'+(Y,+(i->u')y'-(i-/i)2^y 
+  (Z*+(i-/i')Z'-(i_;.)^y 

From  (2),  combined  with  the  value  of  X4  derived  from  the  expression  (5),  namely, 

^  _^  _  nil  Hx+fih  H^+m^Hs 

we  find  the  partial  derivatives 


dX,_ 
d  H, 


dx                   d  X 
dH2~  dHz'^ 

I 

dHi 

dx' 

dH,-^ 

dx'  dx' 

,  dH2~^  '  dnr 

—  M 

mi 

X4 

dX,_ 

nh 

d  H2        ^^h  +     + ^^h 

dHz~ 
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These  values  being  substituted  in  the  general  expression  (4),  we  find  for  the 
values  of  the  derivatives  in  (3) 


d       dx'    »»i+«*2+»*3<^  X4 


dV        rfP  ,  /       ^dV  rfP 


d  ^2       dx  dx'    Wi+W2+»*3<^  X.4 

d^_dF_  dF_       W3   dF^ 

d  S3    d  X       d  x'    /Hi + >«2 + »<3  d  X4 

By  the  substitution  of  these  values  and  the  corresponding  ones  for  the  other  two 
coordinates  equations  (3)  become 

^rr_fjP 
^Uf-dx 

^_dV 
d  t2    d  y 


d^z  dV 

(7) 


^\lf~dz 


dy  _dv_ 

^'df-dx' 


^j/_d^ 
^'df~dy' 


dy_dF 
^\lt'-d/ 


where  P  is  to  be  conceived  as  expressed  in  the  form 

V=f(x,  y,z,x',y',z',X„Y„Z,) 

by  the  substitution  (5). 

0 

These  are  the  fundamental  differential  equation^  of  the  problem.  As  thus 
presented,  the  coordinates  of  the  planet  X4,  Y4,  and  Z4,  are  supposed  to  be  given  in 
terms  of  the  time.  The  differential  equations  for  these  coordinates,  supposing  the 
planet  to  be  acted  upon  only  by  the  Sun,  Earth,  and  Moon,  would  be  of  the  same 
form,  and  if  joined  to  (7),  the  whole  would  represent  the  differential  equations  of  the 
problem  of  four  bodies.  In  reality,  however,  we  should  add  nothing  to  the  astronom- 
ical completeness  of  our  problem  by  considering  it  as  a  problem  of  four  bodies,  because, 
if  we  regard  the  coordinates  of  tlie  planet  as  depending  on  the  attraction  of  the  Earth 
and  Moon,  we  must  equally  regard  them  as  depending  on  the  action  of  the  other 
planets.  We  shall  therefore  regard  our  problem  'as  that  of  the  disturbed  motion  of 
three  bodies,  the  position  of  the  disturbing  body  being  supposed  to  be  given  inde- 
pendently of  the  integrations  by  which  the  relative  coordinates  of  the  three  bodies  are 
determined. 
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§2. 

REDUCED  FORM  OF  THE  POTENTIAL. 
Let  us  first  consider  the  principal  portion  /2  of  the  potential  P,  namely, 

£1—^1  ^^2  _|_  ^1  ^^3  ^  ^^h 

Pi,  2  Pi,  3  P2,3 

the  three  denominators  having  the  values  given  in  equations  (6).    The  coordinates 
y,  and  ^  being  very  small  in  comparison  with  x^y^,  and  /,  the  first  two  terms  of  may 
be  developed  in  powers  of  their  ratios.    The  first  approximation  will  be  the  value 
which  these  terms  assume  when  we  suppose  x,    and  z  to  vanish.  Putting 

we  find  for  a  portion  of  /2,  which  we  shall  call 

_  m^jin^+M^  _^  ni2 

while  the  remaining  terms  of     will  be 
Now  let  us  put 

W,  the  angular  distance  of  the  Sun  and  Moon,  as  seen  from  the  center  of  gravity  of 
the  Earth  and  Moon.    We  shall  then  have  from  (6) 

p\,=r-  { ,  -2  (I  -;.)  ^  cos  W-H(i  -Mf~}^ 

Developing  the  power  of  —  ^  of  these  expressions  to  terms  of  the  second  order  in 

~,  we  find 
r 

^      { I -/.^^  cos  W+ V (3  co8^  W- 1) } 

J-^'j  I  +(i -pC)r  COS  W+  ;  {i-t^r^n  (3  cos^  W- 1)  I 
Pi, 3     'I  '  2  r  J 

Substituting  these  values  in      and  noticing  that  by  the  expression  for  >u,  namely, 
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we  have 

nh^x  —m^(i—ju)  zzo 


we  find 


1)12  + ni^ 


A=i"^^3(3cos^W-i)  (9) 
2  m2  +  iYh  ^ 


Tlie  expressions  (8)  and  (9)  make  up  the  complete  value  of  fl  when  terms  of  the 
third  and  higher  orders  with  respect  to  -j  are  omitted. 

The  remaining  terms  of  P  are  those  depending  on  the  mass  of  the  disturbing 
planet,  the  expression  being 


V1.4     P2.4  PzV 


For  convenience  in  subsequent  dev^elopments  we  shall  substitute  for  the  first  tenn 
the  integral  of  its  derivatives  with  respect  to  the  variables  x!  ^y\z\  which  we  do  because 
only  these  derivatives  enter  into  the  fundamental  diff'erential  equations,  and  Pi  4  does 
not  contain  any  of  the  quantities  v/,  or  z.  This  term  of  R  may  then  be  replaced  by 
the  expression 

"'■V    \d7''''  +  llT'''^  +  ~dV"" 
Substituting  the  value  otpi^i  in  (6),  and  putting  after  differentiation 

I/aj  ^aj  ^4 

for  the  coordinates  of  the  planet  relative  to  the  Sun,  or 

zz  X4  —  ///  of,  etc., 

this  integral  becomes 

^  P  1,4 

and  may  be  expressed  in  the  form 

^4 

provided  that  in  forming  the  partial  derivatives  we  regard  the  coordinates  of  the  planet 
relative  to  the  Sun  as  independent  of  x!      and  /. 

The  remaining  two  terms  of  R  may  be  developed  in  the  same  way  that  we  have 
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just  developed  /ii.    If  we  put 

p,  the  distance  of  the  planet  from  the  center  of  gravity  of  the  Earth  and  Moon, 
and  for  brevity, 

7,  ^,  the  coordinates  of  the  planet  relative  to  the  same  origin,  we  have 

Taking  the  power — iand  putting,  for  brevity, 
we  find  for  the  principal  terms 


2 


Px*  p  p'^      2  y 
P3.4  p  p^^  2       ^  y  '      2p^  ^ 

Multiplying  the  first  of  these  by  ^4 1^2,  and  the  second  by  ni^,  and  adding,  we 
find  for  the  corresponding  terms  of  R 


p  2p^'^    2p^  •     •    •  ^^^^ 


The  first  term  is  subject  to  the  inconvenience  that  p  is  there  to  be  regaixled  in 
differentiating  with  respect  to  x'  as  a  function  of  the  coordinates  of  the  Earth  and  planet 
relative  to  the  center  of  gravity  of  the  Sun,  Earth,  and  Moon,  and  therefore  as  a  func- 
tion of  x' .  To  avoid  this  inconvenience,  and  introduce  the  coordinates  of  the  planet 
relative  to  the  Sun,  we  shall  make  the  same  transformation  we  made  on  the  first  term 

of  R,  putting  instead  of  i  the  expression 

J,dx'  +  /,dy'+-^,d.'      =-/  '-/{^dxf  +  rjdy'+i^d^) 

d^       dy  / 

When  we  introduce  instead  of  X4,  Y4,  Z4  the  coordinates  of  the  planet  relatively  to 
the  Sun  we  have 

X4=a;4— (i  —H-')  x\  etc., 

and  hence 

Sz=LX^-\-x',  rjzuy^+y',  ^=^4+/ 
Substituting  these  values  in  the  integral  it  becomes 


Digitized  by 


112 


THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION. 


SO  that  the  first  terra  of  (i  i)  is  simply  to  be  muUiplied  by  !—>«',  and  p  to  be  regarded 
as  a  function  of  the  heliocentric  position  of  the  planet  only. 

Collecting  the  various  terms  of  R  in  (lo)  and  (ii)  as  modified  by  (12)  we  have 
its  complete  transformed  expression.  The  fundamental  differential  equations  (7)  now 
become 


'^^  dt^-  dy'^dy' 

d^_d£l  dR 
dt''~di/^ ds^ 


d^x_dn  dR 
^^dt'~  dx^dx 


(13) 


d^y  _dn  dR 
df     dy  dy 


d''z_dn  dR 
^'d^~  dz  dz 


Where 


■1^0 —  7  1  


(14) 


/ii=imi;ij^3(^3  cos^W— 
ry  /I  ,  oOiX'-i-yiy'  +ZiZ'\  ,  I 

in  which  we  have  put 

—  — ^ zzmx fjc 

tl2  —  

It  will  be  remarked  that  the  variable  part  of  is  identical  with  the  force  function 
for  the  action  of  the  Sun  in  the  lunar  theory,  and  that  R  is  closely  analogous  to  the 
distm-bing  function  for  the  action  of  a  planet  in  Delaunay's  theory.  It  is  also  to  be 
noted  that  £1^  and  R  are  developed  in  powers  of  the  ratio  of  the  mean  distance  of  the 
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Moon  to  that  of  the  Sun  or  planet,  and  that  only  the  first  terms  of  the  development  are 
included  m  the  expressions  (14). 

§3. 

COMPARISON  OP  TWO  METHODS  OF  INTEGRATING  THE  PRECEDING  EQUA- 
TIONS. 

The  differential  equations  (13)  of  the  preceding  chapter,  or  some  transformation 
of  them,  form  the  necessary  starting  point  of  all  methods  of  treating  the  theory  of  the 
Moon's  motion.  It  may  also  be  held  that  the  most  rigorous  method  hitherto  developed 
of  treating  the  problem  analytically,  and  now  well  known,  is  that  resting  upon  the 
results  of  Delaunay's  system  of  integrating  the  equations  in  question,  or  upon  some 
process  equivalent  to  it. 

The  problem  as  actually  considered  by  Delaunay  was  that  of  three  bodies  only, 
considered  as  material  points.  Even  with  this  restriction  he  did  not  fully  complete  the 
solution,  because  he  considered  the  relative  elliptic  orbit  of  the  Sun  to  be  performed 
around  the  center  of  the  Earth,  instead  of  the  center  of  gravity  of  the  Earth  and  Moon. 
So  far  as  the  Moon's  motion  is  concerned,  the  additions  required  to  reduce  his  solution 
to  the  actual  case  are  extremely  simple,  so  that  for  all  practical  purposes  we  may  con- 
sider Delaunay's  theory  to  be  complete  as  regards  the  Moon.  The  deviations  of  the 
path  described  by  the  center  of  gravity  of  the  Earth  and  Moon  from  an  elliptic  orbit 
around  the  Sun  are,  from  a  theoretical  point  of  view,  necessary  to  complete  the  solution, 
but  are  too  minute  to  be  of  importance  in  observational  astronomy. 

To  complete  the  solution  of  the  problem  of  the  Moon's  motion  subsidiary  actions 
have  to  be  taken  into  account,  such  as  those  arising  from  the  ellipticity  of  the  Earth  and 
from  the  action  of  the  planets.  It  is  to  the  two  methods  of  effecting  these  subsidiary 
solutions  that  the  attention  of  the  reader  is  now  called.  One  of  these  was  doubtless 
that  intended  by  Delaunay  himself,  and  consists  essentially  in  continuing  the  method 
adopted  by  Delaunay,  considering  the  actions  in  question  simply  as  perturbations 
additional  to  those  produced  by  the  Sun.  This  method  has  been  followed  by  G.  W. 
Hill  on  Delaunay's  lines  in  Vol.  Ill  of  these  papers.  The  methods  of  other  investiga- 
tors, as  Radau  and  Nevili^,  may  also  be  considered  as  founded  substantially  upon  the 
same  idea.    This  I  shall  designate  hereafter  as  the  first  method. 

In  the  second  method,  which  it  is  the  object  of  the  present  paper  to  develop,  all 
the  constants  of  integration  of  the  problem  of  three  bodies  are  considered  as  simulta- 
neously variable  under  the  action  of  a  fourth  body,  a  planet.  In  the  actual  applica- 
tion of  this  second  method  there  is  so  close  an  analogy  to  the  first  that  the  two  must 
be  mutually  helpful  to  each  other.  Their  relations  can  be  clearly  shown  by  a  compara- 
tive statement  of  the  general  plan  followed  in  them. 

In  both  methods  the  solution  of  the  last  three  equations  (13)  is  obtained  by  three 
successive  steps.  In  the  first  step,  which  is  common  to  both  methods,  we  have,  instead 
of  these  equations,  those  which  result  from  putting  «f2o  for  iQ-j-R,  the  value  of  the  force 
function  then  used  being 

a.  p. — vol.  V,  PT.  in  2 
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The  results  of  this  step  are  the  theories  of  elliptic  motion;  the  moon  revolves  around 
the  Earth  in  an  ellipse,  as  does  the  center  of  gravity  of  the  Eailh  and  Moon  around 
the  Sun.  Thus  in  the  solution  the  Moon's  coordinates,  x,  and  are  represented  as 
functions  of  six  arbiti'ary  constants,  say 

and  of  the  time;  while  the  Sun's  coordinates,  x'^  y\  and  appear  as  functions  of  six 
other  arbitrary  constants,  say 

1,      2)       •     .  •      •  ^6 

and  of  the  time. 

In  this  step  the  effect  of  the  solution  is  that  the  twelve  arbitrary  constants  of 
motion  are  completely  separated  into  two  classes,  six  appearing  only  in  the  expressions 
for  the  Moon's  coordinates,  and  the  other  six  only  in  those  of  the  Sun. 

In  the  second  step  /2o+*^i  is  substituted  for  /Iq  hi  the  second  membei*s  of  the  differ- 
ential equations  which  determine  the  Moon's  motion,  ili  is  here  a  function  of  the 
coordinates  of  both  bodies,  and  the  value  of  its  principal  term  is  given  in  (14).  The 
complete  solution  of  this  step  is  effected  by  regarding  the  twelve  elements  as  variable. 
Smce  at  the  first  step  the  Moon's  coordinates  contain  only  unaccented  elements,  which 
we  may  call  lunar  elements,  and  the  Sun  only  the  accented  elements,  which  we  may 
call  solar  elements,  it  follows  that  the  La  Grangian  coefficients  which  pertain  to  the 
Moon  will  contain  only  the  six  lunar  elements,  and  those  which  pertain  to  the  Sun 
only  the  solar  ones.  The  solutiim  might  then  be  made  by  successive  approximations, 
the  lunar  elements  being  first  regarded  as  constant  in  integrating  the  equations  for  the 
Sun's  motion,  and  the  solar  elements  as  constant  in  integrating  the  equations  for  the 
Moon's  motion.  The  values  of  the  twelve  elements  obtained  in  this  first  approxima- 
tion may  then  be  substituted  in  the  second  members  of  all  the  equations,  a  second 
approximation  made,  and  so  on  until  a  solution  of  the  requisite  accuracy  is  obtained. 

In  Delaunay's  theory,  as  in  all  others  hitherto  published,  the  attention  being  con- 
fined to  the  Moon's  coordinates,  the  solution  is  effected  only  for  the  lunar  elements,  and 
moreover  the  solar  elements  are  regarded  as  constant,  it  being  practically  uimecessary 
to  consider  the  variations  of  the  solar  elements  due  to  Qi.  Successive  approximations 
are,  however,  made  in  the  case  of  the  lunar  elements.  These  elements,  and  hence  the 
lunar  coordinates,  thus  become  functions  of  twelve  arbitrary  constants,  six  of  which 
pertain  to  the  Sun  alone,  and  are  not  constants  of  integration,  but  are  considered  as 
entering  into  the  differential  equations  of  the  Moon's  motion.  The  other  six  are  the 
constants  of  integration,  and  may  be  called  lunar  constants.  We  may  represent  these 
six  lunar  constants  by  the  symbols 

So  far  we  have  only  the  solution  of  the  problem  of  three  bodies,  which,  in  the  second 
method,  is  considered  to  be  solved  in  advance.    The  divergence  of  the  two  methods 
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now  commences  in  the  continuation  of  the  solution.  As  a  matter  of  fact,  the  solar 
elements,  say 

a'l,  a'2    .    .    .    .  a'e 

become  variable  through  the  action  of  the  planet.  The  determination  of  the  variations 
oflfers  no  difficulty,  their  value  being  the  same  whichever  method  be  adopted.  But  in 
the  first  method,  when  the  coordinates  of  the  Moon  are  considered,  these  solar  elements 
are  not  regarded  as  constants  of  integration,  but  as  quantities  given  a  priori^  and  appear- 
ing in  the  diflferential  equations.    The  La  Grangian  coefficients 

r       T     dxdxi    dxidx  ,  dydyi  . 
^     da^daj    da^da^  da^da^ 

are  therefore  formed  only  for  the  combinations  of  the  six  lunar  elements,  and  the  per- 
turbative  fmiction  R  s^pears  in  two  parts,  the  one  being  the  value  of  R,  as  found 
in  (14),  the  other  the  value  oi  8  £1^  arising  from  the  perturbations  of  the  solar  elements 
through  the  action  of  the  planet,  which  we  may  conceive  expressed  in  the  form 


aa  I  da  2 


Thus  in  the  final  solution  obtained  in  this  way  the  Moon's  coordinates  will  not 
appear  as  functions  of  the  actual  variable  elements  of  the  Sun,  but  of  mean  elements 
at  some  epoch,  the  entire  effect  of  the  perturbations  produced  by  the  planet  being 
thrown  upon  the  lunar  elements. 

In  the  second  method,  all  twelve  elements  are  regarded  as  simultaneously  variable, 
and  the  La  Grangian  coefficients  are  formed  accordingly,  so  that  the  lunar  coordinates 
are  in  the  first  plane  considered  as  functions  of  all  twelve  varying  elements. 

The  final  forms  of  the  solution  by  the  two  methods  may  now  be  seen  and  com- 
pared. 

ti  the  results  of  Delaunay's  work,  where  only  three  bodies  are  considered,  the 
Moon's  coordinates  are  expressed  as  a  function  of  the  twelve  constants 


When  the  action  of  the  planet  is  included  by  Hill's  continuation  of  Delaunay's 
process,  the  Moon's  coordinates  are  regarded  as  still  the  same  functions  of  these  twelve 
elements,  the  accented  ones  remaining  constant,  and  the  others  becoming  variable. 

In  the  new  method  the  coordinates  are  also  regarded  as  still  the  same  functions  of 
these  elements,  but  all  twelve  of  the  elements  are  regarded  as  variable. 

We  may  now  construct  the  equations  of  condition,  which  must  be  satisfied  in  order 
that  the  two  methods  may  give  the  same  result.    Let  us  represent  by  the  symbol 
the  perturbations  of  the  elements  by  the  first  method,  and  by  S  those  by  the  second. 
The  corresponding  perturbations  of  any  coordinate  v  will  then  be 
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da^  da^  da^ 

TT   X       dv  c.      ,  X  dv  J.      ,  dv  J.   ,  .  I 

da^  da^  da\   .  da^ 

The  equality  of  these  perturbations  gives  the  relation 


(i=i,2,    ....  6) 

which  is  the  required  relation. 


(15) 


§4. 

FUNDAMENTAL  EQUATIONS  OF  THE  METHOD. 

The  present  paper  being  devoted  wholly  to  the  development  of  the  second  of  the 
preceding  methods,  we  have  to  consider  further  the  general  method .  of  proceeding. 
We  recall  that  in  the  general  La  Grangian  method,  which  alone  will  be  used,  it  is  pre- 
supposed that  a  solution  is  obtained  giving  the  values  of  the  coordinates  in  terms  of  the 
requisite  number  of  arbitrary  quantities,  such  as  shall  completely  satisfy  the  differential 
equations  when  certain  terms  of  the  potential  are  omitted.  A  solution  of  the  case  when 
the  omitted  terms  are  taken  account  of  is  then  obtained  by  a  system  of  ordinaiy  differ- 
ential equations,  in  which  the  variables  are  the  arbitrary  elements  introduced  by  the 
preceding  solution.  There  is  no  limit  to  the  number  of  times  by  which  this  process 
may  be  successively  repeated.  The  effect  of  each  new  term  of  the  potential  introduced 
is  taken  account  of  by  the  integration  of  a  system  of  differential  equations  in  which  the 
arbitrary  constants  of  the  preceding  solution  appeal-  as  the  variables.  Delaunay's 
classic  work  forms  a  beautiful  example  of  the  operations  by  which  the  equations  of  the 
Moon's  motion,  as  affected  by  the  action  of  the  Sun,  may  thus  be  integrated. 

The  problem  with  which  the  present  paper  is  ultimately  concerned  is  not  that  of 
the  motion  of  the  Moon  as  affected  by  the  action  of  the  Sun,  but  as  aflfected  by  the 
action  of  the  planets.  This  action  is  involved  only  in  the  term  R  of  the  potential. 
Hence  the  sole  object  of  the  present  paper  is  to  to  determine  the  variations  of  the  Imiar, 
and  incidentally  of  the  solar  elements  produced  by  the  term  in  question,  the  equations 
being  completely  integrated  foi-  the  case  when  R  is  omitted.  The  general  nature  of 
the  process  is  so  well  known  that  no  development  is  necessary.  We  shall  therefore 
merely  present  a  rdsumd  of  the  necessary  equations. 

Firstly.  We  presuppose  that  the  values  of  the  six  coordinates  rr,  //,  x\  y\  z\  are 
expressed  in  tenns  of  the  time  and  of  twelve  arbitrary  constants,  wliich  we  may  rep- 
resent in  the  most  general  way  by  the  symbols 

in  such  way  as  to  completely  satisfy  the  six  equations 
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d^x' 

dn 

d  dx 

dt'' 

~dx' 

d^y  dn 

d^y' 

dn 

d  't-~  dy 

df 

-dy' 

dj'z  dn 

d^/ 

dn 

de~dz 

dr- 

~d7 

(16) 


Let  us  represent  these  expressions  in  the  form 


y=fi 

(17) 

where  /  and  F  are  functions  of  the  twelve  arbitrary  constants  and  of  t. 

Secondly.  We  construct  the  conjugate  functions  .r^,  //i,  ^j,  x'^^  y\,  z\  by  the  equa- 
tions 


y^=^^di  y^=^^-dt 

df,  ,        d  F3 

'^=^^di  '^  =  ^^df 

The  variations  of  the  twelve  elements  when  R  is  taken  into  account  must  then  satisfy 
a  simultaneous  system  of  twelve  differential  equations,  of  which  four  are  as  follows: 

dx  da^  .d  X  d  cc^x  1  d  x^^d  «i2 


(19) 


da^dt       da^dt        '    '        '  da^2dt 

dxid  a^^dxi  d      .  ^  dx^  da^2^dR 

da^  dt      da^dt        .    .    .    •  ^^^^ 

dx'  da^.dx^  d  a2  .  ,   dx'  dai2__^ 

da^  dt     da^  dt        '    '    '    '        da^z  dt 

dx'ida^    dx'ida2.  dx'id   dR 

da^  (It      da2  dt        '    '    '    '        d X12  dt  dr' 

while  the  remaining  eight  are  formed  by  writing  y  and  -s-  in  the  place  of  x,  and  need 
not  therefore  be  actually  written. 

From  these  equations  are  derived,  by  a  well  known  linear  combination,  the 
La  Grangian  equations  for  the  variation  of  elements  in  the  following  form.    We  put 

r  T  y./dxdxi  dxdx{\  ^^^^ 
[ai,aj]=^l--~—^—-  (20) 
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the  sign  -S' indicating  a  summation  of  the  terms  which  ai-ise  by  writing  j-,  Zj  x' ^  /  in 
succession  for  x. 

We  also  suppose  that  R  becomes  a  function  of  the  elements  or,.,  and  of  the  time  by 
the  substitution  of  the  values  of  the  coordinates  as  functions  of  these  quantities.  The 
La  Grangian  equations  for  the  variation  of  the  elements  then  take  the  following  form: 

r  -yd  Ot^  X   r  -i  d  ^2  t  i    r  n      afjo      ^  R  /  x 

^/+K -3]-//+  +Ka,]  ^f=^-  (21) 

(i=i;  2;  3;  12) 

In  determining  these  La  Grangian  coefficients  I  make  use  of  the  known  theorem  that 
they  are  constants.  This  theorem  rests;  however,  upon  the  supposition  that  the  expres- 
sions for  the  coordinates  actually  satisfy  the  differential  equations.  As  a  matter  of  fact 
they  are  developed  in  series,  so  that  it  is  impossible  that  this  condition  shall  be  rigor- 
ously fulfilled.  It  is  therefore  iin})ortant  to  determine  finally  to  what  degree  of  approx- 
imation the  constancy  of  the  coefficients  in  (juestion  is  assured.  For  our  present  purpose 
I  have  deemed  it  sufficient  to  develop  the  constant  j)ortions  of  the  coefficients  so  far  as 
the  degree  of  approximation  to  which  the  solution  is  carried  would  admit. 

This  theorem  of  the  constancy  of  the  coefficients  enables  their  values  to  be  formed 
with  much  greater  facility  than  if  it  were  necessary  to  actually  perform  all  the  nmltipli- 
cations  which  enter  into  the  equation  (20). 

In  considering  the  general  theory  a  yet  farther  simplification  may  l)e  made.  It  is 
known  that  if  we  take  six  of  the  elements,  which  we  may  call 

hi  hi     •     -     -     •  h 

at  pleasure,  we  can  always  sulbstitute  for  the  other  six  certain  functions  of  them, 

^ll  ^2       •       •       •       •  ^6 

such  that  the  La  Grangian  coefficients  shall  reduce  to  zero  in  all  the  combinations 
except  those  six  in  which  an  h  is  coordinated  with  its  con-esponding  r,-,  in  which  case 
the  combination  will  be  reduced  to  unity.  We  shall  make  frequent  use  of  this  theorem 
in  the  course  of  the  present  investigation. 

Such  a  selection  of  elements  I  shall  hereafter  call  canofiical. 

§5- 

THE  PROBLEM  OF  THREE  BODIES. 

The  preliminary  step  now  is  to  express  the  six  coordinates,  x^  y,  ^,  x!^y'^  z\  in  terms 
of  twelve  arbitrary  constants,  so  as  to  satisfy  the  differential  equations  (16). 

We  recall  that  two  processes  of  integration  are  necessary  in  the  preliminary  inves- 
tigation, namely: 

1.  We  integrate  omitting  fl^  in  the  equations  (13),  writing  £Iq  for  /2-j-R. 

2.  We  include  /ij,  but  omit  R,  as  in  the  equations  (16). 
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The  first  step  involves  no  difficulty,  since  it  gives  rise  only  to  the  equations  of 
elliptic  motion — 

(a)  Of  the  Moon  around  the  Earth ; 

(h)  Of  the  center  of  gravity  of  the  Earth  and  Moon  around  the  Sun. 
Putting  in  a  general  way 

for  a  set  of  canonical  elliptic  elements  pertaining  to  the  Moon,  and 

r'    p'    c'    V    V  V 

for  those  pertaining  to  the  Sun,  we  shall  then  have,  as  the  result  of  putting  i^i^io 

X,  y,  and  z  —f  (ci,  c^,  c^,  /„  ki      0  and 

(22) 

x',  y\  and  /  zz/  {c\,  c\,  c\,  l\,  1\,  t) 

Next,  to  take  account  of  /i,,  we  substitute  in  .Oj,  for  x^  x'  ^ z\  their  expres- 
sions (22).    Then,  vising  canonical  elements,  the  form  (21)  will  become 

dt      dli  dt  dCi 

(izzi,2,3)  (23) 

d^i_dn^  dl'j__dn^ 
dt  "'If]  dt  ~  ¥7, 

These  equations  are  now  to  be  integrated  by  successive  approximations.  We  have  first 
to  integrate  the  equations  for  c  and  /  on  the  supposition  that  c'  and  V  are  constant 
Next,  by  substituting  these  values  of  c  and  I  in  the  equations  for  c'  and  /'  and  integrat- 
ing, we  obtain  approximate  expressions  for  these  quantities.  If  necessary  these  new 
values  of  d  and  V  can  be  employed  to  reintegrate  the  first  set  of  equations,  and  so  on. 

The  first  integration  has  been  performed  by  Delaunay  in  his  great  work  Theorie 
du  mouvernent  de  la  Lune.  We  may  consider  that,  in  this  work,  Delacjnay  has  implic- 
itly formed  expressions  c  and  I  which  substituted  in  (22)  give  values  of  ir,  y,  and  z  that 
completely  satisfy  the  equations 

on  the  supposition  that  c'i  and  are  treated  as  constants.  More  exactly,  if  we  put, 
in  (14) 

^,  _m2nh 
r 

(25) 

^„  _Wi(wj2+m3) 
J  A  0  —  /  
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Delaunay's  values  of  the  coordinates,  y,  and  Zy  of  the  Moon  satisfy  the  diflferential 
equations 


^^dt^^  dx 


with  similar  equations  in  y  and  provided  that  we  regard  il\  and  fli  as  functions  of 
rr,  Zy  x\yf  ,zl  y  before  ditFerentiating  as  to  x^  and  afterwards  substitute  for  x^  z^  their 
expressions  in  terms  of  c<  and  1^, 

Since  /i"o»  when  regarded  as  a  function  of  the  six  coordinates,  does  not  contain  cc, 
or  Zy  we  may  add  it  to  /I'o+'^i      tl^^  equations  without  altering  the  result.  We 
thus  find  that  the  equations 

d^_d£l 
dt^-  dx 

will  be  identically  satisfied  with  regard  to  all  twelve  constants  in  Delaunay's  theory  on 
the  supposition  above  made. 

It  must  be  noted  that  c  and  /  in  these  equations  have  not  the  same  signification  as 
in  (22),  but  are  now  the  ai-bitrary  constants  introduced  by  the  integration  of  (23). 

To  complete  the  solution  of  the  problem  of  three  bodies  we  have  next  to  integrate 
the  second  set  of  equations  (23).  We  therefore  substitute  in  Cl^  the  values  of  z^ 
x' J  y\  z'  as  functions  of  all  twelve  elements  c',  /,  V ,  But  it  is  to  be  noted  that  at  this 
stage  we  are  to  differentiate  /ii  with  respect  to  d  and  I'  only  so  far  as  these  quantities 
are  introduced  tlirough  x' ^  y\  and  because,  from  the  mode  of  forming  the  equations 
(23)  we  have 

dD,^_dri^d  x'  .d£lx^y'  .d^l^d  ^ 


dc!     dx'  dc'  '  dy'  dd  '  dz'  dd 


(26) 


c'  being  any  accented  element. 

Since  O.^  contains  the  lunar  elements,  c  and  I.  the  integration  of  the  equations 

will  give  c\  and  l\  as  functions  of  r^,  and  six  new  arbitrary  constants,  which  we  may 
again  represent  by  c'i  and  By  substituting  these  values  of  c'i  and  in  (22)  our 
three  equations 

d^x'    dn  ^ 
^-dt^=d^''''' 

will  then  be  identically  satisfied  with  respect  to  all  twelve  constants,  provided  that  in 
representing  the  identity  we  first  regard  /2  as  a  function  of  the  coordinates  expressed 
in  tenns  of  the  twelve  constants. 

By  this  process  we  have  for  the  first  time  introduced  the  lunar  elements  c  and  / 
into  the  expressions  for  the  Sun's  coordinates.    Hence,  in  strictness,  the  equations  (23) 
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will  now  no  longer  be  satisfied  with  these  new  values  of  x\  y\  etc.  It  may  be  shown, 
however,  that  the  en'or  thus  introduced  is  too  small  to  affect  the  solution  of  the  prob- 
lem which  now  concerns  us.  * 

The  result  of  integrating  the  equations  in  question  may  be  expressed  in  the  fol- 
lowing way:  By  completing  the  solution  of  the  problem  of  three  bodies  in  the  manner 
here  proposed  we  shall  implicitly  obtain  values  of  the  six  coordinates  x'  y'^  and 

^  as  functions  of  the  quantities 

^2>  ^3?    hi  hj  hy    ^1)^27^3?    ^l?^2j^3>    ^  (^) 

which  completely  satisfy  the  differential  equations 

d^x  _dn 
dt'  -  dx 


d^x'_dn 


etc.  etc. 


the  two  members  becoming  identical  if,  after  differentiating  /I,  we  substitute  for  the 
coordinates  their  expressions  in  terms  of  the  elements  (a). 

Regarding  /2  as  a  function  of  the  constants  c,  /,  c',  and  of  the  time,  we  may  indi- 
cate the  satisfaction  of  the  equations  by  expressing  them  in  the  form 


d'^x  ^ 


dn  dci  ,  dfldli  ,  dn  dc'i  .dil  dlU 


+  ¥;^^~+^,r^n  (28) 


dCi  dx      dli  dx    d  c\  dx      dl'i  dx 


with  the  five  additional  equations  formed  by  writing  successively  y',  2'  in  place 

of  X  in  this  equation,  the  seventy-two  partial  derivatives  of  c^,  Z^,  etc.,  with  respect  to  x^ 
x\  etc.,  being  determined  by  the  seventy-two  equations  each  of  one  of  the  forms 

^^[dx  dCi     dx  dli     dx  dc^.   dx  dVi]_^ 
i=i\dei  dx     dlidx     dc\  dx      dl'i  dx  ] 

(29) 

^^\dxi  dCi.dXi  dJi^dx^  dCi^dXi  dl'i]_^ 
i^i\dCi  dx     dli  ff^'     d^i  ^l-^     dl'i  1 

the  remaining  seventy  equations  being  fonned  by  writing  in  succession  x\  x^j  x\,  y,  etc., 
in  place  of  x  or  x^  in  the  numerators  found  in  these  equations,  and  x',  y\  and  /  for  x 
in  the  denominators. 
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§6. 

CONSIDERATIONS  ON  TUE  FORM  AND  ORDER  OF  MAGNITCTDB  OF  THE 
EXPRESSIONS  WHICH  ENTER  INTO  THE  PRECEDING  THEORY. 

The  fifteen  coefficients  [a^,  orj  which  enter  into  the  equations  (21)  are  each  divis- 
ible into  two  parts,  one  of  which  is  formed  by  differentiating  the  lunar  coordinates  y, 
and     the  other  by  differentiating  the  solar  coordinates  x\  y\  and  /.    If  we  put 


*  d     d  aj     d  or »  d  aj  da^d 

 dx  d  xi  dy  dy^  dz  dzi 

d  aj  d        d  aj  d  a^     d  a^  d 

dai  d  aj     da^  da^     d  d 

_d  x'  dx\_dy'  dy' i_djs/  dz\ 
d  aj  d        d  a^d        d  d 


Kd^Ji' 


d  X  d        dy  da^     d  z  d 
^dU\  _dUdx'  ,dRdy'  .dRdz' 


we  may  form  by  means  of  the  expression  (17)  the  two  equations 

-I  da,  rd^\ 


(30) 


(31) 


d  X  .dR  dy  ,(lRd  z  ,  . 


\lltj~d~x'  d^i  "•"r/y  Jai  '^TUTcc^  ^^^^ 


2^Ka,],— )^  (34) 


f.y^^''^^-dt<d^X  ^^^^ 

and  the  sum  of  these  two  equations  will  make  up  the  equation  (21). 

We  may  divide  the  twelve  elements  a  into  two  classes,  which  may  be  designated 
lunar  and  solar  elements.  The  first  class  comprise  those  which,  when  the  Sun's  dis- 
turbing force  vanishes,  merge  into  the  elements  of  the  Moon's  elliptic  motion  around 
the  Earth;  the  second,  those  which,  when  the  mass  of  the  Moon  vanishes,  merge  into 
the  elements  of  the  Earth's  elliptic  motion  around  the  Sun. 

Let  us  next  investigate  the  order  of  magnitude  of  these  several  coefficients  and  of 

In  the  expressions  (17)  for  the  solar  coordinates  we  are  to  dis- 
tinguish two  portions,  one  a  purely  elliptic  part  containing  only  the  six  elements  of 
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the  elliptic  motion  of  the  Sun,  the  other  part  containing  the  terras  added  when  we  take 
into  account  the  distance  of  the  Moon  as  compared  with  that  of  the  Sun.  The  first 
part  arises  from  the  integration  of  the  differential  equations  for  rr',  y' ^  /  when  only  the 
part  Cl^  of  the  potential  is  considered,  and  is  equal  to  the  mean  distance  of  the  Sun,  a', 
multipHed  by  purely  numerical  ratios. 

In  the  expressions  for        and  z,  all  the  terms  containing  solar  elements  will  be 

multiphed  1^7  ^• 

We  shall  use  the  symbols  S,  S',  etc.,  to  represent  in  the  most  general  way  the  sum 
of  a  series  of  sines  and  cosines  of  angles,  each  multiplied  into  purely  numerical  ratios. 
These  symbols  will  not  twice  represent  the  same  quantity,  and  may,  in  special  cases, 
reduce  to  purely  numerical  constants.    If  we  put  for  brevity 


m—  — 
n 


1  « 


(36) 


the  expressions  of  the  form  (17)  and  (18)  for  x,  a:,,  etc.,  and  their  derivatives  may  be 
put  in  the  form 

X  zza  (S  +mS') 
x'  z=a'  (S'  +  A;S) 

(37) 

Xi  zz/u^an  (S+^  S^) 
x',=Mia'     (S'  +  A;S) 
etc.  etc. 

If,  in  forming  the  derivatives  of  these  expressions  as  to  the  elements  a^^  .  .  .  ajg, 
we  choose  for  the  latter  purely  numerical  quantities,  which  we  may  always  do  by 
replacing  a  line  element  by  its  logarithm,  then  the  derivatives  in  question  will  be  of 
the  same  form  and  the  same  order  of  magnitude  with  x,  x',  etc.,  themselves,  or  more 
exactly  with  the  teiTns  of  those  quantities  which  contain  the  elements.  If,  then,  as 
before  we  distinguish  the  solar  elements  by  accents,  the  order  of  magnitude  of  the 
largest  terms  of  several  derivatives  will  be  as  follow: 

dx 

^ —  =a  o 
a  a 

dxi  c? 
a  a 

(38) 

a  a 
a  a 
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dx 


da' 


d  cc-i d/ 
act 


(38) 


d  X      ^/  cj/ 
da 

d  X  1         II  c\i 

The  various  classes  of  coefficients  [a^,  aj]  formed  by  (30)  and  (31)  will  therefore 
be  of  the  following  orders  of  magnitude: 

[or,  ai],  =  M2(f^n8 
[a\  a^]i  =  /u2m  a^nQ 

[a\  a\]i zzfJL^m^ a^n^ 

[a,  a' ^^1=. fiik a'^ n'  S 
[a',     ]2zz  yui  ^-  a'^  S 

Let  us  next  revert  to  the  perturbative  function  R  as  found  in  (14).  We  see  that 
it  is  composed  of  two  parts  of  very  different  magnitude.  Considering  all  linear  helio- 
centric coordinates  as  of  the  same  order  of  magnitude,  a',  and  the  coordinates  of  the 
Moon  as  of  the  order  of  a,  the  order  of  magnitude  of  the  two  terms  of  R  will  be 


(39) 


or,  if  we  use  coordinates  instead  of  mean  distances,  the  orders  of  magnitude  will  be 
represented  by  . 

"~  x'  x'^ 

where  the  first  term  does  not  contain  the  Moon's  coordinates. 

From  this  equation  we  shall  have,  using  the  sign  zz  only  to  indicate  identity  of  form 
and  order  of  magnitude, 

R  ^4/^2^  g  ^^^4       ^  g 

dx'^    x'^      "~  a'^ 
d^    ^w^/^iQ  ,  m^jU2X^<^    ni^MiQi  .  m^fx^^^^ci 
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and  thence,  from  (32)  and  (33),  having  reference  to  the  orders  of  magnitude  of  etc., 

\da )~  a! 

(40) 

The  approximate  values  of  >Ui  and  fi^  are 

by  which  we  shall  replace  them  in  R.  The  relations  between  the  mean  motions  and 
mean  distances  give,  approximately, 

my 


a"  n  —- 


an 


a  n 


Substituting  these  values  in  the  expressions  (39)  for  the  coefficients  [«!,  a<],  and 
representing  by  Si,  S2,  etc.,  Ui,  U2,  etc.,  numerical  quantities  like  those  we  have  hitherto 
represented  by  the  general  symbol  S,  we  have 


W*2  *^*3  ■jjh; 

an  ' 

[«, 

an 

K, 

aw 

[«, 

]2  = 

[«- 

«i  ]2=: 

^^^;-^^A;Sf> 
a  n 

W<1  q^i) 

a  n 

(i=i,2    .    .    .  6) 


(41) 
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The  expressions  thus  formed  are  to  be  substituted  in  the  pair  of  general  equations 
(34)  and  (35)  which,  it  must  be  remembered,  may  belong  to  either  of  two  classes,  accord- 
ing as  there  represents  a  solar  (accented)  element,  or  a  lunar  (unaccented)  one.  Let 
us  consider  the  former  case  first.  The  right-hand  members  of  these  equations,  taken 
from  (40),  may  then  be  put  in  the  form 

Kda'Jx  a'  a  a'* 

The  pair  of  equations  then  become 

a  n  \      at  at  at       \      at  at  y  ] 

(42) 

a  a'^ 

The  sum  of  these  two  equations  gives  one  of  the  rigorous  La  Grangian  equations 
for  the  variations  of  the  elements,  in  which  each  coefficient  of  the  diflterential  of  an 

d  • 

element  is  a  constant.    The  coefficient  of  — ^  in  the  sum  is 

dt 

^i^'^/giD^^^^^a^^s  UP>zz[a',  a',] zz constant. 
a  n  an 

Here  the  coefficient  of     is  greater  than  that  of      in  the  ratio  —  -r-  — — 73?      about  a 

/w-g    a  ft 

hundred  millions  to  unity.  The  constant  terms  of  S^^^  must  therefore  be  to  the  periodic 
terms  in  at  least  this  ratio.  The  coefficient  of  Ui^*  may  therefore  be  entirely  neglected 
along  side  that  of  ^ 

Again,  the  approximate  value  of  the  coefficient  k  is 

_7n^     _  I 


7.  "^3  w 


I2,0CX),000 


the  terms  multiplied  by  this  quantity  may  therefore  be  entirely  neglected.  The  varia- 
tions of  the  solar  elements  may  therefore  be  detennined  entirely  from  the  first  of  the 
pair  of  equations  by  a  system  of  six  equations  of  the  form 
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Sa)^_^ga)^2^  +Sr^'='^^'S<^>  (43) 

at  at  at  nil 

which  will,  in  fact,  be  the  usual  equations  obtained  on  the  supposition  that  the  masses 
of  the  Earth  and  Sun  are  combined  in  their  center  of  gravity.  This  hypothesis  is 
known  to  suffice  even  for  the  action  of  the  Sun,  a  fortiori  must  it  suffice  for  the  disturb- 
ing action  of  a  planet. 

Let  us  next  consider  that  in  the  pair  of  equations  (34)  and  (35),  oCj  represents  a 
lunar  element.    If  we  then  express  the  first  two  equations  (40)  in  the  form 

\daJ\  a' 

(44) 

R\     nhvjh ^  g(7) 
\daJ2  a' 

if,  also,  we  substitute  for  the  coefficients  their  values  in  (41)  the  pair  of  equations  (34) 
and  (35)  assume  the  form 

^!2^fU<^)^i+U^*)^2_^  A _[_^2  ^  ^  r^m  dot'ij^  ^(3)  d  \ 

an  \  ^  dt       ^  dt       '    '   J      an     \       dt  dt  J 

_ni2^4  ^  U(7) 

a' 

a  n     \      dt  dt  /     a  n     \      at  at  / 

 ^?;2^4  ^  g(7) 

The  sum  of  these  two  equations  forms  the  final  equation  for  the  variations  of  the  lunar 
elements  after  the  variations  of  the  solar  elements  are  determined  from  (43).  If  we 
multiply  their  terms      an-h-m^m^,  putting  for  k  its  value 

ti    ;  72 

using  the  relations 

^3  ^2  —  |^^2+/H3 

a'^  w'^zz  ^1 + + ^3 

and  regarding  as  unity  the  ratio 

Ml  -T-    + + 

the  equations  become 


Digitized  by 


Google 


I  28  THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION 

^    dt^   ^  dt^  ^       '   dt  ^      ^   dt  ^  m^+nho!^ 

(45) 

^      dt  dt  dt  dt  Wj+Wja^ 

The  sum  of  these  two  equations  will  give  one  of  the  La  Grangian  equations  for 
the  variations  of  the  elements,  in  which  the  coefficients 

and 

m{W  +  ^?') 

are  functions  of  the  elements  alone,  and  do  not  contain  the  time  explicitly. 

In  these  sums,  however,  the  coefficient  of  S^^^  in  the  second  equation  is  less  than 
that  of  in  the  first  in  the  ratio  of  m  A;  to  i ,  and  since  the  periodic  terms  in  the 
two  coefficients  destroy  each  other,  the  quantities  U{*\  U2*\  etc.,  must  be  constant  to 
their  1 50,000,000  part,  and  may  therefore  be  regarded  as  absolute  constants.  In  fact 
these  coefficients  Ui*'  are  the  same  as  those  which  determine  the  variations  of  the  lunar 
elements  in  w^hat  I  have  called  the  first  method,  and  which  is  that  employed  by  Hill. 

Thus  the  final  equations  for  the  variations  of  the  lunar  elements  may  be  written 
in  the  form 


^    dt        ^   dt         •    •    •  4  (jlt~m2+m^a'^ 

-  (Uf  >  +  Sf  >)  m        -  (Ur>  +  Sf )  m        -  etc. 
those  of  the  solar  elements  being  first  derived  from  (43). 


(46) 


§7. 

METHOD  OF  EXPRESSING  THE  COORDINATES  IN  TERMS  OP  THE  ELEMENTS. 

Our  next  step  is  to  investigate  the  formation  of  the  coefficients  a^]  in  (20). 
This  presupposes  that  the  rectangular  coordinates  y,  ^,  x\  y\  /  are  expressed  in 
terms  of  the  twelve  arbitrary  constants  .  .  .  a^^  and  of  the  time,  in  such  a 
form  as  to  be  a  complete  solution  of  the  differential  equations  (16).  This  requires 
that  the  coordinate  planes  and  lines  of  reference  be  arbitrary,  but  no  loss  of  astronom- 
ical rigor  will  be  incurred  if  we  suppose  the  fundamental  plane  to  differ  from  that  of 
the  ecliptic  at  some  epoch  only  by  a  quantity  which  may  be  treated  as  an  infinitesimal. 

The  theory  of  Delaunay  gives  the  Moon's  longitude  and  latitude  referred  to  the 
plane  of  the  ecliptic  and  expressed  in  terms  of  the  arbitrary  constants 

a,  e,  r,  (t!,e',}i,  g,  /,  h\g\r, 
of  which,  however,  one  is  superfluous. 
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The  notation  which  I  shall  use  is,  however,  diflferent  from  that  of  Delaunay,  the 
symbols  given  at  the  end  of  each  line  being  those  of  Delaunay.    I  put 

V;  the  Moon's  true  longitude,  from  an  arbitrary  origin  .    .    .  (V  in  Delaunay). 

/3;  its  latitude  above  the  ecliptic  (U  ). 

I;  its  mean  longitude  "  y 

g]  its  mean  anomaly  (I  "  ). 

0;  the  longitude  of  its  node  on  the  ecliptic  Qi  "  ). 

y\  the  sine  of  half  of  the  inclination  of  the  Moon's  orbit  to  the 

ecliptic  (y  "  ). 


The  corresponding  accented  quantities  refer  to  the  coordinates  x',  y%  /  of  the 

Sun. 

Delaunay's  work  now  enables  us  to  express  the  spherical  coordinates  of  the  Moon 
in  the  form 

vz=.l'\-2k  sin  N. 

rzz.Sld  cos  N.  (47) 
I3=2c  sin  N^ 

The  coefficients  A;,  Id  and  c  are  functions  of  five  independent  elements 

a,     X,  a'  e', 

while  N  and  N'  are  linear  functions  with  integral  coefficients  of  four  angles, 

CO  and  o)'  being  the  mean  distances  of  the  lunar  and  solar  perigees  from  the  Moon's 
ascending  node.  Thus  the  coordinates  of  the  Moon  are  expressed  in  terms  of  ten 
independent  quantities,  of  which,  however,  one  is  only  a  constant  additive  to  I  or  to  v. 

It  is  to  be  remarked  that,  so  far  as  the  problem  of  three  bodies  is  concerned,  the 
position  of  the  ecliptic  is  to  be  regarded  as  invariable. 

If  we  represent  by  ^,  9,  ^,  the  rectangular  coordinates  of  the  Moon  referred  to 
the  ecliptic,  and  put,  for  brevity 

Sv=v  —  l:=z2k  sin  N 
the  expressions  ^,  7  and  ^  may  be  written 

cos  /?  cos  v=r  cos  /?  cos  Sv  cos  / — r  cos  /?  sin  Sv  sin  I 
Tf—r  cos  /?  sin  v—r  cos  /?  cos  5  v  sin      ^  <^os  /?  sin  <5 cos  I  (48) 
^zzr  sin  /?. 

Since    and  6v  are  small  quantities,  the  limit  of  whose  values  is  little  more  than 

01,  the  three  quantities  r  cos  /?  cos  8v^  r  cos  jS  mi  Sv  and  r  sin  /?  each  admit  of  being 

developed  in  a  convergent  series,  as  follows:  > 
A.  p.— -vol.  V,  PT.  m  3 
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We  first  substitute  for  the  sines  and  cosines  of  yff  and  <5  v  their  developments 

smovmovi  1  r-H — s  ^i-+etc.    .    .    .  ) 

V      3!   *  5!      7!  '  / 

cos  0V=1  H  r  ~f  +  ^tC- 

2!       4!  0! 

sin  yff=yff(^i  — ^-+^— etc.    .  . 

cos  yff  iz:  I  —  ^  +  etc  

2!  4! 

Forming  the  powers  of  <5  and  /S  and  substitutmg  for  the  powers  and  products  of  the 
sines  and  cosines  their  expressions  in  terms  of  the  sines  and  cosines  of  the  multiple 
angles,  we  see  that  the  three  quantities  in  question  can  be  represented  in  the  same 
general  form  with  S    r,  and  yff,  that  is,  in  the  form 

r  cos  /3  cos  6  v=2h  cos  N 
r  cos  /S  sin  S  vzzSh'  sin  N 
r  sin  ft—'^d  sin  N' 

A,  }\1  and  N  being  of  the  same  form  as  k  and  N  in  the  values  of  t;,  ft  and  r  in  (47).  Thus 
the  values  of  5,  rj^  and  ^  in  (48)  assume  the  form 

^i=-SA;cos(/+^J) 

;7iz2A;8in(f+N)  (49) 
^zz^csinN' 

where 

k=h±h' 

and  N  is  still  a  linear  function  of  the  four  quantities 

g,  (/,  GO,  a)\ 

The  corresponding  coordinates  of  the  Sun  may  be  expressed  in  the  same  general 
form,  which  we  may  write 

S'=2](f  cos  (r+N) 

rf'=2k'  sin  (I' +^)  (50) 
^'=2c'  sin  N' 

It  is  however  to  be  remarked  that,  in  the  case  of  tlie  Sun,  the  principal  values  of  A:' 
will  correspond  to  cases  in  which  N  depends  on  (j'  rflone,  and  that  when  g,  co  or  go' 
enter  into  N  or  N',  the  values  of  k'  and  c'  will  contain  the  minute  factor  A;  of  §  6. 
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Let  US  now  suppose  the  positions  of  the  Sun  and  Moon  referred  to  any  system  of 
rectangular  coordinates  whatever.    If  we  represent  by 

a,  b,  c;  a',  b',  c';  a",  b",  c", 

the  nine  direction  cosines  for  transforming     7,  ^  into  a;,  y,  z,  and  if  we  put 

&,  the  ascending  node  of  the  ecliptic  on  the  plane  of  XY  counted  from  the  axis 
of  X, 

y',  the  sine  of  half  the  inclination  of  these  planes, 
r,  the  distance  of  the  same  node  from  the  axis  of  5, 

we  shall  have 

a  =(1— /2)cos(9'  — T)  +  /2co8(0'  +  r) 
b  =—{i—Y")sin{&-r)+Y'Hm{e'-\-t) 


c  =2y'Vi — x'^sinS' 

a'  =  (i  sm  {&-t)  +  y'^ sin  {&  +  r) 

b'  =(i-/^)cos(0'-r)-/''cos(0'  +  r)  (51) 

C'  =—  2  /  V,I  — X'^  COS  & 

a"=: — 2  y'  V I — x'^sin  r 
,  b"  =  2  x'  V I  —y'^  cos  r 
c"=i— 2/2 

By  means  of  the  values  of  tf,  and  ^  given  in  (49),  and  the  above  values  of  a,  b, 
etc.,  we  find  for  the  general  rectangular  coordinates 


X 


2k(i -y'^)  cos  ((9'  — r+^+N) 
+.2  A; /''cos  (Q'  +  T— /-N) 
c  /  V         cos  {& + N') 


+26y'  s/i        cos  {&  -  N') 

ij=2k{i—Y'^)sm{&  —  T-\-l+^) 
+2kY'^  sin  (e'  +  r-^-N) 
-Scy  Vr^^'  sin  +N') 
+2cy'  VT^^sin  (O'-W) 


(52) 
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+2(i— 2/=')c8mN' 

a^=2kf  (1-/^)  cos  (0'-r+^'+N) 
+2kf  y'^cos(&-\-T-l'- N) 

-Sc'yW         cos  (& +N') 

-\-Sc'yW         cos  (&  -  N') 

(52) 

y'=2kf  (i         sin  (0'-r+i'+N) 
y'2  8iii(0'  +  r-?'-N) 
-2  c' /  V  f^^sin  (0' +N') 
+2 c'  /  Vr^T"' sin  (^-N') 

2'  =  2  2kfy'  VT^"^  sin  (I'  -  r +N) 
+^(i-2/0c'sinN' 

Examining  these  equations,  we  see  that  the  coefficients  of  the  varying  angles  are 
now  functions  of  the  six  constants 

a,  e,  X,  a',  e'.y' 

and  that  the  angles  under  the  signs  sin  and  cos  may  be  expressed  in  terms  of  the  time 
and  six  other  arbitrary  constants.  For  these  angles  contain  only  9^y  r — /,  N,  and  N'. 
The  two  latter  can  be  expressed  as  a  function  of  the  four  quantities  already  mentioned, 
r—l  need  contain  but  one  constant,  and  thus,  with  &,  we  have  the  required  number 
of  six. 

To  reduce  the  preceding  values  of  y,  and  to  a  common  form  exhibiting  these 
six  arbitrary  constants,  let  us  represent  the  four  varying  angles  of  which  N  and 
are  functions  by  A,  A',  oo,  g)\  These  quantities  are  not  to  be  considered  as  havhig  a 
perfectly  defined  geometrical  signification,  being  only  certain  analytical  expressions 
which  substituted  in  the  equations  (47)  will  give  numerical  vahies  of  the  Moon's  coordi- 
nates.   But,  we  may  consider  that  they  represent 

A,  the  mean  distance  of  the  Moon  from  her  node  on  the  ecliptic. 

CO,  the  distance  of  the  perigee  from  the  same  node. 

A',  Gi>\  the  same  quantities  for  the  Sun,  counted  from  the  same  node. 

We  shall  now  express  all  the  quantities  found  under  the  sign  sin  or  cos  in  y,  and 
^  in  terms  of  the  six  arbitrary  quantities 

^,  TT,  0,  e'j  TT*^  & 

the  first  five  of  which  are  determined  by  the  conditions 
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e^G'  +  l—r 

e'=y—x+€,=e'+r—T 

n'—Q-\-Gij 

They  are  therefore  introduced  by  putting  in  the  expressions  for  rr,  and 

l—r—e—& 

A  =e—e 

,      .  (53) 
X-e'—d 

CD—TT  —  0 

Go'  —  n'—e 

The  expressions  for        and  z  thus  take  the  form 

x—^h  cos  (if  +  e';r+i"l9+i™£'  +  i'^;r'  +  i^(9') 

y—:21i  sin  (if-f  i^;r+i"0+i™y+i^;r'4-r^0')  (54) 

z-^c  sin  (j£+/;r+i"0+/"e'+/^;r'+j^0') 

the  coefficients  i  and  ^*  being  positive  or  negative  integers  satisfying  the  conditions 

and  li  and  c  being  functions  of  the  six  quantities  a,  a',  e,  e',  y,  y' , 

The  values  of  y\  and  /  in  (52)  can  be  reduced  to  the  same  form,  so  that  it  is 
unnecessary  to  write  them. 

§  8. 

METHOD  OF  FORMING  THE  LA  GRANGIAN  COEFFICIENTS. 

It  will  be  seen  by  what  precedes  that  our  problem  requires  as  a  preHminary  work 
the  complete  solution  of  the  problem  of  three  bodies  by  obtaining  not  only  the  rela- 
tive coordinates  of  the  Moon  and  the  Earth,  but  the  coordinates  of  the  Sun  relative 
to  the  center  of  gravity  of  the  Earth  and  Moon,  which  has  not  yet  been  done.  Instead 
of  eflfecting  tha  solution  of  this  preliminary  problem  at  the  present  stage,  I  shall  pro- 
ceed on  the  supposition  that  this  part  of  the  work  is  done,  and  proceed  with  the 
investigation  growing  out  of  it,  in  order  that  more  exact  information  may  thus  be 
obtained  as  to  the  degree  of  approximation  to  which  the  solution  must  be  carried. 
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It  is  shown  in  my  paper  of  1875,  on  the  General  Integrals  of  Planetary  Motion,* 
that  when  the  solution  in  question  is  carried  on  by  successive  approximations,  the 
expressions  for  such  coordinates  as  x\  y\  ^,  in  terms  of  the  twelve  arbitrary 

constants  which  were  required  in  the  solution  of  the  problem  of  three  bodies,  could 
always  be  reduced  to  a  general  form  of  the  kind  found,  in  the  last  section,  namely 

X  or  :r'zz^  U  cos  N 
y  or  y^-=z21c  sin  N 
z  or  z'—'^  c  sin  N' 

in  which  each  value  of  N  and  of  N'  is  of  the  form 

N  =  ?i  Ai  +  i2  A2+    .    .    .  Ae 

ij,        •    •    ^6*  j\    '    '    '    jei  being  integers  satisfying  the  conditions 

,h+j2+    .    .  +io=i 
and  Ai    .    .    .    Ae  expressions  of  the  form 

Xi=h+h,  t 

/i,  ^2,  .  .  .  Iq  being  arbitrary  constants,  and  ij,  62?  •  •  •  &6  as  well  as  the 
various  values  of  k  and  of  r,  functions  of  six  other  arbitrary  constants,  which,  if  used 
as  in  the  theory  of  Delaunay,  may  be  called 

a,  e,  y,  a\  e\  / 

The  symbol  2  indicates  a  summation  extended  to  all  combinations  of  integral  values 
of  the  indices 

^2)  ^tC. 

As  special  values  of  the  six  constants  /  we  may  take  those  which  in  the  ordinary 
theory  are  designated  as  follows: 

9,  the  longitude  of  tlie  Moon's  node,  or  Delaunay's  h-, 
TT,  the  longitude  of  the  Moon's  perigee,  or  Delaunay's  h'\-g', 
Ij  the  Moon's  mean  longitude,  or  Delaunay's 
7r\     the  corresponding  quantities  relating  to  tlie  Sun. 

It  is  to  be  remarked  that  the  assignment  of  the  usual  astronomical  designation 
to  these  quantities  does  not  adequately  define  them,  and  may  therefore  be  misleading. 
No  precise  definition  is  possible  except  by  their  analytic  expressions  as  integrals,  each  of 
them  being  regarded  as  a  function  of  the  coordinates,  their  first  derivatives,  and  the 
time.  This  definition  might,  however,  be  considered  as  replaced  by  any  complete 
solution  expressing  the  values  of  the  coordinates  in  teiTns  of  the  arbitrary  constants 
and  of  the  time.    We  shall  therefore  simply  suppose  that  expressions  of  the  preceding 

^Smithsonian  Contributions  to  Knowledge,  Vol.  XXI. 
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form  for  the  rectangular  coordinates  are  obtained  in  terms  of  two  sets  of  six  arbitrary 
constants  each,  which  satisfy  the  diflFerential  equations  for  the  case  of  three  bodies  to 
the  necessary  degree  of  approximation. 

The  danger  of  error  in  assigning  geometrical  significations  to  the  elements  will 
be  seen  by  considering  the  special  quantity  which  Delaunay  has  called  the  longitude 
of  the  Moon's  node.  His  entire  lunar  theory  is  constructed  on  the  supposition  that 
the  plane  of  the  ecliptic  is  invariable,  an  hypothesis  which  is  sufficiently  correct  when  the 
action  of  the  planets  is  omitted,  so  far,  at  least,  as  any  secular  variation  is  concerned. 
But  when  we  consider  the  complete  problem  of  three  bodies  we  shall  find  that  there 
are  two  planes,  either  of  which  may  be  called  that  of  the  ecliptic.  One  of  these  is 
the  plane  of  maximum  areal  velocity,  which  is  really  invariable.  .The  other  is  the 
plane  determined  at  each  instant  by  the  relative  motion  of  the  Sun  and  of  the  center 
of  gravity  of  the  Earth  and  Moon,  which  plane  is  variable. 

Since  all  general  equations  between  physical  quantities  are  necessarily  homogene- 
ous when  each  quantity  is  expressed  in  units  of  fundamental  or  arbitrary  elements,  it 
will  generally  conduce  to  clearness  to  write  them  in  ^uch  a  way  that  this  homogene- 
ousness  shall  always  be  manifest.  In  physics  the  three  fundamental  elements  whose 
units  are  arbitrary  are  mass,  length,  and  time.  But  in  astronomy  it  will  generally  be 
simpler,  as  it  is  more  common,  to  regard  the  unit  of  mass  as  a  derived  one,  and 
determined  by  the  condition  that  two  bodies  of  imit  mass  shall  attract  each  other  with 
unit  force  when  at  unit  distance.  If  we  represent  by  the  letters  M,  L,  and  T  the 
dimensions  mass,  length,  and  time  respectively,  the  equation  for  M  to  which  we  are 
thus  led  is 

MzzL^T-^ 

In  a  theory  like  the  present  it  will  conduce  to  clearness  to  write  all  equations  in  such 
a  way  that  the  homogenity  shall  be  apparent.  Since  N  and  N'  are  angles,  and  there- 
fore pure  numbers,  it  follows  that  A,  I,  and  b  t  are  also  pure  numbers.  Hence  h  is  of 
dimensions  T~\  as  are  also  n  and  n\  the  mean  motions.  Since  the  coordinates  are  lines 
all  the  coefficients  k  are  of  the  form 

a  or  a'  X  a  pure  number 

while  i>i,  62    •    •    •    ^6  are  each  of  the  form  n  s,  or  n' s,  s  being  a  pure  number. 
Hence  each  conjugate  variable  of  the  kind 

dx 

is  of  the  dimensions  M  L  T~^  or  T^  according  as  we  do  or  do  not  retain  M,  and 
may  be  written  in  the  form 

m  a  w  X  a  pure  number. 

The  six  pairs  of  conjugate  variables  from  which  the  La  Grangian  coefficients  are 
to  be  formed  may  therefore  be  written  in  the  form 

x=2  ki  cos  Ni  Xizz—2  k'^  sin 

y=2kism^i  yi=    2k'jC0s^j  (55) 

z=2ci  sin  N'i  Zi=    2  d ^  cos  N'^ " 


Digitized  by 


Google 


136  THEORY  OF  THE  INEQUALITIES  lU  THE  MOON'S  MOTION 

where  the  indices  i  and  j  are  used  to  distinguish  the  terms  belonging  to  the  various 
linear  combinations  which  make  up  the  values  of  N.    We  have,  in  each  case, 

jLi  representing  either  yuj  or  //j?  according  as  the  coordinates  are  those  of  the  Moon  or 
of  the  Sun,  and  b  and  V  being  the  coefficients  of  t  in  N  aiid  N',  so  that  in  general 

ft  Zlil  61  +  ^2^2+      •      •      •  +«6^6 

(56) 

V=Jib^+j2b^+    .    .    .  +/«6e 

Now,  let  a  and  /S  be  any  two  elements  for  which  we  are  to  form  the  La  Grangian 
coefficient  [a,  yff].    Putting  no  restriction  as  to  the  class  to  which  either  of  these  ele- 
ments may  belong,  we  have  from  (55)  the  following  values  of  the  derivatives  from  which 
is  to  be  formed 

da        \d  a  da  J 

dXi      v/'  •     XT       7/  ^N,  XT^ 

dx     ^/dki      XT     I         .  xt\ 

P=2  (-^ii  sin  N,-A:',  '^^^  cos  N,) 
da        \     d  a         ^      ^  da  v 

da        \d  a  da  J 

pl=2         cos  N,-A/,       sin  N,) 

d /3       \d^  ^      ^dp  V 

^yi=2  cosN,-;fc',  sin  N,) 
da        \da         ^      ^da  V 

dz    ^  fdCi  .    XT/  .      ^N'i  xT/\ 
=2  I  -J  sm  N^+r^  -       cos  N'i  ) 
da        \da  da  J 

d        ^/dc'i       yj,      ,dWi  .  xT/\ 
dz    ^/dCi  .    XT/  I     rfN'i  xT/'\ 

^I'^^C'^^:'.  eos  N',-c',  sin  N',) 
da        \da  ^      ^  da  V 
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Substituting  these  values  in  the  expressions  of  the  form  (30),  p.  122,  and  putting 
for  brevity 


P     ^1  d  q>  d  9    d  g>  d  0 


we  find 


(57) 


[a,  yff],  =       \  IK  A-',] + h',  [N„  N,] }  sin  (N,-N,) 
+  2^k,  [N„  k';\-k!,\1i„  N,]  ^cos  (N,-N,) 
+\^'{ id,  c'J c',  [N'„  N',] I  sin  (N',-N',) 

+\^'\  [Ci,  c',3-c,  0',  [N'„  N',] }  sin  (N',+N',) 
+i  2^  Jc,  [N'„  c',]-6-',  [c„  N',] }  cos  (N',-N',) 

+  \2'\c,  [N',,  c-Ol+c',  KN'.ll  co8(N',+N',) 

It  will  be  understood  that  the  two  indices  i,  have  each  the  same  system  of  values, 
and  their  combination  under  the  sign  -S'^  indicates  that  each  value  of  N  is  to  be  com- 
bined with  all  the  other  values,  itself  included. 

In  order  to  find  the  function  [a,  /?]  of  which  we  are  in  quest,  it  is  necessary  to  omit 
all  the  periodic  terms  in  (57).  Substituting  for  N<  and  their  values  and 
' /^-{-hjt^  we  see  that  all  the  terms  will  be  periodic,  imless  we  have  either 

hi  --bj  zzo 

or 

The  values  of  bi  and  bj  being  from  (22) 

bi  =\ibi+i2^ib2+    .    .    .  +\ibe 

Vj=jijh+j2jb2+    .    .    .  +MjbQ 
it  is  necessary  that  we  have  either 

or 

(ii,<=Hi.i)6i  +  (i2,»±io;)^^2+    .    .    .  +(kizkjiij)he=0 

But  fei  .  .  .  being  incommensurable  quantities,  these  equations  can  not  be  satis- 
fied except  we  have 
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h,j  ^2,»—      h,j     •     •     •     Vi—  hj 

from  which  follows 

Therefore  we  retain  in  the  equation  (57)  only  those  terms  which  satisfy  the  condition 

i=j 

We  have,  therefore,  omitting  the  index  i, 

[a,/3i=  :s{A[N,^■']-^-'[A,N]J 

.  +i:S{c[N',c']-c'[c,N']J 
or,  placing  for     its  value  /I2  ^  ^1  and  jjz  V  c  for  c\ 

,  I  _^  r<^(i^2^  dW _d(/4^b'c^)dW-i 


Omitting  in  —  the  terms  which  contain  t  as  a  factor,  we  then  have 
2         Ida    d  /S      dp    da  \ 


(58) 


It  will  be  remembered  that  a  and  ft  here  represent  any  pair  of  the  tw<;lve  arbi- 
trary constants  which  enter  into  the  expressions  (55)  for  rr,  and  z.  These  con- 
stants are  divisible  into  two  classes. 

Class  (i)  comprises  the  elements 


a,  e,  r,  a\  e\  /, 


which  enter  into,  fe,  6',     and  r,  but  not  into  / 
Class  (2)  comprises  the  elements 

/],  ^2,     .     .  . 

which  enter  into /  and/',  but  not  into  6,      c,  or  h 

It  is  evident  from  the  form  of  the  preceding  expression  for  [a  yff]  that  it  will 
vanish  whenever  the  elements  a  and  13  belong  to  the  same  class.  We  have  therefore 
otily  to  consider  the  combinations  in  which  they  belong  to  different  classes,  of  which 
the  number  is  1 8. 
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Let  US  now  conceive  the  general  quantities  Ai  .  .  .  Ae  to  be  replaced  by  the 
six  elements 

e,  TT,  0,  e\  Tf',  e\ 

already  denned,  and  let  us  put 

n;  TT^,    .    .    .    ,  (9/, 

for  the  motions  of  the  corresponding  elements  in  unit  time.  Each  value  of  b  or  V  may 
then  be  written 


We  then  have 


h  =i  w  +  i^/Tj  +  i"  <9i+i'"  n'+i'""  7r\+e  &^ 

d  e     d  e  de      d  e  ^ 

dTr'^dTT    *  dTT  d7r~^ 


df_d^_ir  df  _dW_., 

d&-d&~  d&^  de'—^ 


We  have  therefore,  supposing  /?  to  represent  in  succession  the  six  elements  of  the 
second  class  and  restoring  the  sign  2", 


The  sign  2  here  refers  to  the  several  terms  which  enter  into  the  expresssions  (54). 
The  entire  number  of  sensible  coefficients  [a^  >ff]i  is  now  reduced  to  thirty-six. 

To  complete  the  required  expressions  we  still  require  the  values  of  [a  /S"]^.  The 
rigorous  values  of  x%  y\  and  /  can  be  developed  in  precisely  the  same  way  with 
those  of  and  z.  As  we  have  seen  all  the  terms  containing  a,  y,  e,  ;r,  or  0  will 
contain  the  minute  factor  h  in  (36),  b,ut  for  the  sake  of  generality  we  shall  suppose 
them  all  retained.    If  we  put 

x':=z:^li  cos  (I  £+r  ;r  +  P0+rV'  +r^;r'  +  r0') 
y'-:2)i  sin  (I  f +  r  ;r+I"5  +  r"£'  +  r^;r'  +  r0') 
z'^^c  sin  (J  f +J'  ;r+J"0+J"»£'+J'^;r'+J^0')  (60) 

Bzni  w+r  ;ri+i"  ^i+p'w'+pv'i+re'i 

we  have  as  in  the  case  of  the  lunar  coordinates 
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da        2  da 

r       T  ....  I  ^T,^(B'CO 

[a,.l=-M.^l'  (61) 


,  d  a        2  da 

Filially,  we  have  for  the  complete  La  Geangian  coefficient 

[«,  A]  =  [«,yff],  +  [a,/?]2 

We  conclude  that  the  values  of  the  La  Gbangian  coefficients  may  be  obtained  as  fol- 
lows.   Let  us  determine  the  six  quantities  k^,  k,,  kg,  k,',  kj,  k/  from  the  equations: 

2  2 
2  2 

K  =Mi  ^  I"  BK'+  '  Ml  ^J"  B'  C'  +  M"  2  i"  h  /-+  1  M2  ^ J"  f>' 

2  2 

k: =Mi2 1'" B i  /z,  ^  J"'  B'  C^-\-fi,2  i'"  h  A-*+  '  /u^S f"b' 


(62) 


K'  =  Mi  2 1'^BKH  -  /'i  2  J'"  B' fit  ^ i"  f>       -  M2^r  V  <^ 

2  •  2 

2  2 


We  shall  then  have 


(63) 
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$9. 

REDUCTION  OF  THE  EQUATIONS  TO  THE  CANONICAL  FORM. 

Let  us  now  resume  the  equations  (21),  supposing  the  symbols  a  to  represent  in 
succession  tlie  twelve  arbitrary  elements 

a,  6,  y,  a',  e',  y\  e^,  n^,  0o,«'o,  ^'0,  Q\ 

where  the  six  elements  fo»   represent  the  constant  parts  of    ;r  .    .    .  . 

Observing  that  all  pairs  of  constants,  both  members  of  which  are  found  either  among 
the  first  six  or  the  last  six  of  these  constants,  will  make  the  combination  («^,  ol)  vanish, 
and  that  we  have 

dR_rfR  etc 
d€Q~d€  dn^    d  TT^ 

the  equations  (21)  by  substituting  the  values  of  the  coefficients  in  (63)  become 

dk^d  a.dk^  de  dk^dy  .dk,  da'  dk^  de'  ydk^  dy'  _d  R 
Ta  di'^lTe  Wt'^Jy  dJ^ d~a!  di     d^  dt'^dy'  ~dt  d7 

dk„  da    dk„  d  e  .  dk„  dy  .dk„  da'  ,dk„  de'  ,dk„  dy'  d  R 

JaJt     de  ITt'^dy  dt'^da'  Ji  '^'d^  Ji  ^  dy'  Tt  ""5^ 

dksd  a  ,dke  de  .dke  dy  ^dk^  da'  .dk^  de'  .dk^  dy'  _d  R 
JaWt'^de  dt'^Jy  dJ'^da'  dl de'  Jt     dy'  'di~'de 

dklda  dkj  d^  dk^dy  clklda'  dJc^  ^'-1^ 
da  dt      de  dt     dy  dt'^  da'  di'^  de'  dt^  dy'  dt  ~  de' 

dkj  da  dkj  de  dk^  d_v^j^d_kj  da'  dJcJ  de'  dkj  dy'  _d  R 
da  dt'^  de  dt^  dy  dt^ da'  di'^de'  dt      dy'  dt  ~d7r' 

dkg  da    dkj  de  ^dk^'  dy  .dk/  da'  .dk^'  de'  .  dk^'  dy'   d  R 

d~aTt^~de  dt'^Jy  dt^da/  dt  ~^d7  dt ~dy  dt  ^Te' 

(64) 

dK  dsQ.dk^  dTT^  dkg  dO^  dkj  de' ^  dkj  dvr' ^  dk^'  d"^' Q__d^ 
da  dt     da  dt     da  dt     da  dt      da  dt      da  di  da 

dk.de^  dk^dTTp  dkedOp  dkjde'o  dkj  drr' ^  dkj  d9' ^__dU 
de  dt     de  dt     de  di     de  di     de  di      de  df  de 

dk.de^  dk„  drr^  dke  dO^  dkj  de' ^  dkj  d n' ^  dkj  dG' Q__d^ 
dy  dt     dy  dt     dy  dt     dy  dt      dy  dt      dy  dt  ~  dy 

dk^de^  dk^dTTQ  dk^  ddo  .  dkj  de' q  dkj  dyr' ^  dkj  dO' Q__d^ 
da'li'^'da'  Ui^da'  lJ'^~da'~di'^  da'  It      da'~dJ  ~  Jaf 

dk^d  e^  dk„  dn-^  dk^  dO^  dkj  de'^  dkj  dyr'p  dkj  d6'o____dR 
de'  dt  '^de'  'dJ'^de'  ~di  '^~d7  ~dt'^^7  'df^JVU"  17 

dk,d  e^  dk^dTTQ  dke  d  Op  dkj  de'^  dkj  d  tt'q  dkj  dO'o__dR 
d/JF'^dy'lJ'^dy'lU'^dyiU  dt~  dy' 
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Since  A.,  A;^,  etc.,  are  fuuctioiis  of  the  six  elemente  a,  6',  x,  a',  c',  y'  the  left  hand 

d  k  dk 
member  of  the  first  of  these  equations  is  equal  to       that  of  the  second  to  and 

so  on  tln-ough  the  first  six  equations.  The  latter  thus  reduce  to  the  six  left  hand  equa- 
tions in  (65)  below. 

The  quantities  A;,,  A,,  etc.,  being  six  in  number,  we  may  conceive  the  six  elements 
a,  6,  X,  a',  e^y J  and  R  to  be  expressed  in  terms  of  these  six  new  elements.    If,  then, 

we  multiply  the  seventh  of  the  preceding  equations  by        the  eighth  by        and  so 

dy' 

on  to  the  twelfth,  which  we  multiply  by  -j^-        notice  that  the  theory  of  differentia- 

tion  of  inverse  functions  gives  us 

dk^da  .dk,  d  e  dk.dy  .dk^d  a'  .d  k^d  e'  .dk^d  y'  _ 
da  die,    dedk,    dy  dk,    da'd  k,     d  e'  dk,    d  y' d  k, "~ 

d  k„  da  d  k^  de  d  Kd  y  .d  k„d  a'  d  k,  d  e'  d  k^dy'  _ 
da  dk,     de  dk,     dy  dk,     d  a' dk,     d  e'  dk,     d  y' d  k,'' 

with  similar  equations  for  every  combination  of  two  k  elements,  we  find 

d  €q_  d  11 

Ji"  d~k. 

In  the  same  way  we  obtain 

d  ttq  d  R 

dt  dk-„ 

etc.  etc. 

The  ecjuations  (64)  may  therefore  be  reduced  to  the  canonical  form 


d  k,  

d  £q_ 

dR 

d  t  de 

dt  ~ 

dk. 

dk,_dR 

d  /To_ 

d  R 

(it     d  It 

d  t  ~ 

dk. 

dkf  R 

de^_ 

dR 

dt~ 

dkg 

dk.'_dR 

dB\_ 

d  R 

d  t  ~  'de' 

dt  ~ 

dk: 

dk\_d  R 

d  n\_ 

d  R 

dt  ~d7r' 

d  t  ~ 

dk'. 

dk\_d  R 

d9\_ 

dR 

dt  ~de' 

d  t  ~ 

dk\ 

(65) 


We  may  regard  these  as  the  ngorous  diff'erential  equations  for  the  solution  of  the 
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problem  of  four  bodies  after  the  solution  of  the  problem  is  effected  for  the  case  of  three 
bodies. 

In  deriving  the  equations  (64)  from  (21),  we  have  limited  ourselves  by  no 
hypothesis  respecting  the  signification  of  the  elements  e,  tt,  etc.,  which  appear  under 
the  signs  sin  and  cos.  We  have  only  supposed  the  variable  angles  to  be  linear  fimc- 
tions  of  six  variables  each  of  the  form'  ao  +  bt^  aQ  being  an  arbitrary  constant  and  b  a 
function  of  the  six  arbitrary  constants  which  form  the  coefficients  L  We  may  there- 
fore substitute  for  any  of  the  quantities  tt,  0,  f',  tt-,  d\  any  linear  function  of  other 
independent  quantities  completely  determined  in  terms  of  ;r,  etc.,  by  equations  of 
the  first  degree.  For  every  such  system  of  new  variables  we  shall  have  a  system  of 
canonical  equations  corresponding  to  (65).  The  number  of  these  canonical  forms  is 
infinite. 

The  transformation  in  question  can  indeed  be  performed  immediately  on  the 
equations  (65).    Let  us  determine  six  new  variables  1^  4)  hj  hj  hj  kj  by  the  conditions 

(66) 

Si  li-\-S2  ^2"1~^3  ^"l~^*4  ^4"l~^5  ^5~l~^6  ^6  ^  0 

ti  ^1  -f-  ^2      "h  ^  4  "f~  ^4  ^4  "h  ^5  ^5  H"  ^6  ^6  —  ^  0 

Pj  g,  r,  etc.,  being  any  constants  whatever  of  which  the  determinant  does  not  vanish. 
Let  us  put  also 

C2—P2  K  +  q-z  K  +  r^  K  +  S2  K'-yt^  kJ  +  U2  V  (67) 
Cq= Pq  k,  +  qK  +  rQ  k^ + A;/  +    kj  +  ke 

Multiply  the  first  of  the  equations  (65)  on  the  left  by  p^  the  second  by  ji,  etc.,  and 
add  the  six  products  thus  formed.    The  sum  reduces  by  (67)  to 

dc,_    dR.     rfR,     dR.     dR..dR.  dR 

di-^'dV,^^'dVj  ''^  d~9, + J?; + d^, + '^^  d&l 


The  equations  (66)  give 


d^o  dTTQ  . 


Substituting  these  values  of  ^1,  qi,  etc.,  in  the  last  equation  it  becomes 

dCi_dR 
dt~  dli 

We  have  in  the  same  way 

dc2  dR    d   dR 

dt     dl2'  dt 
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To  obtain  the  values  of     let  us  suppose  that  we  solve  the  equations  (66)  with 

respect  to  /i,  etc.,  so  as  to  obtain  the  values  of  these  quantities  in  terms  of  ^o?  ^o? 
etc.    These  values  will  be  of  the  form 


k  =  Pe  ^0  +  Qe  ^0  +      ^0  +  Sfl  ^'0  +  Te  ;r'o  +  Ue  ©'o 

P,  Q,  etc.,  being  functions  of  p,  q,  etc.,  which  are  readily  formed  by  the  theory  of 
determinants.  From  the  theorem  that  any  two  determinants  are  identical  when  the 
horizontal  lines  of  the  one  are  identical  with  the  vertical  lines  of  the  other  it  follows 
that  the  values  of  A;,,  k„,  etc.,  derived  from  (67)  will  be 

A.  z=  Pi  C ,  +  P2  C2  +  P3  C3  +  P,  C,  +  P5    +  Pe  C, 
K-Qi  Ci  +Q2    +  Q3  C3  +  Q4,    +  Qs  ^^5  +  Qe  c« 


A;/  zz  Hi  c,  +  U2  62+  U3  C3  +  U4  C4  +  U5 ^^5  +  Ue 

Let  us  now  multiply  the  first  of  the  right  hand  equations  (65)  by  P<,  the  second  by 
Qi,  etc.,  and  add  the  products.    We  shall  have 

dli___d  R 
dt'~     d  Ci 

We  may  therefore  replace  the  equations  (65)  by  the  more  general  ones 


dc^_dR 

dk___dR 

dt 

dt  dCi 

d  C2  d  li 

dlo__dR 

df^dk 

dt        d  6*2 

d  C3  d  R 

dh__dR 

dt 

df^  dc^ 

d  C4__d  R 

dk__dR 

df^  dc^ 

dc^  dR 

dk__dR 

~dt  ~  d  h 

dcQ  d  R 

dk__dR 

d  t  "~  fZ/g 

dt~  dc^ 

(68) 
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Let  US,  for  the  sake  of  clearness,  recapitulate  the  process  by  which  we  have  arrived 
at  these  equations.  Considering  first  only  the  mutual  action  of  the  Sun,  the  Earth, 
and  the  Moon,  we  obtain  the  rectangular  coordinates  of  the  Moon  relatively  to  the 
Earth  (Xj  y,  z)  and  those  of  the  Sun  relatively  to  the  center  of  graWty  of  the  Earth  and 
Moon  {Xy  y\  z)  in  the  form 

x—2k  cos  (A 
y=2k  sin  (A+fei) 
zz:i2c  sin  (X'+h't) 

(69) 

a/zz-2K  cos  (^+B  0 
f/'zz-SK  sin  (^+B  t) 
^=2  0  sin  (^'+B'0 

A,  c,  6,  b\  K,  C,  B,  and  B'  being  functions  of  the  six  constants 

a,  6,  X,  a',  e\  y 

and  X,  A',  /I,  and  A'  being  linear  functions  of  six  other  constants 

hj     ^zj     hi  hi 

which  fix  the  mean  longitudes  of  the  bodies,  and  the  positions  of  the  lines  of  apsides 
and  of  the  nodes  by  any  system  of  linear  equations  like  (66)  which  we  choose  to  adopt. 
Of  the  infinite  series  of  values  of  A,  A',  A,  A\  represented  by  the  sign  2  each  will  be 
of  the  form 

A  OTA  =  h  h  +  U  h  +    h  +  h  h+hh  +  h  h 

(2)  For  each  term  of  x  or  each  value  of  k  we  fonn  the  product 

J^^bk^ 

which,  for  the  motnent,  we  represent  by  k\ 

For  each  term  of  z,  or  each  value  of  c  we  form  the  product 

which  we  may  represent  by  c'. 

For  each  term  of  x\  or  each  value  of  A  we  form  the  product 

For  each  term  of  /,  or  each  value  of  A'  form  the  product 

(3)  Multiply  each  k'  thus  formed  by  the  corresponding  value  of      or  the  coeffi- 
cient of  li  in  the  corresponding  value  of  A;  each  c'  by  the  coefficient  of  li'm  the  corre- 
sponding value  of  A';  each  K'  by  the  coefficient  of  h  in  the  corresponding  value  of 
and  each  C  by  the  coefficient  of  h  in  the  corresponding  value  of  A\    Represent  the 
sum  of  all  the  products  thus  formed  by  Cj. 

A.  p.— VOL.  V,  PT.  Ill  4 
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In  the  same  way  form  the  value  of  C2  from  the  coefficients  of  and  so  on  to  c^. 
These  six  values  of  Ci  will  then  be  functions  of  the  six  elements 

a,  e,  X,  a\e',Y\ 

and  may  therefore  be  conceived  to  replace  them  in  the  expressions  for  the  coordinates. 

(4)  The  disturbing  function  R  being  a  function  of  the  coordinates  x^y^z^x^y'  jJs^  ^ 
let  these  quantities  be  replaced  by  their  values  in  term  of  the  elements  Ci,  •  •  •  % 
I1I2  .  •  •  k.  Then  determine  the  values  of  these  elements  as  variables  by  the  inte- 
gration of  the  equations 

(lCi_dR  dl,__dR 
dt     dli  dt  dCi 

The  values  of  c<,  li  thus  obtained  being  substituted  in  the  expressions  for  the  coordi- 
nates we  shall  have  the  values  of  the  latter  under  the  influence  of  the  disturbing  force. 


§  10. 

TRANSFORMATION  OF  THE  PRECEDING  EQUATIONS. 

The  values  of  the  elements  deduced  from  the  equations  (65)  or  (68)  are  to  be 
substituted  in  (69)  to  obtain  the  coordinates  of  the  Moon  relatively  to  the  Earth  under 
the  influence  of  the  attraction  of  the  planet.  If  we  take  the  equations  in  their  literal 
acceptation,  we  shall  find  terms  in  which  the  coefficients  of  the  sines  or  cosines  of  the 
varying  angles  have  the  time  as  a  factor.  These  terms  are  introduced  in  the  following 
way:  We  have  assumed  that  in  the  disturbed  motion  the  coordinates  are  expressed  in 
terms  of  the  elements  in  the  same  form  as  in  the  undisturbed  motion,  only  that  the 
elements  are  variable.    In  the  undisturbed  motion  each  of  the  variables 

n,  e,  n' 

is  expressed  in  the  form 

/  being  an  arbitrary  constant  of  the  second  class,  and  h  a  function  of  the  arbitrary  con- 
stants of  the  first  class.  In  the  disturbed  motion  the  derivative  of  this  expression 
will  be 

d  I 

The  expression  j-  being  formed  by  taking  the  derivative  of  R  with  respect  to 

quantities  which  are  multiplied  by  the  time  in  the  varying  angles,  will  contain  the 
factor  t  outside  the  signs  sin  and  cos. 

We  shall  now  show  that  these  terms  are  destroyed  by  the  term  t         Let  us,  as 

before,  represent  the  angles  by  which  replace  £,  ;r,  etc.,  in  the  general  equations  (68) 
by  the  general  symbols 

^17  ^?  ^3?  ^51  K 
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where 

etc.  etc. 

We  then  have  for  any  one  A  and  the  corresponding  c 

Jt~dX,  Tt~    dCi  ^^^^ 

and 

The  terms  of  R  in  question  are  of  the  form 

RzzAcos  (ij  Ai  +  ia  A2+/3  Ag+i^  A^+ig  Aj  +  ig  Xfi)  =  h  cos  N. 
Consider  any  one  of  them.    Since  Ai,  Ag,  etc.,  are  functions  of  c?^,  through  6<,  the 

value  of       will  contain  the  terms 
dCi 

dRdX.^dRdX,  , 


But 


and 


dXi  dCi  dX2dCi 

ii^sinN;  ^  J^zz— A  sin  N,  etc. 
a  Aj  a  Ag 

dc^      dCi^   dCi  dCi 
Therefore  the  value  of  — and  consequently  of       will  contain  the  term 

To  find  the  second  term  of       in  (71)  we  have 

dbi  d  b^dci.d  hid  c^.  ^d  h^dc^ 

dt"  dcidt     dc2  dt  dc^  dt 

Substituting  for  etc.,  their  values  in  (70),  and  for       the  expression  just 

dt   dt  d  X 


found,  we  have 


dt        \   dci      dc2  dc^y 
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Each  term  of  R  will  therefore  produce  in        the  term 

at 

It  is  known  that  the  values  of  b  are  so  related  to  those  of  c  that  for  all  combina- 
tions of  the  indices  i  and  j  we  have 

dbi    dbi  /  X 

The  general  proof  of  this  theorem  is  found  in  my  paper  on  the  General  Integrals 

of  Planetary  Motion,  so  that  it  is  not  necessary  to  repeat  it  here. 

db  d  \ 

It  appears  that  we  may  omit  the  term  t-=-  in  the  value  of     in  the  disturbed  orbit; 

provided  that  in  taking  the  derivatives  with  respect  to  we  suppose  the  values  of  b 
under  the  signs  sin  and  cos,  to  be  invariable,  and  vaiy  only  the  coefficients  k.  We 
then  have  in  the  disturbed  orbit 

dX,_dk_^j^ 
dt-dt^  ' 


This  result  may  be  expressed  in  the  elegant  form  adopted  by  Delaunay  in  his 
theory  of  the  Moon.  Taking  A,,  Ag,  etc.,  as  the  variables  mstead  of  /j,  I2,  etc ,  the 
above  equations  reduce  the  forms  (68)  to  the  following; — 

dt^JX,  "57  ~     d7,''  ^^^^ 

Consider  the  differential  function 

b{ d  Ci-\-b2  d  C2-\-    .    .    .  +66^^*6 

The  equations  (72)  show  that  this  expression  is  an  exact  differential  of  a  certain  func- 
tion of  Cl,  6*2,  etc.,  which  we  may  represent  by  0.  If,  then,  we  find  9  by  integrating 
this  differential,  we  have 

,  dS 

d  Ci 

Substituting  this  value  of  />,  in  the  above  expressions  for^^^,  and  putting 

(I  t 

the  equations  which  give  Ci  and  A^  become 

dt~dXi  dt~     dCi  ^^'^^ 

The  fact  that  the  mean  motions  of  the  Sun  and  Moon  and  the  secular  variation  of  the 
nodes  and  apsides  of  the  solar  and  lunar  orbits  under  the  influence  of  the  mutual 
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attractions  of  the  three  bodies  can  all  be  expressed  as  partial  derivatives  of  a  single 
function  lends  an  interest  to  the  form  and  properties  of  this  function.    As  a  prelimi- 
nary lemma  in  its  investigation  we  remark  that  61,     ©tc ,  k  and  0  may  all  be  expressed 
as  homogeneous  functions  of  Ci,  C2,  C3,  C4,  C5,  ^g.    If  we  express  the  coordinates  x\  y\ 
x^y^z^  of  the  Sun  and  Moon  by  the  general  expression 

(75) 

the  quantity  h  will  necessarily  be  a  homogeneous  function  of  the  first  degree  in  a  and  a', 
the  mean  distances,  and  therefore  in  the  language  of  physics,  of  dimensions  L,  while, 
since  ht\%  an  angle,  and  so  a  pure  number,  h  itself  is  of  dimensions  T~^zzM*L~'  and 

therefore  homogeneous  and  of  the  order  —  ~      ^        ^  when  unit  mass  is  defined  as 

that  which  attracts  with  unit  force  at  unit  distance.  Now,  Ci  is  of  the  general  form  (62), 
that  is,  we  have 

2 
2 

(76) 

2 

e'l,  i^?  .  .  .  ie  being  the  coefficients  of  Aj  Ag,  .  .  .  Ag  respectively  in  the  angle 
l-{-htj  and  jj  being  the  functions  of  the  masses  employed  in  (62).  Hence  Ci  consid- 
ered as  a  function  of 

Wi,  «,  e,  X,  a',  e' ,  /, 

will  be  homogeneous  and  of  the  degree  ^  in  a  and  a' .    Hence,  conversely  when  we 

express  these  elements  as  functions  of  Ci,  ^2,  etc.,  these  functions  will  be  homogeneous 
and  of  the  second  degi'ee  in  c,,      ^tc.  Hence, 

«,  a',  and  k  are  functions  of  the  degree  2  in  Cj,  c^^  etc., 

7)    7)  7)  u  u  u   ^      u  u 

'^2>    •      •    ^6   3 

and,  since 

d&—hidei  +  h2dc2+    ....  +KdcQ 

it  follows  that  &  is  homogeneous  and  of  the  order  —  2  in  Ci,  C2,  etc. 

The  same  reasoning  may  be  expressed  in  another  way.  Let  us  suppose  the 
linear  dimensions  of  the  system  increased  in  the  ratio  1^:1,  the  masses,  inclinations,  and 
eccentricities  all  remaining  unaltered.  Then  the  analytical  fonns  of  the  integrals  of 
motion  will  remain  unaltered,  while  the  following  changes  will  result  in  the  values  of 
the  principal  constants: — 

All  the  values  of  k  will  be  increased  in  the  ratio  vw 

 h  y~^:\ 

 c    .    .        .  y^:i 
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These  conditions  can  be  fulfilled  without  changing  the  form  of  b  and  k  only  when  h 
is  homogeneous  and  of  the  order  —3  and  k  homogeneous  and  of  the  order  2  in  c.  It 
follows  that  each  value  of  kj  fe,  and  &  must  satisfy  the  partial  differential  equations 

d  k  ,    d  k  .    d  k  ,     dk  ,     dk  ,    d  k  , 
clci      dCi      dcs     ^dci^    dc^^  idce 

dbi  ,    dbi  .    dbi  ,    dbs  .    dbi  ,    dbi  .  , 
aci  dc^      a  bp,  ac^ 


Since 


d  &  ,    d  G  ,    d  &  ,  d  &  ,    d  G  ,    d  Q  ,  ^ 

d  Ci       d  C2      d  C2  d  C4,      d         d  Cq 

J     d&  ,     dG  ^ 

61=-= —  b2——, —  etc. 
d  d  C2 


we  have,  from  the  last  equation 

0  =  —  ^  (61  ^1  +  &2  ^2  +  ^^3  ^^3  +  ^^4  ^^4  +  ^5  ^5  +  h  ^e) 

If  we  substitute  for  Ci,  C2,  etc.,  thair  values  (76)  this  equation  becomes 

&  =  —-2/Ll(^  61-1-^2  62+^^3  +  ^4  ^4  +  ^'5'>5  +  i6  bQ)bJ^ 

4 

or  since 

bzzii  fci  +  «2'^2  +  ®tc. 

G=—-2/ibH^  . 
4 

From  this  formula  it  can  be  shown  that  0  is  the  negative  of  the  function  which 
Clausius  has  named  the  viriel  of  the  system,  that  is,  the  constant  term  in  the  expres- 
sion for  the  living  force  of  the  system,  of  three  bodies.  Let  us  represent  this  living 
force  by  T.  Then 

the  accents  indicating  derivatives  as  to  t.  If  we  diflferentiate  the  first  three  equations 
(5)  with  respect  to  the  time,  with  ^0  constant,  and  substitute  for  ^,  17,  ^  their  values 
in        etc.,  we  have 

m        /^dx^  ,  d  y'^  ,  dP  \  ,      rdx^  ,  dy^  ,  d  ^\ 

Differentiating  the  expression  (75)  we  have 

j-lQ^^  ^')  =  -^db&A;^U^^(/+60 

If  we  square  each  equation  of  this  form,  each  term  under  the  sign  2  will  give  in 
the  square  the  constant  term 

-V'k'' 
2 
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Hence  the  sum  of  all  the  constants  in  2  T,  which  we  shall  represent  by  2  To,  will  be 


2 


the  sign  2  being  extended  so  as  to  include  all  the  terms  in  the  six  coordinates  a;',  , 
Xj  tfj       Comparing  this  with  the  above  value  of  0  we  have 


0 


To  being  the  viriel  of  Clausius. 

This  result  may  be  expressed  as  follows:  Taking  for  the  elements  Ci,  Cg,  etc.,  the 
functions  A;.,  A;,,  A;^,  etc.,  and  expressing  the  constant  of  the  living  force  of  the  sys- 
tem composed  of  the  Sun,  Earth,  and  Moon  as  a  function  of  A;,,  A:,,  etc.,  the  mean 
motions  of  the  Sun  and  Moon,  and  the  secular  motions  of  their  nodes  and  apsides  will 
be  given  by  the  equations 

dt  dK~ 

d  TT     d  ^o_^ 

dt  dk~ 


de  dT 
dt"^  dk, 

(77) 

d  €\  dT 
dt  dk' 


'=0 


'=0 


dn'  d  To_ 
dt  '^dk'^ 


dt  dk'~ 


These  equations  can  not  be  directly  used  to  obtain  the  values  of  these  secular 
motions  of  ;r,  etc.,  because  we  can  not  form  T©  until  we  have  solved  the  equations  of 
motion.  But,  the  solutions  of  these  equations  being  once  obtained,  they  may  form  a 
valuable  check  on  their  accuracy. 
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SPECIAL  CASE  OF  THE  MOON'S  MOTION. 


§11. 

COMPUTATION  OF  THE  ANALYTIC  EXPRESSIONS  ETC.,  EMPLOYED  IN  THE 

PRECEDING  THEORY. 

In  the  preceding  chapters  we  have  shown,  in  a  general  way,  how  we  may  deduce 
expressions  for  the  simultaneous  variations  of  the  elements  of  the  orbits  of  the  Earth 
and  of  the  Moon  which  are  due  to  the  action  of  a  planet. 

We  now  proceed  to  the  actual  calculation  of  these  expressions.  The  coordinates 
of  the  Moon  relatively  to  the  Earth,  and  of  the  Sun  relatively  to  the  center  of  gravity  of 
the  Earth  and  Moon,  are  supposed  to  be  given  in  advance,  in  terms  of  the  time  and  of 
arbitrary  constants.  As  already  indicated,  we  shall  take  these  data  from  the  theory  of 
Delaunay.  In  this  work,  however,  the  parallax  is  carried  only  to  terms  of  the  fifth 
order,  while,  for  the  present  purpose,  it  is  desired  to  carry  the  approximation  to  terms 
of  a  higher  order. 

During  my  visit  to  Paris  in  April,  I871,  Mr.  Delaunay  was  so  good  as  to  calcu- 
late the  constant  term  of  the  parallax  to  terms  of  the  sixth  order,  and  afterward  Pro- 
fessor J.  C.  Adams  kindly  communicated  his  results  for  this  same  term  to  the  seventh 
and  higher  orders.  I  am  thus  enabled  to  present  the  actual  analytic  expressions  for 
A:,,  k^y  etc.,  to  terms  of  the  order  and  e'^  w^,  and  to  terms  of  the  sixth  order  in  e,  y,  e' 
and  m. 

The  notation  of  the  constants  is  as  follows : 

The  elements  of  the  orbit  of  the  moon,  a,  n,  e,  x,  have  the  same  signification  as 
in  the  theory  of  Delaunay,  n  being  the  actual  m*ean  motion  of  the  Moon,  and  a  the 
mean  distance,  derived  from  n  by  the  equation 

e  is  the  eccentricity  of  the  lunar  orbit,  and  /  the  sine  of  half  inclination  to  the  eclip- 
tic. The  coordinates  of  the  moon  relatively  to  the  ecliptic  are  expressed  in  terms  of 
g,  g^j  A,  and  A',  which  represent  respectively  the  mean  anomalies  of  the  Sun  and  Moon, 
and  the  mean  angular  distances  of  these  bodies  from  the  node  of  the  Moon's  orbit  on 
the  ecliptic. 
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These  quantities  are  used  for  convenience  instead  of  the  I,  F,  and  D  of  Delau- 
NAY,  with  which  they  are  connected  by  the  relations 

1=9 
l'=g' 
F=X 
D=A— A' 

The  required  formulae  are  presented  in  the  form  I  have  found  most  convenient  for 
manipulation  in  the  following  pages    Instead  of  writing  in  full  each  expression  such  as 

I  use  the  plan  of  the  German  astronomers,  simply  writing  the  indices  i,  /, 
opposite  the  coefficient  C  of  the  term. 

We  commence  with  the  value  of  sin  P  or  ^  given  by  Delaunay.    If  we  put 

r 

we  have 

^zzi-<5  +  (S'-(S'+etc.    .    .  . 
a 

The  several  terms  of  ~,  so  far  as  is  necessary  for  our  present  purpose,  are  given  in 

the  first  of  the  following  series  of  tables.  Only  those  terms  are  given  which  are  necessary 
for  determining  k,^  k„,  and  as  high  as  rn^  and  e'^  m^,  and  as  high  as  the  sixth  dimen- 
sion in  all  the  other  small  quantities,  as  well  as  their  combinations.  Now,  the  mode  of 
forming  the  quantities  sought  is  such  that  it  is  not  necessary  to  carry  any  coefficient 
to  a  greater  degree  of  approximation  than  is  necessary  for  obtaining  its  square  to  the 

necessary  order  of  accuracy,  Avith  the  single  exception  of  the  coefficient  of  cos     in  ^. 

All  the  coefficients  exceeding  the  third  order  are  therefore  omitted,  and  those  retained 
are  only  given  to  such  a  degree  of  approximation  that  the  sum  of  the  lowest  and  high- 
est orders  of  the  terms  of  each  separate  coefficient  shall  be  6  or  7,  according  to  circum- 
stances. This  remark  applies  to  all  the  following  expressions  for  the  Moon's  coordi- 
nates. ^ 

The  several  powers  of  -  —  i  to  the  sixth,  inclusive,  being  formed,  they  are  combined 

according  to  the  preceding  formulse  to  obtain  the  value  of  ^,  the  coefficients  for  which 

are  given  in  the  next  table. 

The  value  of  A,  or  the  Moon's  latitude,  as  given  by  Dllaunay,  follows.  The 
several  powers  of  /?  being  formed,  sin  /?  and  cos  jS  are  obtained  by  the  formulse 

sin /?^-f-^/?^ 
o         1 20 

cos  yff  =  I  -  i  yS2_j_  J_  ^_  _i_  ^ 
2  24  720  ' 

for  which  the  expressions  are  given. 
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These  quantities  are  then  multiplied  by     and  the  products  are  given  in  the  next 

two  tables.    The  expressions  for  cos  S  v  and  sin  S  v  are  formed  in  the  same  way  from 

S  V,  and  their  products  by  -  cos  /?  are  given.    We  thus  have  the  coefficients  of  cos  / 

and  sin  /  in  the  expressions  (48)  for  ^  and  7,  the  rectangular  coordinates  of  the  Moon 
referred  to  the  ecliptic. 


cos 

0000 


6        4  288        48        16  16 

-  y' +  ^        -  799  2  ^4  _  757     _  873^/2  ^^5  _  403  9  ^7 
16  192  162         32  432 


1000 


2000 


3000 


I     I     o  o 


0100 


I     I     o  o 


—  1020 


0020 


—2     O  2—2 


8       12  64  2         4        '  192  32 


+  L9 ^3 ^,2_ 7 ^ ^/2 „,2_4509 1  ^ ^4 


96 
3  6 


2304 


21 


ee  m 

0 


449  /  4 
16 


21  , 

— ^ee  m 

o 


.5  g^2 

2 


i5^^2 


14 


—I    o  2—2 


O     O     2  —  2 


8  32  4  16         ^  1536 

4  6       '   16  2  18 

12  27 
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cos 

I      O     2 — 2 


—I— I  2—2 


a 


1-4- 


i6 


35 


ee  m 


O — I      2 — 2 


2  8 


^5  / 

•I    I    2  —  2        — ^  ee  m 

8 


O      I  2—2 


O      I      I—  I 


1/2       QI     /  3 

2  24 


6»'  a 


o    o     I—  I 


15 

 ^am 

16 


From  this  we  obtain 


cos 
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i e2_  I  ^2+ 15 5  e2 I  ,^2_^  33 1  ,„4_^  £9^  ^2 ,„3_,_  8^  „j5_  5  ^4  2 
2       6        384  4  288         256  16  4 

-|.45  g2^4_,_  25  ^/2^  _^  225  g4^2_       g'4  „^2_^  ^4^2 

8  32  128  16 

+  I^Ze2e'V  '-?9a^^='+  L499  551^2,^4 

128  16  512  36  864 

+  L75ig'2,„4_    2^4_^4£_775  ^<'+^e'2,^j5+4782„,7 
192  2592  32  108 

_  e + 1  e  M  - — e    + ^  e  m'' - -5_  4- 5  g  j,4  _^  5  ^3  ^2  _^  1 81  ^2 


8    ■  12 


64 


192 


128' 


+  y  eef^tr?—  ^  ey^w^+  ^^^^^  em* 
8  32  2304 


2^3  3 


.3  p3 

8 


Digitized  by 


Google 


156 

COS 
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—I      I  2—2 


O      I  2—2 
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r 


a 


(continued). 


21  / 

— —ee  m 

o 


2  lO 
21  / 

—  eem 


2 


2 


8  32  16  16  4    '  1536 

8  6         32  2  18 
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12  54 
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 '~emr 

16 
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2  8 


15  / 
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o 


-e'  e' 
2  24 


15 
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sin 
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0010 
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2010 
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15 

4 
1 1 
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-e  m 
!  4 
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3 


o    I     1  —  2    !  —^e'm 

i  4 


From  this  we  obtain 
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sin 

—  2    o     I  o 


—  I     o  I  o 

0  o  I  o 

1  o  I  o 

2  O  I  O 
O— I  I  o 
Olio 

—I      O  3—2 

O     O  3—2 

O— I  1  —  2 

—I      O  1—2 

0  O  1  —  2 

1  O  1  —  2 

O      I  1  —  2 

COS 

9,  ^' 

o    o  o  o 


I    o    o  o 
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sin  >S= 

2 

4  32 

2  Y — 2  ^y— x®+-^e*x+6^y^— iy* — ^y^w? 

32  4  32 

2ey— y—ey^ — -e  ym^ 
2  2 


4 
4 


4 


II  2 


4 

^eym 

4         16  16  8  8  768 


-ey 


—^e'ym 


cos  >S=zi  + 

— 17  g2 ^ y2 m^-- 9  y* m*-^  y'' 
128  64  32  2048 


— ^    y*+ 5  e  y*— e  y' 
2  10 
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-  sin  /Sz=. 
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O     I      I  O 


—I      O  3—2 


o    o  3—2 


I      1  —  2 


-I      O      1  —  2 

00  1  —  2 

1  O      1  —  2 

O      I      1  —  2 

COS 

9  9'  ^  y 
0000 


1000 


-  sin  /?  (contimied). 


—  -e  ym 
4 


15 


eym 


4 


9 

-eym 
2 


4  10  o  16  8  768 


—  ^-e  ym 
4 


-  cos  13 •=.!-{- 
a 


2  6        2  4^    '  384       ^  192"^  4 

2oO  or^v  T/>v  T  A  ^ 


256 


128' 


16 


64 


4        3°4  1 20  64 

+  e4,„2_^65  5   g/4^2_^  I  499  .2,..4 


18 


96' 


16 


36  864 


e'nf 


-  ''J  i75^^^m*  +  41775^«+ 2241 

18432  192  2592  32 

108         32  512 


m" 


^3+\e^+ey^-\-'-^em^-\ 

O  12  04 


I  I 


+         —  ^   ^      +  -J^  ^  + 

128  96  8  2304 


405  3 


192 


e5_?^3^2_^7^^4 


70027  4 


Digitized  by 


Google 


PRODUCED  BY  THE  ACTION  OF  THt  PLANETS. 


I6l 


COS 
2     O     O  O 


3    0    O  O 


I  100 


0100 


I      I      O  O 


—  1020 


0020 


1020 


—  2     O      2 — 2 


— I      O  2—2 


O     O  2—2 


I      O  2—2 

—  I— I  2—2 

O — I  2 — 2 

—I      I  2—2 

O      I  2—2 
A.  P,— VOL.  V, 


-COS  + 

a 


2343 

.  3  p3 

8^ 


21  / 

o 


2  16  - 


21 

"8 

o 


ee  m 


6 


1(3  j/2 
2 


0 


15         155  2 

—  ~^em —  ewir 

8  32 


y  ^2^^  3     2^_  I?  173  ^2^2^  51  y2^2j^  5  ^/2^^2 

8  4  6  32  16  2 

18  12  54 


17  2 

16 


0 


2  8 


15 


ee  m 


2  24 

PT.  Ill  5 


Digitized  by 


Google 


l62 


THEORY  OF  THE  INEQUALITIES  IN  THE  MOON»S  MOTION 


COS 
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^  COS  /?  (continued). 
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We  have  also  from  Delaunay 
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From  this  we  derive 
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GO     I  — I 


sin  <$  V— 


II/      2        2*57    /  3 

1 6  48 


9  2 

—  -  y  m 

4 


15 

 A  am 


Multiplying  by  ^  cos  ^  we  find 


COS 


9^  9\  \  ^ 


0000 


1000 


2000 


3000 


I     I     o  o 


r 
a 


COS  P  COS  d  v=z  I  + 

2         ^        6  .64     ^2     ^        384  ^192"^  2 


4. 1559 ,,,4_ 3315  ^2 ^,^3 _  ;.2,^^3^  347 ,^5_  _J9_ 
^2304       128         128         192  II52 


.  19  ^4  2_  15  ^2  4_  5363  ^4,,,2  +  £^  ^2  j^,^^2_  425  ^/4^^2 
^16     ^  2      ^        1536  24  64 


128 


16 


14^,-  2.,,,2_6o|6p^,^^ 
64  36  864 


-47887  2  ^,4  .  II  4_9_79  ,/2,,,4^  83_407        25  ,,2^2_  3_2 1  ^2,^,2 
18432  1536  41472        32  512 

.63  65i^.2^^5_435i^,7 
128  1152 

8  12  4  96       4  4 

-^45 g3^,^2_ 359 ^ ^2,,^2_ 97 g^/2^^2^  20473  ^^4 
128  48    '  8  2304 

^^e'—-e'  +  ^e^y^  +  \e^m' 
2       3       4  6 


o 


0100 


2  128 
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COS 

I      I     O  O 

—  1020 

0020 
1020 

—  2     O     2  —  2 

—  I      O     2 — 2 
O     O  2—2 


I      O  2—2 


—  I— I  2—2 


O— I  2—2 


— I      I  2—2 


O      I      2 — 2 


0002 


O     O      I—  I 


O      I      I—  I 


-  cos  cos  (J  vz=.  I  + 
a 


—  ^eem 

o 


2 


o 


—  '-^  em— i5§ejtt2-|-9gj,2^_|_  75  gg'2^_j_  i|g8^_  3i_?^ 


8  32 


16 


16 


1536 


em" 


8  4  6  32  10 


I25^4,35v2^3_709, 


_  +     e'^m^—  ^ 


18 


54 


16 


ee' m 

o 


7  ,  9  281  /  3 
2  16 


15  / 


2  4" 


_3 
4 


15 

16 


am 
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-COS  /?  sin  <$  t;zz 


a 


8  3  128  96       4  4 

+  _97  ^3  ^,,2_  125  g  2 ^2^23  ^ ^,2^^^2^33  353  ^ ^4 
128  192  8  4608 


4       12       2  48 


•30001 

24 


—  I     I     o  o 


0100 


15  / 


_3  ^2 ^/  ^_^13  ^2  ^/  ^_ 2^7  6^'  m^  +  i^ 


I S  / 

I     I    o    o   ^ee  m 

I  4 


0200 


—  I  020 


0020 


1020 


•^ey' 
2 


—  1/2  —  5     y  2  4- 

4  12 


 e  y' 

2 


—  2      O      2 — 2 


16 


—I    o    2 — 2  I 


o    o    2 — 2 


I    o  2—2 


4  4  8  8  8  768 

m'+^^  w-  ^  y^  m  +  59  ^3_|.  2  2 1  ^2  ^2_69  2  ^,2_  5|  ,„2 
8         16         4  12        64  16  16 

+ 1753  ^^4 _  547  g/2  ^^3  ,  5533  ^5 
144         24  216 

16 


—  I  — I    2  —  2 


35 


ee  m 
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sm 

O — 1  2—2 


—I      I  2—2 


O      1      2 — 2 


COS  13  sin  6  v  (continued). 


16  16 


 ^ee  m 


II  /    2    185  /  3 

 -e  m  nr 

16  48 


0002 


4 


o     I     I —  I 


e'  a 


o    o     I  —  I 


15 

— ^  am 

0 


The  values  of  k,^  k„j  etc.,  may  be  formed  from  these  expressions  without  going 
through  the  process  of  forming  the  rectanguhir  coordinates     y,  z,  in  full.    Let  us 

consider  any  term  in  the  value  of  ^  cos  /?  cos  S  Vj  the  corresponding  term  in  the  value 
of  -  cos  /3  sin  d  v,  and  any  term  whatever  in  ^  sin  /S.    Let  these  terms  be 


-  cos  /?  COS  S  v=k  cos  N 
a 


cos  /3  sin  S  v=i  k'  sin  N 


~  sm  yff 
a 


—c  sin  N' 


h  and  kf  representing  the  several  coefficients  given  on  the  preceding  pages.  If  we 
substitute  these  values  in  the  second  members  of  (48)  p.  129,  we  find 


^-~{k+k')m^  (Z+N)  +  i  {k-K)  cos  (/-N) 

CL      '2  ^ 


(k+k')  sin  0+N)+i  (k-kf)  sin  (Z^N) 


^  1=  c  sin  N' 
a 


The  general  expressions  for  the  rectangular  coordinates  of  the  Moon,  referred  to 
any  system  of  axes  ha^^ng  their  origin  at  the  center  of  the  Earth  are 
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x=Si  S+h  7+c  ^ 

the  direction  cosines  a,  b,  .  .  .  having  the  values  given  in  (51)  p.  131.  If  we 
put 


2 


(78) 


we  find 


X 


-A:,(i_/2)co8(<9'-r  +  ?+N) 
+ fc,  ( I  -  ,)/'^)  cos      -  T + /  -  N) 

+A;iK"'cos(»'  +  t-/-N)  (79) 


-cxV  i-x"'cos(<9'  +  N') 
+c/ vT^^cos  (0'-N') 

|=A;,(i-/2)sm(^-T+Z+N) 

+A,(i-/^)sin(e'-r  +  /-N) 
+A;,/''shi  (0'  +  T-?-N) 
+ A-^ /Hin     +  T  -  (+ N) 
-  6-  y'  V         sin     + N') 

+c  /  V sin  (6>' — N') 

^  =  2  A-i  /  Vi— /^sin(/— T+N)* 

+  2ki  y'  Vi— sin       r— N) 
+  c(i-2/*)sinN' 

Representing  the  coefficients  oi g,  <]',  A,  A'  in  N  by  i,  respectively,  we  have 

N  =i  g-\-i'  gf+j  A+/  A' 

(80) 

Substituting  these  values  of  N  and  N',  after  effecting  the  substitutions  (53)  to 
reduce  the  expressions  to  the  form  (54),  remembering  that 

g  —A  — oo  ~e  — tt 

g'=X'  —  co'  =  e'  —  7r' 
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the  values  of  x  and  z  become 

(I  -/O  cos  {(I  e^i  7r-(j+f)  e  +  (i'+f)  a'-i'  7r'\ 

+  COS  {(I  -i-i)  e  +  i  TT  +  O+Z)  e-(i^+f)  e'+r  TT^l 

+  K  /^cos  {-(I  e  +  i  7r  +  (j+f)  0-(i'+f)    +r  7t'  +  2&\ 

H-A^/'cos  {-(i-i-J)  ^-i  ;r-(i+/)  (9+(i'+/)  7t'  +  2&\ 

-cy'  Vr^^'cosj(i,+ii)  ^-^1  ^  +  ^'-i'l  ^'  +  ^'{  (81) 

+  c  y  V r^^^  cos  { -  (ii  +iO  f  +  ii  ^  +  O'l         ^- (^'1         /  +  i'l  ^'  +  { 

+  c(i-2  /2)  sin  {(ti+iO  ^-^1  ^-0'i+/i)  ^'-i'l  ^1 

It  is  unnecessary  to  write  the  value  of  as  it  is  the  same  with  that  of  x^  except 
that  cos  is  replaced  by  sin.  The  entire  values  of  rr,  and^  will  consist  of  the  sum  of 
an  infinite  series  of  terms  like  the  above,  formed  by  the  successive  substitution  of  each 
of  the  different  values  of  N  in  the  general  expressions  (79),  each  term  of  N  giving  rise 
to  four  terms  in  x^  and  each  term  of  N'  to  two.  Should  the  argument  be  tlie  same  in 
any  two  of  the  terms  thus  originating  they  must  be  combined  into  one.  But  it  is 
easy  to  see  that  this  can  not  be  the  case.  For,  as  already  shown  (§  8  p.  137),  we 
must  then  have  the  coefficients  of  tt,  9,  e\  7t\  and  &  the  same  in  both  terms.  Now, 
let  us  represent  any  one  system  of  values  of  i,  i\j,f  by 

h  ^  J.?  J  J  —  ^'SJ  ^41 

and  any  other  system  by 

In  order  that  the  substitution  of  these  two  systems  of  values  in  (81)  should  give 
the  same  coefficients  of     tt,  etc.,  in  any  two  terms  we  must  have 

the  upper  signs  alone  or  the  lower  signs  alone  being  used. 
But  these  equations  give 

and  consequently 

But,  all  the  pairs  of  terms  in  which  the  values  of  N  were  the  same,  with  opposite 
signs  only,  have  been  combined  into  one  as  we  went  along,  so  that  there  are  none 
fulfilling  this  last  condition,  as  we  may  easily  see  by  simple  inspection  of  the  indices 
con-esponding  to  the  preceding  values  of  k  and  k\ 
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Let  118  represent  that  part  of  k,^  k,,  etc.,  formed  from  the  expressions  of  the  coordi- 
nates of  the  Moon  by  * 

df^Ki    c^MiK    etc.  (82) 

Let  us  also  put 

p,  the  coefficient  of  the  time  in  i  ff  +  i'  g'  +j  A+/  A',  or  in  N 
^1  that  in  N' 

so  that  the  coefficients  of  the  time  in  the  first  four  terms  of  x  and  y,  formerly  repre- 
sented by  fe,  are  now  =t:^  dhi>-  Referring  to  the  formulae  (62)  we  see  that  each  value 
of  N  and  of  N'  in  the  preceding  tables  gives  rise  to  the  following  terms  in  A. 

(I A?  (I -/T 

+  (i-i-.0  {n-p)1^y" 

+  2  (i  (ti+p)  lei      (I -y'^ 

+  2  (I  -i-j)  (n-p)]4y"ii-y") 

+  '-(h+JdPi<^(i-2y"y 

This  expression  reduces  to 

(I  +i+J)  (n+p)  A?+  (i  -i-j)  (n-p)  14+  \  (h+j{)p, 

The  values  of  h,,  A„  etc.,  are  fonned  in  the  »aine  way  by  replacing  i  +t+i, 
I — i—j,  etc.,  by  the  corresponding  coefficients  of  a-,^,  etc. 

Completing  the  expressions  by  the  sign  2,  which  refers  to  the  different  systems 
of  values  of  i,  we  have 

h.=2\^—i(n+p)  Ici-]-i(n—p)  14—  ^  /, jt>,  r^j 

K=2\-(J+f)  (n+p)  kl+  a+j')  (n-p)  hi-  y  (.h+j\)p,  c^j  (82) 

(n+p)i4-(i'+j')(n-p)/4+'^  (i\+j\)p^<j 
K'=2i^-i'  (n+p)}4-i'  (n-p)/4-'-i\p,  c"^ 
V =-s{-  2  (n  +p)  k\-  2  (w  -1^)  U\  I  y'-' 
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We  now  give  the  expressions  of  A:?,  c*^,  and  p,  corresponding  to  each  term  of 
the  expressions  for  -  cos  cos  S  -  cos  /3  sin  S  and  r  sin  except  the  first,  or  con- 
stant tenn  of  -  cos  cos  S  y;,  to  which  the  above  expression  does  not  apply.  If  we 
consider  this  term  alone,  and  call  it  ko  we  shall  have 

h,  =  n 

while  all  the  other  values  of  h  will  vanish.  The  formation  of  k^,  ^,  kl,  is  too  simple  to 
render  any  explanation  necessary.  To  form  the  values  of  jp,  it  is  necessary  to  have 
the  expressions  for  the  secular  motion  of  the  perigee  and  node  of  the  Moon,  or  of  its 
mean  anomaly  and  argument  of  latitude,  under  the  action  of  the  Sun,  in  terms  of  the 
elements  of  the  Sun  and  Moon.  These  are  obtained  from  Tome  II,  p.  237,  of  Delau- 
NAy's  Tlieory,  by  making  the  change  of  elements  indicated  on  p.  800. 

We  hav« 

dt      \      ^         32         8  8  128  J 


dt 


(83) 


dt 


3  ^2  ,, 


9„'2  ,„2_  3  „2^„2_  273 


32 


i?8 


d  A'       X        <  ,  d  A 


Thus  arise  the  following  values  of  the  quantities  which  enter  into  the  equa- 
tions (8^2).  * 


0000 


3        32  '      '       192  .  96 

_  5  e'-  ni'  +  ^  591  m'  _ ^ ^ ni'  —  5 Z  y-^     +  347     _  J_ 


1 152 


64 


64 


96 


144 


+           -  1 6  e-"     - ^igZ  ,„2 _,_  127   *     _  425  ,„2 

32                  '        768  96  32 

I  2567  2   2    .,     1679  .,  ~  ,  1^85  /.,  2   2    ^os?  899  , 

96      '64  32       '  18432 

_  60  439  2     ^     5  619  _^  39365        25  ^,2 

9216                768  10368  16 

_32_i  «2  ,„2_^63  65 1  ^^,2  ..„5  261 


nr 


256 


64  32 
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1      O     O  O 


2      O     O  O 


3000 


—  I  100 


0100 


482  24  256  192  8 

2  16  384  8  9216 

42  8  256  4  128 


128  2  1024 


em* 


p=n(  I  —^m^—^^7n^  +  ^e^  m^—^e'^     +  6  y^  m^— ^^52i 
^      ^      4         32         8  8  128  ^ 


64       32  32 


128 


64       96       32  384 


9 

576 

p  =  3n 
256 


14= 


1089 


256  ^ 
^r= — « 

ia=^e'^m^—^e'^m^+'^e'  e'^     -  ?9  ^'2  ^2  _|_ 
4  4  16  4  16 

221  I     ,2      4        lOI    235    , 2  6 

 /«*  e 


32 


256 


^4        ^4        ^16  4  16 

_^,'2,„^_i40_877,/2,„5 
32*  256 
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I      I     O  O 


0200 


—  I  020 


0020 


1020 


—2     O      2 — 2 


— I      O  2—2 


^_  1089  ^,^,2  ,^2 
256 

256 

64 
64 


p=z2  m  n 


p=n 
14=0 

4  12 


lci=o 
4 

p=3n 
14= 

1024 
1024 


it?  ZZ  "  5  ^2  .    5055.  ^2  ^3  _  22  5  _  6  7|  ^2     2  ^2  _  1 5      ^'2  ^^2 

256  512  256  128  256 

,553  743^2^4 
8192 
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^  ^  J  J- 
—I      O  2—2 


256  512  256  128 

10  I  25    2    /•»      2.2  2  4 

256  8192 


o    o    2 —  2 


I    o    2  —  2 


—  I — I  2—2 


o — I    2 — 2 


—I     I  2—2 


p=n(  1-^2  ni^ ) 

^  4  ^ 

A:izz  9  ,,^^  +  J35^2,^^^3_^2j^^^^5  2025^4,^,2_^5o85^^^^^^^ 

256       256  64        1024  1024  128 

_  A5_  ^/2      ,  447  ,,,6 _ 93  ^'2  ,,^5 ^83  ^^^7 
256  256       32  12 

ytlzz^^^' m^-^e^  ni^+  ^^^3  72  7,2  ,,,.^479  ^2  ^4 

256        256  32  192  1024  32 

256  1024  64  16  765 

_  7.79  1 06  5j  3^. 

1 2  864 

p=n(2  —  2  m) 
64 

/.2  {_  ^2^4 

256 


256. 

256 

1024  256 

jt^=L7^e-,„^+3^e-m* 
1024  10 

p=n(2  —  s  m) 
256 

256 


p=zn 
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^  ^  J  J 
o    I    2 — 2 


1024  256 


1024  384 


p=n{2  —  m) 


0002  }4=~y^7n^ 

4 


10 


GO     I— I 


01      I—  I 


—  2     O      I  O 


—  I      O     I  O 


0010 


pzno 
1024 
1024 

64 


64 


p  =n 


Pi  =—n 


4  32 


2 


c2zz4  x2-4    y^-^  y'-^  y^  m^-\-^y''  m^-\ y^+ 14 y^ 

328 

+  i  /  m^- 17  ^2  2 ^^2_  2     ^2  ^^2  ,  1039  o 
24  12  72 

z=  n  r  I  +  ^  7w ^  —  ^     4-  ^    m- + 9   2     _ 3  ^2 ^^2 _ 273  ^4 \ 
^      4        32        2  8  2  128  ^ 


A.  P. — VOL.  V,  PT.  Ill  6 
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^1  J,  J 
I      O      I  O 


2     O      I  O 


2  6 

Pi  =  2  n 


9   g4  2 


o-i     I    o    ,  c'^f^e'^y'm^ 
'  Pi=n 


Olio 


1 6 


,    Jh  =  n 

I 

64 

o— I     1  —  2    I  tf'^zz^^/?'V^w^ 

1 6 


p\=n 


I    o    1  —  2 


o    o    1  —  2 


—  y^ 
4 


^,2_  9    2 ^^^2_^         2 ^,^3^  9_   4 ,^^2  .   9  ^,2   2 ^^2_45  ^/2   2 ^2 
16  32  16  32  16 

512 

Pi=n  (  I  —  2  m  —  ^m^) 
4 


I    o    1  —  2 


64 


i>i=z2  w 


o    I     1  —  2 


c'  =  ~^e''y'm' 
1 6 
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From  these  expressions  we  form  the  values  of  ^l^tP  J^^  and  ^ — which,  when 

n  n 

multiplied  by  n  enter  into  the  expressions  (82)  for  A.,  A,,  etc.  The  results  are  shown 
in  the  following  table.    On  the  left  margin  are  given  the  indices      i\f,  as  heretofore; 

then  follow  the  corresponding  expressions  for^  ^  and  which  are  given  m 

the  middle  of  the  page.    For  brevity  the  former  is  represented  by  the  symbol  (i)  and 
the  latter  by  (2).    On  the  right  margin  are  given  the  coeflBcients  by  which  these 
quantities  are  multiplied  in  the  expressions  for  A.,  h„,  h^,  etc.    To  save  space,  each  set 
of  multipliers  is  arranged  in  two  lines,  and  the  several  sets  are  separated  by  a  dash. 
Each  term  being  multiplied  by  the  corresponding  coefficient,  and  the  sums  taken, 

and,  in  the  case  of  A.,  the  value  of  kl  being  also  included,  we  have  the  values  of 

K 


,  etc. 


I      O     O     O  t 


2000 


3000 


o  o 


Terms  arising  from  the  Longitude. 


48 


64 


96 


^4    ^  4  192  ^ 

32  1152 

(2)  =  ^ 7  g2 2 7  g4 ^ 202^ w'-ip  / 
^  ^     16  32  128  8 

32  5«2 

( 1 )  =  ^7    -  -7  e«  -  ^  7  e*    +  ^-  e* 

64       32       32  32 

(2)  =  -,'  e*-^e«--9eV'+ 


64  96 


32 


192 


288 


—  1089    2  V2^2 


(0=0 

(2)  = 


128 


Coefficients 
for 


+  2-1 


O     O — 2 


0+ 1  O 
o  0—2 


+  3—2  o 

o  0—2 


—  1  +  2  O 

o  0—2 

+  4-3  o 
o  0—2 


—  2+3  o 

o  0—2 


+  2  —  1  O 
—  I  +  1  —  2 
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Terms  arising  from  the  Longitude — Continued. 


O     I     o  o 


I      I      O  O 


O     2     O  O 


I      O      2  O 


—  2      O      2 — 2 


(l  )  ZZ  ?       ,,,2^^  ^2        ,^2_99        ^,2  ,,,2^  8l 

4  lo  4  lo 


32 


256 


(2)  =  ?  e'*  + 1|  e'^  -  e'^  V  +  ^  e'* 
^4  16  4     '  16 


(0  = 


32 
1 28 


256 


(2)=0 
81 


(0= 


64 


64 


•I    020  (i)=^e^y* 

o 

'  (2)=0 
O     O      2     O     i  (l)=0 


(2)=-x*+?fV'+-^y*»r 

4  12 

(0  =  0 

(2)=-^-eV* 


(1)  : 

(2)  : 


1024 


1024 


CoeflBcients 
for 
;r,  (9, 

+  1  GO 
+  1  —  I  —  2 


+  1  00 
—  I  +  I  —  2 


+  2—1  O 
+  I  —  I  — 2 


+  1  GO 
+  2  —  2 — 2 

'     +  I      G  G 
—  2  +  2—2 


+  2+1  —  2 
G     G— 2 


-  1  G+2 
G     G— 2 


-2+1+2 
G     G— 2 


+  1+2  O 
—  2      G — 2 


+  1  —  2  O 
+  2      G— 2 
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-  I      O      2 —  2 


O     O      2 — 2 


I      O      2 — 2 


—  I  1      2 — 2 


O— I      2 — 2 
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Terms  arising  from  the  Longitude — Continued. 


^    ^        128  256  128  64 


Iil5,2,.2^^2^475j63^2,^4 


128 


4096 


(2)= 


2025    2      3   ,  22s    2  4 

TT  ^  +   ^  W 

128  1024 


^  ^    256       256  128  1024 

+ 11175  ^2     _  _8i  .,2 1 35     ,„4_^ L173  „,« 
1024  128  256  256 

128  384 

(2)  =  _36l ,,,4^285 ^2 ^s_^57  2^3_26o3 
256        256  32'  384 

_ ^     ni' - 45    y^„,^-  9    a     ^ 9447  ^2  ^4 
1024  64  16  1024" 

+  365     2        ^.1805^,,        _  15237  ^. 
32  256  768 

-i.i9  5i3,/2,„5_i56  223^, 


384 
^  16 

(2)  =  -^-ig.^«.* 
^  128 


3456 


(2)=0 
(0 


1323     /o      4    ,     20  601     ,2  5 

1024  1024. 


(2)zz- 


'7^9,'2,„._i42i09^,.^, 


1024 


181 


Coefficients 
for 

TT,  (9, 

+  2  +  1  o 
—  2    0  —  2 


O—  I  o 
+  2     0  —  2 


+  300 
—  2      0  —  2 


—  I  00 
+  2  0—2 


1024 


+  4—1  O 

—  2      O—  2 

—  2+1  O 
+  2      O—  2 


+  2+1  O 

—3+1—2 


+  300 

-3+1—2 


—  I  GO 

+  3  —  1—2 
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Terms  arising  from  the  Lmgitvde — Continued. 


—I       I      2 — 2 


O      I      2 — 2 


O     O     O  2 


O     O      I—  I 


I —  I 


=^e^e'^m^ 
128 


1024 


1024 


1024 


4 


—  9 
1 6 


512 
z=o 

ZZO 


3072 


Coefficients 
for 

;r, 

+  2+1  O 
—  I  —1—2 


+  300 

—  I  —  I  —2 

—  I  00 
+  I  +  I-2 


+  1 

0—2 

+  2 

0—2 

+  1 

0  +  2 

—  2 

0—2 

+  2 

0  0 

—  I 

0  —  2 

+  2. 

0  0 

0  — 

■I  — 2 

Terms  arising  from  the  Latiftuie, 


—  2    o    I  o 


I      O      I  O 


or  values  of  -  ^ 
2  n 


-e'  / 
2 


— ^  e^  m^ 
4 


Coefficients 
for 

TT,  e 

—  1  +  2  — I 
000 


O+I-I 

000 
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Terms  arising  from  the  Latitude^ 


0010 


I     o     I  o 


2010 


O —  I      I  o 


Olio 


—I  O  3—2  : 


o    o  3—2 


O—  I       1  —  2 


—  I      O      1  —  2 


O     O      1  —  2 


I      O      1  —  2 


O      I      1  —  2 


or  values  of  i  ^  — Continued. 
2  n 


2  x^  —  2  r  x^—  2  y*+^  m 
6  16 


16 


24 

+  —I—  v'* 

576 


48 


nr 


2  6 


32 


-9  e'V'w^ 
32 


i  32 


9  e'V'w'' 


64 


128^ 


32 


9  ^2  87  ^2  ^3_,_  1^  g2  ^2  ^2_  45  g/2  ^2  ^2 


32 


64 


64 


32 


+  9_^*^2^4523^2,„« 
32  1024 


64 


32 


Coefficients 
for 

£,     TT  0 

+  1    o— I 
000 


+  2  —  1—  I 

000 


+  3  —  2—1 

000 


+  I  O—  I 
—  I  +  I  o 


+  1  O—  I 
+  1  — I  o 


+  2+I-I 
—  2     O  O 


+3  o—i 

—  2     O  O 


+  1  0+1 

-3  +  1  o 


o+i  +  i 

-2  00 


+  1  O+I 
—  2  CO 


+2-I+I 

—  2  00 

+  1  O+I 

—  I  —  1  O 
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We  have  now  all  the  data  for  forming,  by  means  of  the  equations  (82),  the  final 
values  of  A„  h„,  etc.,  so  far  as  they  depend  on  the  coordinates  x,  z  of  the  Moon,  which 
parts  are  represented  below  by  adding  the  symbol  ]).  We  shall,  however,  for  conve- 
nience in  our  subsequent  work,  change  the  form  of  the  common  factor  //g  n  by  which 
all  these  quantities  are  multiplied  in  order  to  obtain  etc.    We  recall  that,  in 

Delaunay's  theory,  the  quantities  a  and  n  are  connected  by  the  relation 


Then,  since  we  have  put 


A*2  —  - 


we  have 


2       Wo  nio 
an 


which  we  shall  adopt  for  the  common  factor  in  question. 

We  now  find  from  the  preceding  tables  for  the  terms  in  question. 

an  \  38       2        2'       32        16  8        4  4 


32 


■  r^95_.23  255  ,,2  ,3995, /2_  1585  ^2\™4 
+  ^"288    ~iT^    +  192 

+  (141+  • '  349,..  ^  ,„5+3028  ^^,_^  76J41  ^7 

96  64  81  864 


256  36  864 

^      _'i52»»3(_2  ^2^,2  ^2  _  35^^,4^43,4^,2 

an  \  4  32 

+  (  _53  ,,2_  iHi,2     2_45  ,'2  ,,2  +  i43  ,,4N 

^     96         192  32  32  ' 

64  9216 
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_m^l  .225        9_  ^2N^2_97^.^.etc] 

an  \  \         ^        J       2>2    ^  \ 

K.,  =+''^^^  (85) 

=  +  "^-^  j- 2  /2+4  /  y-'+e'      +  ?         +  etc] 
an  [  3  J 

We  have  next  to  consider  the  corresponding  quantities  formed  from  the  solar 
coordinates,  x\  Owing  to  the  minutenesss  of  the  perturbations  of  these  coordi- 

nates in  the  problem  of  three  bodies,  the  largest  terms  of  this  kind  will  be  those  aris- 
ing from  the  values  of  x' y  y\  and  z'  in  the  theory  of  elliptic  motion.  Into  this  theory 
the  lunar  elements  tt^  and  9  do  not  enter;  it  will  not  therefore  add  any  terms  to  A;., 
or  k^.  However  from  the  form  of  the  canonical  equations  (64)  it  appears  that  A;/,  kj^  and 
A;/  are  the  conjugate  elements  of  e\  n\  and  9',  that  is  to  say,  functions  of  e\  ir' ^  and  & 
satisfying  the  conditions 

[.^  */]  =  !;    [;r',A;;]=zi;  =  i 

while  all  other  combinations  of  the  same  kind  vanish.  Now  in  the  theory  of  elliptic 
motion  the  values  of  these  conjugate  functions  are  known  to  be 

^-^-"^^  a'n' 

kj^=k^(i-^ey  (86) 
=  kj  cos  i'  zz  A^;  ( I  —  2 

which  are  therefore  the  principal  terms  in  question. 

We  have  next  to  consider  the  order  of  magnitude  of  the  terms  which  will  be 
introduced  into  the  values  of  x\  1/,  and  /  by  the  perturbations  of  these  quantities  due 
to  the  separation  of  the  Earth  and  Moon.  From  the  process  of  integration  developed 
in  §§  3,  5,  and  6  when  Xli  is  taken  account  of,  it  follows  that  any  term  of  x^  in  (60) 
which  contains  either    tt,  or  0  in  its  argument  will  contain  the  factor 


a' 


and  will  be  of  the  form 

x'  -zzkmsa'  cos  (I  f+I^  ^+    •    •  •) 

s  being  a  numerical  factor  of  the  order  of  magnitude  unity  or  less.  The  principal 
term  of  A;,  thus  arising  will  be  by  (62) 

and  the  complete  expression  for  A^Qwill  contain  the  factor  M^nli^m^a'^  the  ratio  of 
wliich  to  the  common  factor  //g  ^  Kj)  is  of  the  evanescent  order  of  magnitude  k. 
These  terms  are,  therefore,  entirely  unimportant,  and  the  complete  values  of  A;,,  A;^,  and 
A:^  may  be  taken  as  equal  to  A;,  p ,  etc. 

The  terms  of  x'  which  depend  on  the  arguments  ^tt'^  0'  exclusively  will  receive 
increments  of  the  order  of  magnitude  of  the  terms  in  f,  ;r,  and  that  id  to  say,  the 
terms  in  question  will  be  of  the  form 


Digitized  by 


1 86  THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION 

or!  ^a!  {s'  +A:  m  s)  cos  {i^^  e'  n' 

s'  and  s  being  numerical  factors.  Each  tenn  of  this  kind  will  give  rise  in  A-/ ©to  the 
term 

The  principal  term  i\  a'^  n' s*^  of  this  expression  will  be  contained  in  the  value  of  A/q 
already  given  in  (86).  The  principal  part  of  the  remaining  terms  will  have  as  a  factor 
the  factor  of  the  former  terms,  yUj  a'^  w',  multi})lied  by  m  k.  This  gives  rise  to  the 
common  factor 

2  3^2 

a  n 

in  the  terms  of  A;/,  k^\  and  k^.  The  terms  introduced  by  the  coordinates  .r,  and,  -e,  as 
found  in  (85),  contain  this  same  foctor.  We  conclude,  therefore,  that  this  portion  of  kj 
etc.,  must  remain  undetermined  until  the  solution  of  the  problem  of  three  bodies  is 
complete. 

FORMATION  OF  THE  DIFFERENTIAL  EQUATIONS. 

•  We  have  now  to  differentiate  the  preceding  values  of  A;,,  A;^  etc.,  with  respect  to 
the  elements  of  which  they  are  functions.  To  find  the  derivatives  of  the  powers  of  m 
with  respect  to  the  logarithm  of  a,  which  I  call  »,  we  remark  that  its  value  is 

^ _n'         + + a^  \^ 

From  this  we  derive  the  general  rule  that  if 

u=(C\cq-\-c^  m  +  ('2     +  ^-3  ni^  +  etc.  \ 


then 


du      .(.       /-^N  /■      6x      -  1 

=  « Vo  +  ( i + -  )  w  +  ( i  +  ^  )  C2     +  etc. j 

d  u      i\    X           6  2    9      3  X 

djo        \     2           2  2 


(87) 


We  thus  find,  dropping  the  symbols  ])  and  ©  in  (84)  and  (86), 

dn      an\2^^    6     16^4-      4'      64  ^  8  2^     32^^  ^  8  ^ 
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de       a  n  8       '  2^^        2     ^      '    96  32  ) 

dx?      aw  I    4       16      32       32        '16  ^  768  768  16 

256        ^     ^  256         ^    73  728  I 

de      an  \         2    ^4         4  8  192        96        4   '  64 

,  ^o4S     3  .  2  001  623  4! 
128  18432 


dy      a  n  [2   ^      8   ^      4  ) 
e'      a  w  I     64  I 


a  n 

a  n  ] 

4^  3    2      2 101       2  2I 

v'  ey  m  \ 


8  96 


an]  16 


The  derivatives  with  respect  to  v  may  be  found  by  the  condition 

dk  ,  dk     I  , 
rf»    a»  2 

A  rigorous  solution  of  the  problem  will  now  be  obtained  by  taking  the  deriva- 
tives of  A/,  kj,  and  k^\  with  respect  to  the  six  elements  which  they  contain,  substituting 
all  the  derivatives  in  general  equations  of  the  form  (64),  and  then  solving  these  equa- 
tions with  respect  to  ~y,  y^,  etc.    But  we  have  seen  that  in  the  values  of  ^V?  ^tc., 
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the  lunar  elements  are  multiplied  by  factors  so  minute  that  they  may  be  wholly  neg- 
lected.   The  perturbations  of  the  solar  elements  may  therefore  be  obtained  from  the 
values  of  A'/,  V  ^^^^  V>  ^^nd  the  results  substituted  in  the  expressions  for  the  lunar  ele- 
ments.   The  process  will  be  as  follows: 
From  the  equations 


d  f  ~  r/AV  d  e'  '^dkj  d7r'^dk\  d  6' 


de' _d^dR  de'  dR  d  e'  dR 
d  t  -dh',  d  t'  ^dk\  d  Tt'  +r/  A',  d  & 


(88) 


we  are  to  derive  the  perturbations  of  to'  and  e' .    Those  of  y'  are  at  present  omitted, 
because  this  quantity  does  not  enter  into  A„  A^,  or  A<„  so  far  as  we  have  written  them. 
From  the  equations 

de'  _  ,  _dy  dR  d_^dR^  dy^  dR 
dl  ^  ^     d  A/  d  io'  ~  d  A/  de'~d  A/  d~y' 


dTT'  _  _dio'  dR  d  e'  dR  dy'  rfR^ 
d  t  dkj  dio'~dkJ  de'  ~dk,'  dy' 


where 


n'  =  \     +     +  ^^^3 1  *       =  0^1  +     -f  m^)^  r"*"' 
c  being  the  Neperien  base,  we  are  to  derive  e'  and  tt'  ^  or  their  perturbations. 
Putting  the  first  three  of  the  equations  (64)  in  the  fonn 

d  A,  d  V  _^d  A,  de _^d  kg  d  y  d  R    d  A,  d  x?'    d  A\  d  e' 

d  70  di     d  e  d  t    d  y  d  t     d  e     dv'  dt     d  e'  d  t 

dk„  d  X?  _^dk„  de  .dk„  d  y  dR  d  k^  d  to'  dk^  de' 

dTo  dt     de  dt    dy  dt        ;r    dv'  dt     de'  dt 

dkg  d  XT    dkf  de    dkff  d  y  dR  d  kg  d  v'  dk^  de' 

Jlo'dt'^  d^  drJy~dt~d7e~  dx}'  ~(lt~d7  ~dt 


(89) 


We  are  to  solve  these  equations  with  respect  to        ^  ^,  and  Let  us  put 


d  y 


tf,  the  time  introduced  through  the  varying  solar  elements,  so  that 


dk._dK  dx?'  dk.de' 
dt'  ~dxT'  dt^de'  dt 


etc. 


etc. 


etc. 
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We  shall  then  have 

~dt~^dkj  '  \  d€  djJ 

,  /'dR_dk„\ 
^^JkJ  '  Vrf^  dtfJ 

,  •  /rfR  dks\ 

'^\dk,J  '  \d~G  dtO 

de  __/de\  /dR__dk,\ 
dt  '~\d'kj  '  ^  de  ~dfJ 

,  fde  \     ^d\i    dk^\  ,  v 

x(d_e_\  /^dR__^dki\ 
'^^dkj  '  \dO  dl') 

d  y _(d  y\  rd\l_dk,\ 

.  /'d  y\    /'dR_d k„\ 
'^VdjJ  '  ^d^  ~(lt) 

,(dy\  fdU_dk^^ 

'^VdkJ  '  \  de    dtf  y 


The  derivatives  (jj-^^  here  inclosed  in  parentheses  to  indicate  that  they 

are  to  be  taken  subject  to  the  condition  that  and  e'  shall  remain  constant;  in  other 
words,  the  derivatives  with  respect  to  k^  are  to  be  formed  by  solving  the  equations 


d  k^  /d  70  ^    d     /  de  \.  d  k,  /d  y  \  

dv  KdkJ'^J^  yjkj^dy  KdkJ^^ 

dk^  (dvx    dK  fde\    dk„(dy\  .  . 

dk^  /dj?  rd^e  \.dke  fd  y  \_ 

d  10  \d  k]J'^  de  \d  kj ^ dy  \d'kj 

and  those  with  respect  to  k„  and  k^  by  solving*  similar  sets  in  wliich  those  quantities 
enter.  Having  found  the  perturbations  of  »,  e^  and  those  of  f,  ?r,  and  9  are  to  be 
obtained  from  the  equations 


Digitized  by 


190  THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION 

dk^  d  fo    dk„  d  tTq^cI  dO^  

d  70  dt     d  V  d  t     d  V  dt        d  v 

dk,  d       dk„  d  tTq    dk^  d  Oo__dR 

de  dt     de    di     de  dt  ~de 

dk^d  e^^dk^  d  tTq    dkg  ddo  dR 

d  y  dt     d  Y  dt     d  y  dt        d  y 


which  give 


d  €  _d  €q  . 
dt  "It 


—  dR_/'  de  \  dR_rd  y\dR 

^  ~^     VrfTy  \dk\J  de     \dkj  dj^ 


d  TT  _d  TTq 

Tt~~Jt 


/.o,  rdv\dR    rde\dR    /d  y\  dR  r  x 


irt~~dt^  '~  '    \dkjdw    yjkjTe  \dkjjy 

The  values  of  «,  ^i,  and  are  the  expressions  for  the  mean  motion  and  the  secu- 
lar motions  of  the  perigee  and  the  node  in  the  theory  of  three  bodies,  which  last  are 
taken  from  Delaunay  (Comptes  Bendus,  1872,  I,  Vol.  74,  p.  19),  as  follows: 

14    8  8       32        8  4  16  32 

'  V32      64         8         32        32  16  4  64  / 

/4071  _  3 1  605       303  79     \  ^2 

V 128      512         32         256  / 

,(265  493  _  I  483  665  g2_335  403  2  ,  I  7^7  849  g'2\„j3 

V  2048       4096         512         1024  y 

12  822  631   4    i_273_?2 5,965 ^5  .  71  028  685  589  ,1 

24576    ^  589824     ^  7077888  I 

0,=wj*w(-^-^  ?1  e^-V- e'V-?  e'' e'^-^S  e'* 

14228       64       8  4  4  32 

.  ('9_i89^_2|  2    2j^,,_67|^.    5^,2  2_^22  ._3^9^,'2_?|  v^'V 
^V32    32      16      32      256      16         16       16         16  y 

^Vi28     128       128'^      256  >^ 

+  f 9797_l65_4iJ e2_7i85  2  ,73  423 e'2Y,„3  ,  199^^4  ,  6657  733^  J 
V2048      2048         1024         1024      V         24576  589824  J 
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The  perturbations  of  »,  6,  and  y,  which  are  of  the  first  order  as  to  the  disturbing 
forces,  and  found  by  integrating  (90)  as  if  the  elements  were  constant  in  the  second 
members,  maybe  divided  into  two  classes:  (i)  Those  which  arise  from  the  derivatives 

dk 

of  R  with  respect  to  tt^  and  9,  and  (2)  those  which  arise  from  ^-^ ,  etc.  Let  us  consider 
the  latter.    They  are  given  by  the  integration  of  the  equations 


kff 

If 


dv  _/dx?\dk,  /'dx?\dk,  /d  »\  d  i 

Tt~~^^JkJd7    ^dK/dt'  yJ^Jdi 

d  e__/'de\dk,_/ d  e\dk„_/'  de  \  d  kg  ^ 
Tt~    \dkjdf    \dkJdJ    ^dkj'dlf  ^^^^ 

dy __/'dy\dk,_/^dy\dk,  _/'dy\dl 
di~    \dkjdl    yikjlf  ^dk^JTi 


If 


The  corresponding  perturbations,  S  v,  S  e,  and  S  y,  to  quantities  of  the  first  order 
will  be  given  by  solving  the  equations 


d  k,  e  t  d  km  t  dk.  ^  id  km «  t  %  d  k,  ^  1  _ 
dn         de        dy        dv  de 


^h6v  +  ^de  +  -J^dy-\-^dv'-^'^de'=o  (94) 
dv         de        dy        dv  de 


d  ka  c         ,    d  ka  n.       ,    d  ka  p.         ,    d  ka  ck      /    .    d  ka  ck  / 

djo         de        dy  •       dv  de 

The  values  of  6  to'  and  S  e'  are  regarded  as  known  in  advance.  This  curious 
theorem  may  embody  some  principle  applicable  to  the  disturbed  motion  of  three 
bodies,  which  has  not  yet  been  fully  mastered.  The  quantities  I  have  called  A:,, 
anrf  A^,  are  closely  related  to  Delaunay's  L,  Gr,  and  H,  as  is  shown  in  the  next 
section.  The  theorem  shows  that  the  secular  acceleration  of  the  mean  motion  and 
of  the  motion  of  the  perigee  and  nodes  may  be  found  by  the  equations 

(JLzzO;  .tfGzzO;     5  HzzO; 

by  making  the  transformation  on  p.  800  of  Delaunay's  Theorie^  Vol.  II.  This  result 
I  have  verified  so  far  as  the  mean  motion  is  concerned. 
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The  numerical  values  of  the  derivatives  of  A.,  A,,  and  A^from  the  formulae  of  pp.  186-87 
are  next  to  be  computed.  To  exhibit  the  uncertainty  to  which  many  of  the  derivatives 
are  subject,  owing  to  the  approximation  in  powers  of  w,  /,  and  e!  not  being  carried 
far  enough,  the  results  are  arranged  by  powers  of  m,  the  quantity  whose  powers  con- 
verge least  rapidly.  From  the  last  two  or  three  terms  the  probable  law  of  forma- 
tion is  roughly  guessed  at  by  induction,  and  a  correction  for  the  sum  of  the  higher 
terms  thus  concluded.  This  correction  must  always  be  regarded  as  uncertain  by  a  not 
inconsiderable  fraction  of  its  amount,  and  several  of  the  results  are  therefore  quite 


uncertain. 

Formation  of  -  - 

Terms  independent  of  m  +  .500000 

multiplied  by   —  .006  492 

 —  .000  050 

 +  .000  602 

 -f-  .000  246 

 f  .000063 

 +  .000012 

Higher  terms  by  induction   2 

Sum  +0.494383 

Formation  of  —      ^  ^J^* 
m^m^  e  a  e 

Terms  multiplied  by    —  .0042 

  —.0058 

m^    .    :   —.0028 

Higher  terms  by  induction   —  .0010 

Sum   —.0138 

^-      r  an    I  dk^ 

rormation  or    — =— ^ 

m^m^  y  ay 

Terms  multiplied  by    +.0168 

m^   —  .0009 

.    .   —.0008 

Higher  tenns  by  induction   —  .0004 

Sum   +.0147 
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Formation  of 


an  dkg 
mo     d  to' 


Terms  multiplied  by 


7)1" 


m* 


m 


m' 


Higher  terms  by  iiiductio 
Sura  

Formation  of 


+  .005  565 
+  .000  045 

—  .000556 

—  .000  231 

—  .000  059 

—  .000  012 

—  .000  003 

+  .004  749 


an   I  dk, 

m2  m^  e'  d  e' 


Terms  multiplied  by    —  .00  560 

m^   +  .00  1 3 1 

  +  .00  085 

Higher  terms  by  inductiofi   +  .00  044 

Sum  —  .00  300 

From  the  magnitude  of  the  term  concluded  from  induction  we  may  conclude  that 
this  quantity  is  uncertain  by  —  of  its  entire  amount,  in  consequence  of  the  slowness 


20 


with  which  the  series  converges. 


Formation  of 

Terms  independent  of  m  . 

multiplied  by  . 

m^ . 
. 

Higher  terms  by  induction 
Sum  


an    I  dk„ 

m^         d  JO 


t:,  r  a  n   I  dk, 

rormation  oj  -  — 

/w 3  e  de 


Terms  independent  of  m 
multiplied  by 


m" 


Higher  terms  by  induction 


Sura 

A.  p.— VOL.  V,  PT.  HI  7 


2502 

+ 

.0590 

+ 

.0320 

+ 

.01 1 1 

+ 

.0030 

•I45I 

—  I 

.0016 

+ 

•0335 

+ 

.0129 

+ 

.0034 

+ 

.0008 

.9510 
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Formation  of  g— 


an  I  dk^ 
rti^m^    y  d  y 


Terms  independent  of  ni   +  .003 

multiplied  by    —  .119 

Sum   —.116 

t7       J-      ^  a  n   I  d  k. 

rormahon  oj  5  - — ^ 

lYh  ^  dx) 

Terms  multiplied  by    —  .0506 

Kt^   —  .0290 

  —.0102 

Higher  terms  by  induction   —  0034 

Sum  "   — .0932 

an     id  k, 

formation  oJ  „  ,   ,  7 

e  e  de 

Terms  in    —0.027 


Formation  of  ^ 


an  I  dkg 
nh     y^  dv 


Terms  independent  oi  m   —  .99  852 

multiplied  by    —  .01  128 

  +  -oo  245 

m*^   +  .00035 

Sum  —  1 .00  700 

Formation  of  — —.^/^ 
m2  m^  ey^  de 

Terms  independent  of  m   +1-98 

multiplied  by    —  o.  1 2 

Sum  +1.86 

^       ,.      r-  a  n    \  dk^ 

rormation  oj    -  ^— ? 

^2     y  d  y 

Terms  independent  of  m  —  3.9942 

multiplied  by   —  .0064 

 +  .0010 

 +  .0001 

Sum  —3-9995 
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tormatton  of  =  -r= — J 

Terms  multiplied  hym^   .    —  .00  968 

 +  .00  2  20 

 +  .00  033 

Sum  —.00715 

We  therefore  have  the  following  numerical  values  of  the  derivatives,  in  which, 
however,  the  last  figure  is  nearly  always  to  be  regarded  as  quite  uncertain. 


dK_ 

Of  70 

+.494383";:' 

d  ft, 

dk._ 
de  ~ 

—  .01386  ^  ^ 

dk._ 
dv  ~ 

+•0147  r-^ 

d  ft 

dk._ 

+  .004  749  » 

n  41 

VV  7¥ 

dk,_ 

a  e 

—  .00  ^ooe  — — - 
a  n 

dv 

nio  Mo 

—  .000  437 

a  n 

dK_ 

de 

—  .95106-?-^? 

an 

dK^ 
dy 

—  .ooo35x-^:?— ^ 
an 

dK 
dv'" 

—  .000281    ^  ^ 
a  n 

dK 
de'  ~ 

—  .000  08       ^  ^ 
a  n 

dkg  _ 
dv 

:-.002  028^^ 

a  n 

dK_ 
d  e  '~ 

+  .003  75  6 -J-^ 

a  n 

dy  "~ 

-3.9995 

a  n 

(95) 
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d  kg  Wo  nio 

,zz— .000014— -  ^ 

dv  an 

(95) 

d  e  an 

d  10 

The  values  of  — -,  etc.,  may  be  obtained  either  by  solving  the  equations  (89),  when 

ft 

they  will  be  the  coefficients  of       etc.,  or  by  solving  the  equations  (91).    We  thus 

a  € 

find 


/d  ^  \  ,  an 
(  — _  J:=  —  .000 928 


/  d e \  an 
(  -TT  )  =  —   

/vi  e  \  ^       ^  aw 


.001  045-  

a  Ax  yM2m2 

/^d  y\  a  n 

— .00097  

^dky  y-Wj^s 

y  \  a  n 

(77    )=:  — 0.25004  

^  dkg  '  ym^m^ 

d  10 

Now,  resuming  the  equatiims  (90),  let  us  begin  with  those  terms        etc.,  which 

a  t 

are  dependent  only  on  the  variations  of  the  solar  elements,  and  which  are  given  in 
(93).    We  have  put 

d  kg  d  k^  d  io'    dk^  d  e' 

df  ~  dl^'  (Tt      de'  Jt 

dk^__dk^dv'  dk„d  e' 
JT^d'v'dT^de'  dt 

d  ke_d  ke  d  10'  d  k^d  e' 
dH  "dv  JV^dJdT 
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If  we  here  substitute  the  numerical  values  of        etc.,  just  found,  and  then  sub- 

stitute  in  (93)  both  these  values  and  the  values  of        etc.,  in  (96),  we  have 

dv  X?'  ,       ,  ,de' 

^-zz-.oo96-^+.oo6o7.^^-^- 

d  e  dx?'  ,de' 

e  ,  -iz  — .000  20  —  .000  09  e  ,  , 

dt  dt  dt 

dy  dx?'  ,de' 

-zz.CKDo  001   .000011^  — 

dt  dt  dt 

and,  by  integration, 

— .0096  <5»'  +  .oo3  04  6,e'^ 
tf.e^zz  —  .000  58  5     — .000  09  Sx'^  (96) 
d,y^—  .  —  .000011  8.e'^ 

These  quantities  are  to  be  substituted  in  fi  TTij  and  ^1,  to  obtain  the  correspond- 
ing variations  of  f,  tt,  and  0.    We  have  first 

6  n-zz  —  ^ndxx 
2 

i:z  +  ^w|.0096  5*7'— .003  04  Sx^^ 

Taking  the  partial  derivatives  of  tt^  and     (p.  190)  with  respect  to  »,  and 
we  find  the  following  terms  ot 

I  dTTi 

n  d  V 


Terms  in   00  6 1 9 

^n'   873 

  443 

 :    .    .  179 

  68 

  25 

  10 

  4 

Higher  tenns  by  induction   2 


Sum  02  22^ 
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Formation  of  -  ^-^^ 
nan 

Terms  in  ^2   —.0123 

  —.0131 

w^4   —.0059 

  —.0022 

me   —  .0008 

m-j   —  .0003 

mg  and  upwards   —  .0002 

Sum  —  .0348 

Formation  of  -  ^ 

n  e  de 

Terms  in  ^2   +  .0063 

ma   +.0108 

  +.0075 

mg   +  .0040 

Higher  terms  by  induction   +  .0032 

Sum  +0318 

The  derivatives  of  di  are  much  more  convergent.    We  find 

-  zz  — .005  61 
nan 

-  T-^    =  +  .011  64 

n  an 

n  e'  07=-"^^  37 

The  terms  of  £,  ;r,  and  which  are  independent  of  the  derivatives  of  R  with 
respect  to  the  lunar  elements,  are,  by  (92) 

6  ez=i^6ndt 

dnzzL^dTT^dt  (97) 


d9=^de^dt 
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We  have,  from  what  precedes 
Sn= — -nS  70 


2 


5  7r^=n^  +  .022  23  5»  — .0348  da7'+.03i8  S,e'^^ 

6  ©izzwj  — .005  61  <J»4-.oi  I  64  <J»'— .005  37  5.6'*^! 

Substituting  for  S  a  its  value  in  d  jo'  and  5.^^'^  just  found,  these  values  become 

dn-=zn\    .0144       — .004  $6Sx'^\ 

5  ;rizzw{  —  .0350  (y»'+-.03i9  (J.e'^l  (98) 

*  { +.01  169       — .005  39  rf.e'^l 

The  forms  of  the  integrals  deduced  from  these  values  will  be  different  according 
as  we  consider  the  secular  or  periodic  terms.  There  are,  however,  no  secular  terms  in 
S  10' ,  Corresponding  to  the  adopted  values  of  the  planetary  masses  are  the  following 
secular  perturbations  of  e! 

<5.e'  =  -8".73T-o".028T2 

T  being  the  number  of  centuries  from  1 800.  From  this  and  the  adopted  constant 
term  of  e'  we  derive 

d.e'2=-o''.2926  T~o''.ooo  56  T^ 

and  hence 

8e—  5".6oT2+o''.oo7T^ 

(y;rzz-39".3  T^-o".05oT«  (99) 
8  6-  6^64T2+o''.oo8T^ 

From  the  manner  in  which  these  quantities  are  obtained  it  may  be  shown  that  the 
coefficient  of  T^  in  <J  £  depends  mainly  on  the  value  of        and  the  value  of  <5  ;r  mainly 

on  that  of  We  may,  therefore,  conclude  from  the  defect  of  convergence  in  the 

series  which  express  these  quantities  that  the  first  quantity,  the  secular  acceleration  of 

the  mean  longitude,  is  uncert^iin  by  more  than      and  the  second  by  ^  of  its  entire 

amount,  while  the  third  is  nearly  exact.  Although  all  the  observations  hitherto  made 
on  the  Moon  would  not  enable  us  to  detect  errors  of  this  magnitude,  a  more  accurate 
determination  would  be  desirable  from  a  theoretical  point  of  view.  But  this  can  not 
be  made  without  further  investigations  into  the  problem  of  three  bodies,  which  it  is 
not  the  object  of  the  present  paper  to  undertake. 
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Let  us  now  take  up  the  periodic  terms  of  S  v'  and  S  e' .    If  we  put 

Sxj'  —  ttc  cos  N  +  ^,  sill  N 
S  e'  —e^  cos  N  +  e,  sin  N 

where  N  is  an  angle  increasing  uniformly  with  the  time  and  therefore  of  the  form 
No+t^,  and  if  we  substitute  these  values  in  the  equations  for  8  ;r„  and  8  9^,  and 
integrate,  we  find 

8  €=+     .0144 sin  N— -a,  cos  N} 
—  .000  155^^6^  sin  N  — f\  cos  N| 

or, 

<5  £=(.0144  a^— 000  155  e^)  V  sin  N  — (.0144    — .000  155^,)  v  cos  N  (100) 
where  we  put 

It  will  be  seen  that  k  represents  the  quotient  of  the  period  of  the  inequality  divided 
by  the  period  of  revolution  of  the  Moon. 

Applying  the  same  process  to  tt  and  dj  we  have 

8  ;r=(— .035oac+.oo  106  6^)  KsinN 

+  (0350  a,  — .00  106^,)  Kcos  N 

(lOl) 

8  0zz(.oi  17  a^— .00  oiScc)  y  sin  N  +(—  01 1 7  a„+oo  018  e,)  v  cos  N 

The  derivation  of  the  numerical  results  of  these  formula?  requires  the  determina- 
tion of  the  periodic  inequalities  of  the  solar  elements  produced  by  the  action  of  each 
planet.    The  results  will  be  found  in  Chapter  III. 

§  13- 

REMARKS  ON  THE  RELATION  OF  THE  PRBCP^DING  THEORY  TO  THAT  OF 

DELAUNAY. 

The  relation  of  the  preceding  theory  to  that  of  Delaunay  is  so  remarkable  as  to 
deserv^e  special  attention.  Delaunay  continually  reduced  the  differential  equations  to 
the  canonical  form 


dL_  dR 

(it  ~dl 

d  t  ~  d\. 

dG_d  R 

d  g  dR 

d  I     d  g 

d't-  dG 

r/H    d  R 

dh  dR 

d  t  ~dh 

d  t  ~    d  ll 
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i6l 


where  /,  and  h  correspond  as  follows  to  the  variable  anj^les  in  the  theory  in  the  pres- 
ent paper: 


Here  R  may  be  regarded  as  the  potential  of  any  disturbing  force  whatever  tend- 
ing to  change  the  limar  elements.  Comparing  Delaunay's  R  with  the  equations  (14) 
of  the  present  paper,  and  the  preceding  equations  with  (65),  it  will  be  seen  that  those 
parts  of  our  A:,,  A:„>  ^i^d  which  are  derived  from  the  coordinates  of  the  Moon  alone, 
which  parts  are  the  only  ones  yet  considered,  should  be  related  to  the  constants  L,  G,  H, 
of  Delaunay  in  the  following  way: 


The  final  values  of  these  constants,  in  terms  of  a,  and  y,  are  given  by  Delaunay  in 
Vol.  II  of  his  work,  pp.  235-236.  We  could,  therefore,  immediately  compare  these 
expressions  with  the  values  of  our  etc.,  finally  obtained,  but  for  the  circumstance 
that  the  elements  a,  and  y  here  used  are  not  identical  with  those  in  which  the  coord- 
inates of  the  Moon  are  finally  expressed  at  the  end  of  the  work.  To  reduce  the  one 
to  the  other,  certain  substitutions  must  be  made,  which  are  given  on  page  800  The 
identity  of  the  expressions  which  would  be  derived  by  making  these  substitutions  in 
L,  G,  H,  with  the  values  which  I  have  derived  from  the  Moon's  coordinates  would 
afibrd  so  remarkable  confirmation  of  the  immerical  correctness  of  Delaunay's  results, 
that  I  have  deemed  it  worth  while  to  make  the  transformation  in  question.  The  results 
are  as  follows: 


g=7r-e 


h=e 


Lzz  Va  M 


I  /     225       9  2 


^5 
32 


2?  2S5    2\  4 

512 
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+  r  - i  +  3  ^2 _ ^4 _ i     _ I     ^ ?        ^  1027  ^2 _  75  ^2 


3  ■  2  -      ■      2       8       4  384 
128'  ' 


+ 


8'  51 

+3995  ,.2_^327  263  ^.x, 
192         36864  ^ 


1261^11  349^,2^  ^5^3028^,^76  741^, 


864 


H=:  Va  /i 


2  8  8       32  16 

^    3    96        .^2  ■      2  8 


32 


384 


192 


381    ,2         2081    ,      27         ,X  ^2 

128  •'-> 


384 


32 


^    2145  ^2,±   2_25  495  ,'2^^^  ♦n'+r +i95_98j_i3 
+  V+TcA^fi.^  J        ^^^288  9216^ 


256        64-  512 

,3995  g'2,  327263  4 
+  1^'  ^  36864 


64 


81 


864 


The  above  relation  affords  a  remarkable  method  of  determining  the  secular  varia- 
tions of  the  Moon's  mean  motion,  and  of  the  motions  of  its  perigee  and  node.  From 
the  equations  (94)  of  the  preceding  section  it  appears  that  these  variations  are  imme- 
diately obtainable  from  the  three  equations 

d  Ld  a-dhd  e  ,dl,dy  ,dhd^_^ 
da  rfT    de  dt    dydt  de'dt~ 


dGda  dGde  dGdy  dGde'  _^ 
da  dt  '^de  dt  ~^dy  dt  '^de'  dt  ~ 


dB-da  dUde  dRdy  dHde'  _^ 
da  dt     de  dt    dy  dt     de'  dt  ~ 
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The  value  of  the  secular  variation  of  e!  is  to  be  inserted  in  the  last  terms,  and 
the  equations  are  to  be  solved  for 


Aa  de  -xdy 


We  then  have 


d^e  _dnda 
d f    d adt 

d^TT _d  TTid  a  d  Tr^d  e.d  Tt^d  y  .d  Tr^de' 
JW~Tadt'^J7dt'^iydT^dVdT 

d^  e_d  Gid  a  d  9^d  e  d  O^dy  d  9^d  e' 
df~dadt'^de  dt'^jydi'^dZdl 

Tti  and  di  being  the  secular  motions  of  tt  and  0,  as  given  in  the  preceding  section 
p.  190. 

The  analytic  expression  of  these  variations  in  this  way  offers  no  difficulty  as  far 
as  the  terms  of  the  seventh  order.  Above  this,  however,  we  meet  with  the  difficulty 
that  the  transformations  given  by  Delaunay,  on  page  800,  do  not  extend  in  any  case 
beyond  terms  of  this  order  in  x,  and  m.  Moreover,  Delaunay's  supplementary 
expression  for  R,  on  page  742,  does  not  seem  to  afford  the  means  of  carrying  the 
transformation  further.  Were  it  required  to  write  the  value  of  L,  or  of  k,j  with  a 
higher  degree  of  precision  than  this,  it  might  be  possible  to  do  so  inductively  from 
Delaunay's  expression  for  the  secular  variation  of  the  Moon's  mean  motion  given  in 
the  Comptes  Bendus,  Vol.  72,  p.  496,  which  extends  to  terms  in  m®.  This  course  does 
not,  however,  seem  necessary,  as  the  coefficient  in  question,  when  carried  to  the  fifth 
power  of  m,  is  sufficiently  accurate  for  all  purposes  except  the  computation  of  the  secu- 
lar acceleration  itself. 

It  might  be  remarked,  in  this  connection,  that  Delaunay  never  published  any 
details  of  the  process  by  which  he  effected  the  transformation  of  the  values  of  e,  /, 
and  a,  beyond  terms  of  the  seventh  order  in  m.  It  is  understood  that  these  were 
reserved  for  his  intended  third  volume,  which  was  never  prepared  for  the  press. 

§  14. 

TEANSFORMATION  OF  THE  PERTURBATIVE  FUNCTION  R  AND  OF  ITS 

DERIVATIVES. 

We  have  in  the  first  chapter  reduced  the  function  R  to  the  following  form: 
where 
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In  this  form,  however,  the  function  R  is  subject  to  a  serious  inconvenience,  in 
containing  the  square  of  A,  which  is  a  function  of  the  elements  of  the  Sun,  Moon, 
and  planet.  This  makes  it  very  difficult  to  select  all  the  terras  corresponding  to  any 
particular  combination  of  the  varying  angles.  We  shall,  therefore,  express  R  in  the 
form  of  a  series  of  products,  in  which  that  portion  of  its  derivatives  which  contains  the 
disturbed  elements  of  the  Sun  and  Moon  shall  be  separated  from  that  portion  which 
depends  upon  the  elements  of  the  planet. 

We  have  from  the  preceding  expression  for  A 


We  have  now  by  differentiating  the  preceding  expression  for  R  with  respect  to 
any  element  a 


+  2  (a;' +0:4)  {y'+y^xy 


+  2(?/'+?/4)  (^+^4)2/^ 


y'  _y±\dy' 

p  V  d  a 


pv  d  a  ] 


(102) 


dz 
da 


+ 


3 {y'  +2/4H^' -W4) (  'L'y, 

^  ^da^  daJ 


Putting  the  latter  part  of  this  expression  in  this  form  affords  us  a  great  advantage 
in  the  selection  of  the  terms  which  may  become  sensible.    We  see  that  in  each  of  the 
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last  six  products  the  first  factor  contains  only  the  coordinates  of  the  Sun  and  planet, 
and  not  those  of  the  Moon.  Therefore,  when  we  omit,  as  we  must  in  a  first  approxi- 
mation, the  squares  and  products  of  the  masses  of  the  planets,  the  factors  in  question 
admit  of  being  developed  as  a  function  of  the  mean  anomalies  of  the  Sun  and  planet 
Each  term  of  this  development  is  of  the  form 

Ksin  /•  /  .  .    \         sin  tt 
cos  ^  ^      *^  ^  cos 

^  being  the  mean  anomaly  of  the  Sun,  ^4  that  of  the  planet,  and  K  a  function  of  the 
eccentricities,  mean  distances,  and  inclinations.  As  it  is  necessary  to  carry  the  devel- 
opment to  high  multiples  of  i  and  the  terms,  in  the  case  of  a  single  planet,  may 
amount  to  several  hundred  in  number. 

The  second  factor  of  each  product  is  a  function  only  of  the  coordinates  of  the 
Moon  relatively  to  the  Earth,  which  we  have  represented  by  y,  or,  rather,  it  is  a 
function  of  the  elements  of  the  motion  of  the  Moon  around  the  Earth.  But  these 
necessarily  include  the  elements  of  the  Sun,  multiplied  by  its  disturbing  force.  As 
we  have  developed  a;,  ^,  and     each  term  of  the  second  factor  will  be  of  the  form 

sin 

In  the  first  approximation  we  may  regard  tt'  and  6\  or  the  solar  node  and  perigee 
as  constant,  and  the  terms  in  question  may  be  put  in  the  form 

Although  we  have  here  four  variable  angles,  all  of  whose  multiples  are  to  be 
included,  yet  they  converge  so  rapidly  that  the  terms  we  have  retained  in  the  lunar 
coordinates  include  all  that  can  be  expected  to  give  any  appreciable  result. 

Having  thus  developed  e^ch  factor,  if  we  form  their  products,  Ave  shall  find  each 
d  R  ^ 

term  of     - ,  which  contains  the  lunar  elements,  to  be  of  the  form 
a  a 

The  derivatives  of  each  of  the  elements  contain  these  terms  multiplied  by  a  factor 
which  is  constant  in  the  approximation.  If,  then,  we  represent  by  s  the  coefficient  of 
the  time  in  Ni^^  see  that  the  integrated  values  of  all  the  elements  of  the  Moon 
contain  terms  of  the  form 

6'COS^  ^ 

and  f,  TT,  and  9  contain  in  addition  terms  of  the  form 

cos  ^  >' 
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We  hence  derive  the  two  following  theorems  of  the  motion  of  the  Moon  disturbed 
by  a  planet: 

1 .  The  elements  of  the  orbit  of  the  Moon  disturbed  by  a  planet  contain  an  infinity  of 
terms  of  the  form 

^  cos  ^+hff'+hgi) 

2.  If  any  such  term  is  of  very  long  period  it  may  become  sensible  owing  to  the  smallness 
of  the  divisor^  the  first  and  second  powers  of  which  enter  into  the  coefficient  c. 

§  V5- 

P'OKM  OF  THE  PERTURBATIONS  ARISING  FROM  THE  SECOND  TERM  OF  R 

d  R> 

Let  us  take  up  the  second  part  of  the  expression  (102)  which  we  shall  call  -j—^y 

and  examine  more  fully  the  perturbations  to  which  it  may  give  rise.  We  have  just 
shown  that  the  coefficients  which  depend  on  the  coordinates  of  the  Sun  and  planetmay 
be  developed  in  multiples  of  their  mean  anomalies.    Let  us  then  put 


l(^+^y  -Ll^  =  K,  cos  U  +  K',  sin  U 


2  fj^  2 


iit +y^y  -  I  J  -  K2  COS  U  +  K'o  sin  U 
2  2 

^-^5- -3  =  ^3  COS  U  +  K',  sin  U  (103) 


3i^+^4Hy:+yO  =  K,  cos  U  +  K\  sin  U 
3(l+y.)p:+^ ^ K,  cos  U  +  K', sin  U 


3Sl+Zi)  (^  +3)  =  Ke  COS  U  +  K'e sin  U 

Here  K  and  K'  are  numerical  coefficients,  calculated  in  the  manner  to  be  hereafter 
described,  and  U  an  angle  of  the  form 

Let  us  also  put 

^  =  ^1  cos  N 
a 


(104) 


=  )<2  COS  N 

a 
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a 


^2  =  «6  Sin  N 


ZX  .  XT 

-2  =^6  Sin  N 


(104) 


Each  N  is  of  the  form 

and  each  K  a  function  of  a,  6,  y,  a',     and  y\ 

We  therefore  have  for  the  derivatives  relatively  to  «, 

d  X  -2  'XT 

2u^= — ia^Xg  sin  N 
a  € 

d  z 

2z     z= — ia^K^mn  N  C^^S) 

dy  ,    dx    .  2  XT 
de^^de 

dz  ,    dy    -2  XT 
d  €      d  € 

dx  ,    d  z     .  2  XT 
z- — [-x—=ta^K^  cos  N 
d  €      d  € 

while  the  derivatives  with  respect  to  tt  and  9  are  of  the  same  form,  except  that  and 
i",  respectively,  are  to  be  substituted  for  i.  For  the  derivatives  relatively  to  »,  e,  and 
y,  we  have 

dx         2  /  .  ^  ^1  \  XT 

^^dl=«(^''^+J^)«««N  (io6) 
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d  y        tlx       ,  ,  d  M..  , 

^  i~+y  7-  =  «'(  2  1^4+  ,--)  smN 


etc., 


d  X  od 
2X  —  z=.a^-=—^'' 
de        a  e 


etc.,  etc. 
cosN 


d  y  ^     d  X      2        •  XT 
X     4-  y     = «  ^r-  sin  N 
de       de  de 

etc.,  etc., 

while  the  derivatives  with  revspect  to  y  are  of  the  same  form. 

Substituting  in  the  general  fonn  (102)  the  expressions  in  (103),  (105)  and  (106) 
we  find  for  the  result  of  any  combination  of  terma 

l^  =  iun,M.,(±  ^l^l±  '<^2«2i  ^3^3+  ^4^4+  "^5^^+        ^e)        COS  (N  ±  U) 

del 

+  Um,pL^{—K^K^—  K^K^—K^K^^  '<"4^4=fc  ^<"5^4db^««6)     siu  (N±U) 
If  we  put  for  brevity 

^=  ±  ^'  1  «i  ±  ^2  «2  ±  A's  + /<;  K, + a;  a; 


(107) 


we  shall  have 


d  K,    I  . 


i  2 


i    /i,a^  j  A'(x>s  (N  db  U)  -  /T'  sin  (N  db  U)  [ 


^=:ii'm,yu,rt^jArco8  (N±U)-A-8in(N±U)[  (io8) 
=  S'"  m.,       j  7C  cos  (N  db  U)  -  AT'  sin  (N  ±  U)  | 
=  2-^^^«i  ( ^ ^^'+^  )      (N± U)  +  (  2 7^'+^^)  cos  (N ± U) ) 
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=i«../..«'|  J7  »m  (N±U)+ cs  (N  ±  U) 

These  values  of  the  derivatives  of  R  beuig  substituted  in  the  equations  (89)  and 
(90),  will  give  the  values  of  the  derivatives  of  the  elements  with  respect  to  the  time. 


§  16. 

FINAL  FORM  OF  THE  DIFFERENTIAL  BQCTATIONS  FOR  THE  VARIATIONS  OF 

THE  LUNAR  ELEMENTS. 

Returning  once  more  to  the  equations  (89)  and  (90),  we  have  to  find  what  terms 
are  produced  by  the  preceding  value  of  R2.  If,  in  these  equations,  we  omit  the  deriv- 
atives with  respect  to  H  in  the  second  members,  the  effect  of  which  we  have  just  com- 
puted, substitute  for  the  derivatives  of  R  those  with  respect  to  R2  just  found,  and  for  the 

factors  ^tc,  their  numerical  values  found  in  (96)  the  equations  (89)  become 

^—fi^d^n\  i.oii2i— .oi46i'  +  .oo37r|  {K  cos  (Ndb  U)  — K' sin  (N±U)| 
e  ~=fi^a^n \— .ooosi— .52571' +  .0000  i"\       cos  (NdbU)  — K' siu  (N±U) ^  (109) 

Y^Ji—t^K «  I —.0005  i— .0005  i' — .  1 250  \!'\  ^  K  cos  (N ± U) — K'  sin  (N ±  U)  | 
where  we  put,  for  brevity. 

Ma 

or  the  ratio  of  the  mass  of  the  planet  to  the  sum  of  the  masses  of  the  Earth  and  Moon. 
Integrating  these  equations,  and  putting,  as  before,  k,  the  quotient  of  the  Moon's  mean 
motion  by  the  coefficient  of  the  time  in  the  angle  N  ±  U,  we  have 

d7[?  =  ^^a^v{  i.oii2i— .0146 i' +  .0037 i"^  {Ksiu(NdbU)-f K'cos(N±U)} 
eSe=/Li^a''  vl—.ooos  i— .5257 +  .0000 i"}  { K sm  (N± U)-f  K'  cos(Ndi:U)i  (no) 
ydy  =  ju4<^^^l—-OOOS  i— .0005  i'— .1250^}  {  K  sin  (ISfdbU)-f  K'  cos  (N±U)} 

There  can  be  no  terms  corresponding  to  the  case  of  N±U=o,  because  U  con- 
tains neither  ;r,  nor  (9,  and  therefore  in  this  cas6  N  can  contain  neither  f,  ;r,  nor  9^ 
and  therefore  i,  i\  and      will  all  be  zero,  so  that  the  coefficient  of  the  angle  will 

vanish. 

A.  P.—VOL.  v,  PT.  ni  8 
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These  values  of  S  ju,  S  e,  and  S  y  are  now  to  be  substituted  in  the  derivatives  of 
n,  TCyy  and  ^i,  and  the  latter  are  then  to  be  integrated.    If  we  put 

d  n  J. 
on=-z — ojo 
av 

0  7ri  =  ~±o  »-| — -J^<y  e4"j—^S  y 
dx?  de         d  y 

de,=  ^dio  +  ^Se+^Sy 
djo  de  dy 

the  values  of  S     S  tt^  and  S  6  will  be  given  by  the  equations 

8  ezz.  \  Sn  dt —  f  dt 
J  }  dk, 

S  It—  j  dn^dt-^Y^^dt 

Substituting  the  numerical  values      |j ^^^*'  have 
8  n= — -  nS  X? 

2 

8  7ri  =  n\     .02223  <5    —  .0195    <^  e  —  .0994  y  8  y\ 
S  Oi=n\  — ,00561  <5»  — .02366 <Je+.oi49X<5x} 
Substituing  the  j)re(5eding  values  of  S  x},  e  S  e,  and  y  S  y^  and  integrating,  we  have 
Se  =  ^,a'y'  {— 1.51 7 /.  +  .022  i'-.oo5  r\  |-K  cos  (N±  U)  +  K' sin  (N±U)} 

*  n-=//<rt^  ^- ;      .0225  <  +  .oo99  i'  +  .oi24       |  — Kcos  (N±U)  (m) 
+  K'siu(N±lJ)5-[^'-^rf< 

S9=fii «'  k'M  -  .005  7  ; + .0 1 24  i' — .00 1 9  i" }  I  —  K  cos  (N  ±  U)  +  K'  sill  (N  ±  U)  I 


J  dk» 


dt 
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We  are  now  to  find  the  values  of        ,  etc.,  from  the  equations 


dk 


:  ~\d  kj  ^'^\dkj  de'^\d  kj  d  y 


etc.  etc.  etc.  etc. 


Substituting  the  numerical  values  of        and  the  values  (io8)of         etc.,  we 
^  d  k^  dv 

have,  for  any  one  term  of  R^? 

^^^^•=zu.(]C^n[    2.02^  K  +  i.oi  1        —.0005   ^  ^  — .CXD05  ^  ^  I  sin  (NdbU) 
dk,  I  a  70  ede  ydy]  ^ 

+  u.a^nl     2.023  K'+  I.OI  I       — .0005  ^^-^  —  .0005        I  cos  (NdrU) 
[  dx?  ede  ydy]       ^  ^ 

i^=:>u,a^  J-.0293K  -.0147 ''.-■'^  -0.526  "^  J^ -.0005^1  sin  (NdbU) 
dk,  1  ^(Iv        ^      ede  ydy]       ^   ^  ^ 

+  /i4a^w|  — .0293  K'  — .0147       —0.526         —  .0005  ^^^1  cos  (N±U) 
(  axf  ede  ydy] 

—P=/u,a'n\  +  .oo7s  K  +.0037  h .00004 ~  - —o.i 250— ^  [  sm  (NdbU) 

d  ke  [  dv  ede  ydy]  ^ 

+       w  j + .007 5  K'  +  .003  7        +  .00004       — o.  1 2  50       I  cos  (N  db  U) 

Integrating,  and  substituting  in  the  preceding  expressions  for  <J;r,  and  69^  we 
find  that  the  important  terms  of  these  expressions  may  be  expressed  in  the  form 

6E=e,  cos(NdbU)  +  ^.  sin  (NdbU) 

Stt—tt,  cos  (NdbU)  +  ;r,  sin  (NdbU)  (112) 
66  =  0,  cos  (NdbU)  +  ^,  sin  (N±U) 

where  we  have 

ij  "IT-  \ 
(      1.517?  — .022    /'  +  .005    /")r2K+(^     2.023  K  +  I.OII — 

z=//4a^j(  — i.5i7i  +  .022   /'-.005  r)  r2K'  +  (  — 2.023  K'  —  i.oii-^^)i-j 

{d  K 
(  — .0226  i — .0100  i'  — .01 24  i"       K  +  ( — -0293  K  — .0147-^ — 
^  dx) 
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)j  K' 
(    .o226i  +  .oiooi'  +  .oi24t"  j  y'^  K' +  (^+ .0295  K'  +  .oi47^ 

(9,  =  ju^a.^j(     0057 /  —  .0124 /'  +  . 0019  K  +(    .0074K  +.0037^  (113) 

dK  .  \ 


9. 


ydy 

(  —  .005  7  +  .0 1 24  i'  —  .00 1 9  i"  )y^¥J  .0074  K'  —  .003  7  - 


+  .1250—^)1- 
ydy^ 


dK' 
ydy 


These  expreHsioiis  do  not  apply  to  the  case  of  N±  U— o,  since  v  will  then  become 

de 

infinite.    In  this  case  i,      i'  all  vanish,  as  already  shown,  and  the  values  of  _-,  etc., 

d  t 

reduce  to  constants.    Integration  then  gives 

(5f  =>u4^r*|  — 2.023  K'o— i.oi  I  ^+.ooo5-'-^4n^ 
I  dx?  ede] 

d7r  =  ,.,a'\    .o293  K'o+.oi47^"+o.526'^^^U.^  (114) 


Se=^M^,oo7A  K'«-.oo37^^"+o.i25^4n< 
(  av  ydy] 

We  have  next  to  find  accurate  or  approximate  values  of  the  various  quantities 
which  enter  in  these  expressions.  Let  us  begin  with  the  quantities  x^^  x^^  etc.,  which 
enter  into  the  values  of  K.    The  quantities  are  by  (104)  the  coefficients  of  cos  N  or  sin 

N  in  the  development  of  -g,  which  powers  and  products  are  to  be  derived  from 


the  values  of  and  j  in  (81)  by  the  substitution  of  the  analytical  values  of  ki  and  k^, 
given  in  the  same  section.  If  we  take  tlie  plane  of  the  ecliptic  at  the  mean  epoch  for 
that  of  xy^  the  value  of  y'  will  be  of  the  order  of  the  disturbing  forces,  and  may  be 
neglected  entirely  when  attention  is  confined  to  quantities  of  the  first  order  relatively 
to  the  disturbing  forces.    Putting  y'i=o,  the  values  of  x,      and  z  become 

^  =  A-iCOsj(i+i+i)/-i;r_(i+/)  ,9  +  (i'+/)/'_i'  ;r' } 

+ h  cos  I  ( 1  -  *  -i)  / + + (./+/)  e  -  (i'  +/)  /' 

1=  A:,  sin  j  (I  e+(i'+j')  I'-i'  TT' } 

+  h  «iu  j  (i  -i-j)  l  +  i^+ii+J)  0-(i'  +/)  I'  +  i'  ir'  [ 


z 

-—  V  sm 
a 
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The  position  of  the  axis  of  x  being  entirely  arbitrary  we  may  suppose  all  the 
longitudes  to  be  counted  from  the  solar  perigee.  This  will  be  effected  by  putting 
tt'  —o,  which  will  give  ^'  —g' .    Thus,  etc.,  will  be  expressed  in  terms  of  the 

four  varying  angles 

the  three  quantities  /,  ;r,  and  Q  representing  the  mean  longitude  of  the  Moon,  and  the 

longitudes  of  its  perigee  and  node,  all  counted  from  the  solar  perigee,  and  y  the  mean 

anomaly  of  the  Sun  or  of  the  Earth.    We  shall  first  give  the  development  of  x^  and 

retaining  the  solar  perigee,  7r\  so  that  the  axis  of  X  remains  arbitrary.    The  first 

column  gives  the  indices  i,  i\  j,  and/,  or  the  coefficients  of  g,  g\  A,  and  A'.    The  next 

gives  the  coefficients  of  Z,  tt,  <9,     and  7r\  derived  from  those  indices.    We  tlien  have 

the  coefficients  ki  and  k,,  which,  being  multiplied  by  the  rosim^s  of  the  angles,  give  the 

X  ti 
terms  of    ,  and  by  the  shies  the  terms  of  ^ 


a 

0000 
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We  next  form  the  products  x^,  y^,  x  1/  x  so  as  to  obtain  the  expressions 
for  ;r2?  ^3?  ^5?  defined  in  (104)  and  used  in  (107).  The  complete  values  to 
quantities  of  the  third  order,  inclusive,  are  given  in  the  following  tables.  We  now 
replace  /,  ;r,  0,     by  tlie  quantities 

(7r)z=:7r  —  7r' 

omitting  the  multiplier  of  tt^  entirely,  which  will  be  equivalent  to  supposing  all  the 
longitudes  counted  from  the  Sun's  perihelion. 

The  computation  stops  at  terms  of  the  third  order,  because  this  is  about  the  limit 
of  possibly  sensible  terms  of  long  period,  and  our  immediate  object  is  rather  to  detect 
the  few  such  terms  that  may  possibly  exist  than  to  make  an  accurate  computation  of 
their  values.  If  necessary  a  more  accurate  determination  of  them  can  then  be  made 
after  they  are  found. 
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The  values  (107)  of  K  and  K'  and  of  siicli  of  their  derivatives  as  enter  into  the 
equations  (112)  to  (114)  are  next  to  be  investigated.  Owing  to  the  great  number  of 
the  separate  factors  K;,  and  and  the  small  number  of  combinations  which  give 
rise  to  sensible  inequalities,  we  shall  adopt  the  course  of  deferring  the  reduction  of  the 
)r-  to  numbers  until  we  find  what  values  of  those  quantities  are  required.  It  is,  however, 
practically  inconvenient  to  compute  individual  values  of  K  and  K';  we  shall  therefore 
show  how  all  sensible  values  of  these  quantities  niay  be  found  by  developing  the 
expressions  (103)  in  numerical  series. 

Although  the  numerical  method  adopted  in  the  next  chapter  seems  to  me  that  best 
adapted  to  the  detection  of  inequalities  of  long  period,  it  is  quite  possible  that,  after  the 
argument  of  such  an  inequality  is  established,  its  coefficient  can  be  best  found  by  the 
method  of  analytic  development. 

A.  p,— VOL.  V,  PT.  in  9 
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OHI^I^TEE  III. 

NUMERICAL  DEVELOPMENTS  FOR  DETERMINING  THE  ACTION  OF  THE 

SEPARATE  PLANETS  ON  THE  MOON. 


^  17. 

DEVELOPMENT  OF  THOSE  FACTORS  IN  THE  PERTURBATIVE  FUNCTION  WHICH 
DEPEND  UPON  THE  COORDINATES  OF  THE  SUN  AND  OF  THE  PLANET. 

Having  found  the  factorn  in  the  expression  (107)  we  have  next  to  find  Kj,  Kg, 
etc.,  as  defined  in  (103),  and  vised  in  (107).    The  first  and  most  difficult  operation  under 

this  head  is  the  deveh)pinent  of  ^3  and       p  being  the  distance  of  the  planet  from  the 

center  of  gravity  of  the  Earth  and  Moon.  It  is  necessary  to  carry  this  development  to 
much  higher  multiples  of  the  mean  anomalies,  and  to  higher  powers  of  the  eccentricities, 
than  are  necessary  in  computing  the  perturbations  of  the  planets.  The  labor  of  com- 
puting the  numerical  values  of  the  terms  of  the  development  from  their  analytical 
expressions  would  be  enormous.  I  have  therefore  adopted  the  numerical  method,  in 
which  the  development  is  first  effected  in  terms  of  the  eccentric  anomalies. 

The  original  inventor  of  this  method  was,  I  believe,  Cauchy,  who  explained  it  in 
a  series  of  short  papers  published  in  the  Comptes  BenduSj  between  1843  and  1845.  ^ 
systematic  exposition  of  it,  according  to  the  plan  of  Cauchy,  is  given  by  Puiseux  in 
Annales  de  V  Ohservatoire  Imperiale  ch  Fans,  Tome  VII\  where,  however,  it  is  applied 
only  to  the  computation  of  particular  terms  which  may  give  rise  to  inequalities  of  long 
period  and  not  to  the  general  development.  Tlie  same  volume  contains  a  paper  by 
BouRGET,  in  which  it  is  applied  to  the  general  deveh>pment  of  the  perturbative  func- 
tion. The  adaptation  of  the  method  to  the  numerical  computation  of  the  general 
development  of  the  pei*turbative  function  and  its  derivatives  is  mainly  due  to  Hansen, 
who  has  developed  it  very  copiously  in  his  Aiiseinanderse  tzung  einer  ztreckmdssigen  Meth- 
ode  zur  Berechnung  der  ahsolateti  Storimgen  der  kleineri  Planeten  :  Erste  Ahhandlung^  found 
in  the  Abhandlungen  der  Konlglieh  Sdchslscheri  Gesellschafl  der  Wissenschafien^  Batid  IIIj 
Leipzig,  1857.  Hansen's  exposition  of  the  method  is  so  well  adapted  to  numerical 
computation  that  I  have  generally  followed  it,  and  the  papers  of  both  Hansen  and 
PuiSEUX  are  so  copious  that  it  is  not  necessary  to  present  a  detailed  development  of  the 
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formulae  employed.  But,  as  I  have  found  it  convenient  to  adopt  forms  of  computation 
not  expressly  given  by  Hansen,  which  may  possibly  be  useful  in  the  general  compu- 
tation of  planetary  perturbations,  I  shall  present  a  brief  derivation  of  the  formulae  as 
I  have  used  them.  As  it  is  convenient  to  use  a  notation  in  some  respects  peculiar  to  the 
present  chapter,  we  present  that  actually  adopted.    Let  us  put 

/,       the  true  anomalies  of  any  two  planets. 

u  u\  their  eccentric  anomalies. 

g  g\  their  mean  anomalies. 

w?,       the  distances  of  their  perihelia  from  their  common  node. 

p,  their  linear  distance. 

y,  the  mutual  inclination  of  their  orbits. 

y',  their  angles  of  eccentricity,  so  that  ezzsiny 

We  then  have  for  the  square  of  their  distance 

p^mr^+r'^— 2  r  /  \  cos  {f+iv)  cos  (/-fw;')  +  cos  y  sin  (f+w)  sin  {f  ^w')  \ 

If  we  substitute  for  /,  /  cos/',  and  /  sin/  their  values  in  terms  of  the  eccentric 
anomaly 

(i  —e'  cos  u') 
r'cos/zza' (cos  — e')  i 
/  mifzua'  cos  (f'  sin  u' 

and  retain  r,  /,  and  w,  we  find  that  the  value  of  p^  may  be  put  in  the  form 

H  —  K  cos  tp  cos  u'  —  K  sin  ^  sin  u'  4-^cos  V  ^ 6) 

where  H,  K  cos  V',  K  sin  ^,  and  s  have  tlie  following  values: 

H=/^+a'^+2a'  e'  r  \  cos?<;'  cos  (/+^^)  +  cos  y  sin  w'  sin  {f+w)^ 
K  cos  y/':^  2  a'  r  {  cos  w'  cos  +  cos  y  sin  w'  sin  (/4-«^) }  +  2  a'*" 

K  sin  ^  zz  2  a'  r  cos  if'  \  —  sin  tv'  cos  (/+  iv)  +  cos  y  cos  w'  sin  (/+  w)  \ 

The  computation  of  these  quantities  may  be  simplified  by  introducing  the  auxiliary 
quantities  k^^  A^j,  and  the  angles      and  Kg  determined  by  the  equations 
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ki  sin  K,  zz  COS  y  sin 
ki  cos  Kj^cos 

(117) 

sill  Ks^sin 
A2  cos  Ko  zz  COS  y  cos  t4/  , 

We  then  have 

Yi  =  r'  +  a'^+  2  a'  e'k^  r  cos  {f+w  —  K,) 
K  cos  ^zn  2  a'  A',  /•  COS  {f+w —  K^)  +  2  a'^ 

(118) 

K  sin  tf>=2a'  r  k2Ci)S(p'  sin  (/+ w;  — K2) 

These  four  quantities  are  functions  of  tlie  elements  of  both  planets,  and  of  the  coor- 
dinates of  the  unaccented  planet,  liiit  do  not  contain  the  coordinates  of  the  accented 
planet.    Thus,  by  the  equation  (116)  we  have  the  theorem: 

If  the  position  of  a  planet  he  given,  the  square  of  its  distance  from  any  other  planet  mmj 
he  expressed  as  a  rational  and  entire  function  of  the  sim  and  cosine  of  the  eccentric  anomaly 
of  the  latter. 

On  this  principle  is  based  the  Cauohy-Hansen  method  of  developing  the  pertur- 
bative  function. 

Both  Cauchy  and  Hansen  express  the  coefficients  H,  K  cos  ^,  etc.,  as  functions 
of  the  eccentric  anomaly  u,  but  for  our  present  purposes  I  have  deemed  it  more  con- 
venient to  retain  the  true  anomaly/  Having  computed  them  for  any  assumed  value 
of  /,  we  have  next  to  transform  the  expression  (116)  into  the  form 

/92-{C-^  cos(Q-iOI  j  cos  {q  +  u')\  (119) 

Developing  this  product  and  compai-ing  with  (i  16)  we  find  that  C,  Q,  },  and  qi  pre 
to  be  determined  by  the  equations 


C=zH+.9  8in2Q 

(120) 

f/cosQzzK  cos^  —  C  qi  cosQ 
g  sin  QzzK  sin  ^  +  C  qi  sin  Q 

Let  us  substitute  in  the  last  members  of  these  equations  the  first  approximate 
values  of  C,  and  Q,  obtained  by  putting  (/imo,  namely,  H,  K,  and  y.  We  shall 
then  have,  for  a  second  approximation,  which  includes  the  first  powders  of  s  only 
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q  COS  Q  =  K  COS  iff  (  I— ^^2} 
q  sin  Q=iK  sill  ip(  i  + 

sin  Q =8in  ^  (  i  +  -~  cos 

The  substitution  of  the  last  two  expressions  in  the  first  two  of  (120)  will  give  the 
following  values  of  q  and  C,  true  to  terms  of  the  second  order  in  s 

?l  =  g(^I+^2  COS2  V  ) 

(122) 

C  =  H +s  ( 1  +'^^/  cos''  ti)  sin*  tl> 

It  is  most  convenient  to  compute  C  from  this  formulae  before  procaeding  to  com- 
pute q  and  Q.  If  we  retain  C  in  the  last  members  of  the  last  two  equations  (i  20)  and 
substitute  for  qi  its  value  just  given,  we  shall  have  q  cos  Q  and  q  sin  Q  to  terms  of  the 
second  order  in  s.    First,  we  obtain  from  (121) 

C  g,  cos  Q  =      K  cos    (  ,  -  50 
q  ^  jv'/ 

C  qi  sin  Q  =       K  sin  1/^(1+^) 

But  from  (121)  and  (122)  we  have  to  terms  of  the  second  order  in  s 

qi_  s  .  2  H5  . 
--K^Ci  +  ^^r  cos  2^) 

which,  being  substituted  in  the  last  equations,  gives 

C  qx  cos  (>zr  -j^  cos  ^(  i  +       (2  cos2  ^)--  I  ^ 

=  J.  cos^(  1+      (i  — 4«"i  VO  )  ' 
C  qi  sinQiz:^^sin^(  i  +^2  (1+2  cos2^)) 

C  s  H  s 

= sini/'(  I  —       (i— 4(*<>sV)) 
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The  substitution  of  these  expressions  in  the  last  two  equations  (120)  gives  for  the 
definitive  values  of  q  cos  Q  and  q  sin  Q  to  terms  of  the  second  order  in  s 


?  cosQ^KcosV'ji— 5j^2(i  +  -j^— sm  \ 
q  sinQ  =  Ksin0|T-f5^^(i  —  ^+^^-  cos  ^^)| 


(123) 


In  these  expressions  the  only  quantities  neglected  are  of  the  third  order  with  respect 
to  5,  and  therefore  of  the  sixth  order  with  respect  to  the  eccentricity,  and  no  case  is 
likely  to  occur  in  which  they  can  become  sensible.  The  logarithmic  computation  of 
C,     Q,  and  qi  may  be  conveniently  eflFected  as  follows: 

Compute  the  five  quantities     Fj,  F2,  F3,  and  ^  by  means  of  the  equations 

Fizz  I  +4^1  cos^0 

Fgizi — 45isiii^^  (124) 
^^^Fishi  V 

We  then  have 

C  F 

q  sin  Qzz  (  i  jv  )  K  sin 

C 

5cosQ  =  (  I  — ^^gFgFg)  Kcos 
s 

I  put  the  factors  into  the  form  i  because  they  are  then  very  easily  computed 
by  Zech's  Table  of  addition  and  subtraction  logarithms.    By  entering  the  addition  table 

with  the  argument  y  we  take  out  the  logarithm  of  i  +  hj  and  by  entering  the  subtrac- 

tion  table  we  t^ke  out  loff  — 

^  I— A 

Having  thus,  for  any  assumed  position  of  the  one  planet,  expressed  the  square  of 
its  distance  from  the  other  in  the  form  (119),  we  have  next  to  develop  the  negative  and 
uneven  powers  of  p.  Here,  again,  I  make  use  of  the  method  of  Hansen,  which 
seems  to  be  based  upon  the  investigations  of  Gauss.*    Let  us  put 

*  The  development:*  and  rules  on  this  aud  the  next  two  pages  are,  to  a  great  extent,  superseded  by  those  of  Vol. 
Ill,  pages  42-^  ti:!^  60-7.5.  I  have,  however,  retained  them  in  the  present  form,  as  pertaining  to  the  work,  and  as 
equally  conveslieni  V»ith  the  more  general  ones  of  Vol.  Ill,  which  apply  to  a  wider  range  of  cases.   (See  j>o«(  p.  237.) 
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P?=C-gcos(Q-M')  (126) 

SO  that  we  have 

p*=p?  I  I-?,  cos  ((?+%')} 

the  last  factor  differing  very  little  from  uuity. 
We  have  then 

=Po-"\i-  qi  cos  (Q + «')  ^ 
The  first  factor  is  to  be  developed  into  the  form 

r„-"  =~  ''2"  ft';' cos i (Q -«') 
2  i=_  00 

If  the  cofficients  fc'i'  be  developed  in  powers  of  ^  their  general  expressions  will  be 
I        .»(»  +  2)(r^  +  4)  •    •    •    •  («  +  2'-2)y^,.«    H-i  «  i 


Here  we  use  Gauss'  notation  for  the  hypergeometric  series 

We  have  also,  by  putting  i  + 1  for  i  in  the  above  value  of  K,  and  noticing  that 

F(a,  /3,  y,x)  =  F(/3,  a,y,x) 

2  2.4.6  ....  (2^4-2)C'^      ^  4  '     242  C^y 

The  ratio        of  two  consecutive  coefficients  may  now  be  developed  in  the  form 

of  a  continued  fraction  by  the  method  of  Gauss,  as  given  in  his  Disquisitiones  gener- 
ales  circa  seriem  infinitam^  etc,,  Sectio  Secunda,    Calling  this  ratio  jh+u  we  have 


 n-\-2i — 2  q 

C 


a 


h 

I  —  — 


c 

I  —  — 


etc. 

where 


Digitized  by 


232  THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION 

„  _(«+2  «•)  (2  j  +  2-w)  f 

~  i6i(i+i) 

,     («  +  2|+2)  (2  i  +  4  — w)  5* 

-    i6(r+i)"(i+2)  "C' 

(w  +  2i+4)  (2  /  +  6— w)  / 
i6(i+2)(J+"3) 

etc., 

each  term  being  formed  from  the  preceding  by  increasing  i  by  unity.  We  thus  have 
the  form  given  by  Hansen 

I— -^i+i 


(127) 


I  —etc. 

where 


,   (w  +  2  « —  2)  (2  i — n)  (f 


(128) 


 2  i+w  — 2  q 


2  i  c 


Owing  to  tlie  slow  convergence  of  the  continued  fraction  (127)  it  is  necessary  to 
compute  its  value  for  the  higliest  value  of  i  independently.  To  derive  the  necessary 
equations  we  must  develop  h^^^  in  powers  of  a,  a  quantity  to  be  determined  by  the 
equation 

2  a  __q 

the  expression  (126)  being  ])ut  in  the  form 

plz=.k  (i  —  2  ac-os  (Q — ie')-f  a^) 

which  is  La  Place's  form  for  development. 

I  deem  it  unnecessary  to  go  over  the  details  of  the  derivation,  since  I  have 
obtained  the  result  given  by  Hansen,  whose  formulae  may  be  most  conveniently 
employed  as  follows: 

Compute  X  from  the  equation 


sm  y 
^  c 


when  we  have 
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2 


For  the  highest  value  of  i  to  which  it  is  deemed  necessary  to  carry  the  development, 
compute     by  means  of  the  continued  fraction 


sec^  -  X 
2 


I— aa 

I  —h 


I  —  etc. 


where 


ajzz 


n(2—n)  ^2  J  _  («  +  2  0  (2  i  +  2  -  «)  ^2 

4i(i+i)  '  4(i+i)(i+2) 

(w+  i)  (4— w)  „2  f,  _(*»+_2  i+2)  (2  i+4— «)  ^2 

4(i+2)0-f3)  '         4(*  +  3)0  +  4) 

(w+2)  (6—n)  ^  J  _(^  +  2  >'+4)  (2  i  +  6—n)  ^2 

4(i-f4)(H5)  '          4(i  +  5)0'+6) 

etc.  etc. 


Put  also 


 n-\-2 


41 


,Ai)-(2  i-'>i)  (n+2  i-2)_  2  i-n 

i6i(i-i)  -4(i_i)^" 


(130) 


A  general  table  of  the  values  of  (9*/'  and  yw^  for  all  values  of  i  and  »  comtnonly 
used  is  easy  to  form,  and  is  given  for  «  — 3  and  «=5  in  the  following  section. 

Then  compute,  for  all  values  of  i 

F,=6<:'8in;t 

(131) 

Commencing  with  the  highest  value  of  compute  in  succession  all  the  other 
values  by  the  formulae 

  1 

^*~i-^i+irl+i  (132) 

when  we  have 

(133) 
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The  logarithms  of  y<  in  (132)  can  be  computed  with  great  facility  by  the  table  ot 
subtraction-logarithms.  Then  having  all  the  values  of  log  j)i  we  require  the  value  of 
log  This  can  be  found  most  conveniently  from  Runkle's  Tables  for  determining 
the  values  of  the  Coefficients  in  the  Perturbative  Function  of  j)lanetary  motion  which  depend 
on  the  ratio  of  the  maan  distances,  (Smithsonian  Contributions  to  Knowledge,  Washing- 
ton, 1855.)  These  tables  give,  for  the  argument  a,  the  coefficients  fcj*^  of  cos  i  y  in  the 
development  of 

{i—2aQ,o^if-\'a^)-'—}^2bf  cositp. 
The  development  we  actually  seek  is  that  of 

_  n 

(C  — gcos(^)  ^=^2b!^^  cosiy. 

To  assimilate  it  to  Runkle's  development  we  must  determine  a  and  k  so  as  to 
satisfy  the  equation 

C  —  q  cos  (pznk  (i  -^-a^ —  2  a  cos  (p) 


Introducing  the  auxiliary  Xi 


(134) 


we  have 

azztan^X 

2  tan  ^  X 

Then,  comparing  like  terms  in  the  two  developments, 


6}?>  =  sec'*^  a:C  W>i«> 

provided  that  be  taken  from  Runkle's  tables  with  the  argument  a.  In  the  cases 
of  5zi:^  and   =  ^  the  quantities  actually  tabulated  are, 

for  5=^.  (i_a2yj(0)__^:Os2z 
2  ^  cos*  ^  X 


2  COS**  ^  X 


If,  then,  we  represent  by  and  /3f^  the  quantities  actually  taken  from  Runkle's 
tables  when  s=^  and  s  =  ^ ,  we  have 


2 

&r=:C   '  sec^zeos  h  x  ^'1 


3 

2   2    1  iO(0) 


(135) 


_  5 

hf^  =  G  '  sec*  ;t  cos^  i  z /Sp 
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These  quantities  may  also  be  cx^mputed  witli  equal  ease,  though,  perhaps,  not 
always  with  equal  accuracy,  by  the  use  of  the  arithmetico-geometrical  mean.  Rep- 
resenting this  mean  in 'the  usual  way  by  M  we  have,  first, 

J(0)_-  ?  2^  _____ 

^      vcosy  / 


Then      and      may  be  obtained  by  the  formulae 


7,(0)  7,(0) 
7.(0)  ^3  ^^3  


(137) 


When  pi^^  sin  x  and  sin  x  approach  to  unity,  these  formulae  will  give  bf^  and 
b^s^  with  only  very  limited  accuracy  and  others  must  be  used. 

The  result  of  the  preceding  operations  is  that,  for  any  assumed  position  of  the 
unaccented  planet  in  its  orbit,  we  may  develop  the  value  of  Po""*  in  the  form 

Po""  =  i  ^  i<;>cosi(Q~wO  (138) 
-  00 

We  now  compute  this  development  for  a  number  of  positions  corresponding  to 
equidista,nt  values  of  the  mean  anomaly,  of  the  planet,  and  thus  obtain  a  separate 
value  of  feii^  and  of  Q  for  each  value  of  the  mean  anomaly.  Then,  any  functions  of  these 
quantities  may  be  developed  in  a  periodic  series,  proceeding  according  to  the  multiples 
of  the  mean  anomaly  by  the  well-known  process  of  mechanical  development.  The 
most  convenient  functions  to  develop  thus  are  fcj/^  cos  i  (Q — g)  and  sin  i  (Q — g).  If 
we  put 

(^39) 

A  =u'—g 

we  have 

Po-"  =  i^^fci:^  cos  (iQ'-iA) 

zz  J  -2"     cos  i     cos  i  A  +  ^    fcjj^  sin  i  Q'  sin  i  A. 
Let  us,  then,  develop  ijj'  cos  i  Q'  and  ftjj'  sin  i  Q'  in  a  periodic  series  of  the  form 
in  COS  i  Q'  zz  r  f  -f  c  1*^  cos  g+c  i**  cos  2  (7 +,  etc. 

+  .S*  S*^  sin//  +  5  ^2  sin  2/7+?  etc. 

(140) 

i;:'  sini Q'zzr;'i*>  +  r'l»'  i^o^g  +  c'^^  :.os  2  etc. 

+  •^"1*^  sin  sin  2  ^/-f ,  etc. 

Then,  let  us  compute  values  of  (a,^)  and  Q)i  j)  for  all  positive  values  of  i  and  from 
the  formulae 
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f 


M  =  {ho)  =  c'^^  (141) 

J       +  ^T)  J(^'f -^f ) 

and  we  shall  have  the  numerical  expression  for  pi""  for  all  positions  of  the  two  planets 
by  the  formula 

00  +00  I  I 
Po''=^i        K;)  COS  (iA+jg)  +  (bij)  sin  (iX+jy)\  (142) 
0  -00  I  I 

To  obtain        this  development  is  still  to  be  multiplied  by  the  factor 

2  2 
Fzz  { I  —  (7i  cos  (Q  +  w')  }  ~  n  =  { I  —    cos  Q'  cos  (A  +  2(7)  +  gi  sin  Q'  sin  (A+2^) 

Owing  to  the  minuteness  of  the  factor  we  may  nearly  always  neglect  its  pow- 
ers, and  so  put 

Fm  I  +  -  ^1  cos  Q'  cos  (A  +  2  9)—-  ?i  sin     sin  (A-f2 g) 

>     ft  ft  •    •  • 

Let  us  develop  as  before  -    cos  Q'  and  ^  qi  sin  Q'  into  a  i)eriodic  series  of  the  form 

ft 

-  qi  cos  Q'  =po  +2:)i  cosg+pz  cos  2 17 -fete. 
2 

-f  ^1  sin -f  ^2  sin  2  (j  -f  etc. 

(143) 

-  ^1  sin  Q'  =zp'o  +   1  cos  q+p'2  cos  2  + etc. 
2 

-fg'^i  sin^^  +  g^'ssin  2  /7  + etc. 

and  we  shall  have 

F  =  I  +;)o cos  ( A  +  2 —2^0 sin  (A+2 .^7) 

+^  I  (Pi+        cos  (A+  (2  +  i)g)+2^(p~q\)  cos  (A  +  (2-0//) 

(i+O 

^  (/i-?0  sin  (  A+(2  +  i)/7)  -^J      +     sin  (A  +  (2-0//  ) 
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'  Multiplying  the  series  (142)  and  (144)  term  by  term,  we  shall  have  the  value  of 
p"**  expressed  in  the  form  (142).  The  development  will  be  given  in  terms  of  the  mean 
anomaly  of  the  one  planet  and  the  eccentric  anomaly  of  the  other. 

The  next  process  is  to  change  it  into  a  development  in  terms  of  the  mean  anoma- 
lies of  both  planets.  This  is  done  by  means  of  the  Besselian  transcendents,  tables 
and  formulae  for  which  are  given  by  Bessel  in  the  Berlin  Memoirs  for  1824,  while  the 
mode  of  applying  them  is  fully  explained  by  Hansen  in  his  ^^Ameinandersetzung!'^ 

Having  thus  effected  the  development  of  ^5  in  terms  of  the  mean  anomalies  of  the 

Earth  and  planet,  we  have  only  to  express  x\  y\  the  rectangular  coordinates  of 
the  Sun  relatively  to  the  center  of  gravity  of  the  Earth  and  Moon,  and  x^^  ^4,  ^4,  the 
rectangular  coordinates  of  the  planet  relatively  to  the  Sun,  in  terms  of  the  respective 
mean  anomalies.  The  factors  depending  on  the  coordinates  of  the  planet  and  Sun  will 
then  be  formed  by  multiplication.  As  the  complete  formation  of  these  terms  would 
be  very  laborious,  we  shall  only  actually  develop  those  of  which  we  find  ourselves  in 
need,  and  these  can  not  be  selected  until  we  proceed  with  the  more  particular  consid- 
eration of  the  action  of  the  separate  planets. 

§  18. 

NUMERICAL  DETAILS  OF  QUANTITIES  DEPENDING  ON  THE  POSITION  OF  THE 
PLANETS  MERCUEY,  VENUS,  AND  MARS. 

The  computations  of  which  the  results  are  no\v  given  were  made  in  the  years 
1871-73,  before  I  had  prepared  the  more  general  discussion  of  the  method  found  in 
Vol.  Ill,  Part  I,  Chapters  II  and  IV.  The  latter  does  not,  however,  involve  any  mate- 
rial change  in  the  method  so  far  as  the  present  application  is  concerned,  where  no 
deviation  from  Hansen's  procedure  is  necessary.  The  object  of  the  present  section  is 
to  present  such  details  as  will  enable  the  results  to  be  verified,  corrected,  or  reproduced 
with  the  least  amount  of  labor. 

The  computations  were  made  with  more  or  less  fullness  for  Mercury,  Venus,  and 
Mars.  In  the  case  of  Mercury,  however,  the  development  was  in  error  from  the  use 
of  the  longitude  of  the  solar  perigee,  when  that  of  the  Earth's  perihelion  should  have 
been  used.  As  this  error  would  but  slightly  change  the  larger  terms  in  the  develop- 
ment, and  therefore  would  not  invahdate  the  general  conclusion  that  the  action  of 
Mercury  produce  no  inequalities  of  importance  in  the  Moon's  motion,  it  was  not  cor- 
rected by  a  recomputation. 

In  the  case  of  Mars  the  developments  were  not  completed  beyond  the  point  where 
the  eccentric  has  to  be  replaced  by  the  mean  anomaly,  because  the  order  of  magnitude 
of  the  coefficients  in  the  development  according  to  tlie  eccentric  anomaly  would  suffice 
to  draw  general  conclusions  as  to  the  possibility  of  hidden  terms  of  long  period. 

In  making  the  computations  the  first  question  is  of  which  eccentric  anomaly  the 
development  shall  be  a  function.  Theoretically  this  is  indifferent;  in  practice,  how- 
ever, it  will  be  convenient  to  choose  the  eccentric  anomaly  of  the  orbit  having  the 
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smaller  eccentricity,  because  t!ie  Besselian  transformation  to  mean  anomaly  will  then 
be  simpler,  as  will  the  change  of  Po  **  into  p  . 

It  will  then  be  better  to  assume  special  equidistant  values  of  the  mean  anomaly 
of  the  other  planet  rather  than  of  its  eccentric  anomaly,  because  the  necessity  of  a 
transformation  to  mean  anomaly  of  this  planet  will  then  be  avoided.  For  each  position 
of  the  planet  thus  arising  the  quantities  K,  ^,  C,  etc.,  are  to  be  computed.  No  example 
of  the  way  of  effecting  this  computation  is  necessary.  It  is  diflFerent,  however,  with 
the  coefficients  ¥n\  the  computation  of  which  may  be  greatly  facilitated  by  a  suitable 
arrangement  of  the  work,  as  will  be  shown  in  a  specimen  of  the  computation.  On 
page  247  is  given  a  transcript  from  the  computing  book  of  all  the  figures  made  in 
computing  a  set  of  values  of  up  to  izz2o,  except  the  computation  of  \  Pn\  a^id 
the  last  value  of  x<.    The  process  is  as  follows: 

The  values  of  log     are  formed  by  adding  to  each  //^*^  the  logarithm  of  sin 

log  sin^x  =9.9583004 

and  are  written  in  the  second  column  opposite  the  corresponding  values  of  i. 

The  last  value  of  log  Xi  (in  the  computation  log  ^32,  but,  in  printing,  log  X20)  is 
then  written  under  the  corresponding  value  of  A^.  The  sum  of  the  two  logarithms 
is  written  opposite  i  in  the  third  column  and  immediately  under  this  sum  its  arithmet- 
ical complement,  to  serve  as  the  argument  in  Zech's  table  of  subtraction  logarithms. 
With  this  argument  the  value  of  log  yi_i  is  taken  from  the  table  and  written  under  log 
This  process  is  repeated  upward  until  the  value  of  yi  is  reached. 

To  render  easy  the  detection  of  an  error  the  remainder  of  the  work  is  done  by 
the  continual  addition  of  diflferences.  Since 

log  Pi=\og  sin  x+^og  <9i+log  x< 

we  have 

A  log  pi=  A  log  <9i+  A  log  Yi 

The  values  of  A  log  yi  are  formed  by  subtraction  of  the  consecutive  values  of  log 
Yi  and  those  of  log  Oi  by  taking  the  differences  of  the  Table  of  values  of  log  0^,  The 
remainder  of  the  operation  of  forming  log  b^*^  needs  no  explanation. 

The  above  computation  has  to  be  made  for  each  of  a  certain  number  of  equidis- 
tant values  of  g,  extending  through  the  circle.  In  the  case  of  Venus  and  Mars  I  have 
taken 

.7=0°;  15°;  30°;  345° 

thus  dividing  the  circle  into  24  parts. 

The  next  step  is,  for  each  value  of  g  and  of  i,  to  compute 

b^'^  cos  i  (Q—g)  and  b<*^  sin  i  (Q—g)  (145) 

where,  in  each  case,  the  special  numerical  value  of  g,  used  in  computing  and  Q,  is 
to  be  used. 

With  the  24  special  values  of  each  of  the  quantities  (145)  its  general  expression  iu 
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a  trigonometric  series,  proceeding  according  to  sines  and  cosines  of  is  to  be  formed. 
I  deem  Encke's  metliod  of  forming  this  series  to  be  the  most  convenient  For  the 
case  of  nii:24  the  formulae  are  as  follows: 

We  put 

(m):z:  numerical  value  of  the  function  of  g-=.i^^y^m  in  (145) 
We  compute 

C'^Co);      C*=(^-)  +  (24-*) 
C»2=(i2);  S*=(A:)-(24-ifc), 

C*.=C*+Ci'^-*;      C_=C*-Ci=^*   {k=o;  i;  2;  3;  4;  5) 
S«.=  S';      S*=S,+  S"-»;      Si=S*-S'^-*    (^zzi;  2;  3;  4;  5) 
C*++=Ct+CV*;      C*_=C»-CV  (A=o;  i;  2) 


(A;=i;  2:  3;     .    .    .  11) 


si+=si+s*.-*;  Si. 

—  S^_S^*  (A;±=i;  2) 

2 

2 

I2(Co  +  f,0  =  C1,+CU 
I2(6-„-6-,2)zzOV  +  +Ct 

6(ci  +  c„)zza,  +  a2 

— ''n)  =  «:i  +  «4 

6  (ai+s„)=6,— 62 

6(c,+r,„)=:(r^...  +  JC-t_ 

6(63+*,o)=iSU+SL 

6(c,-..„)  =  J^3CV_ 

6(s2-Sio)='  /3  SL+ 

2  V 

6(C3  +  6-»)  =Ci-Ci 

6  (A3  +  S9)  =J~K 
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6  (ca—Co) 

6  (A3— «9) 

6  (C4  +  C8) 

6  (s4  4-««) 

6(C4— ^-g) 

6  («4— «g) 

6(C5— ^v) 

—  Oi  — 0, 

=  03  — «4 

6  (65+ 67) 
6  (ss— St) 

12  Cg 

12  Ag 

It  should  be  noted  that  the  indices  of  C  and  S  are  not  powers.  The  preceding 
formulae  may  be  controlled  at  pleasure  by  the  general  conditions 

r..=z(o)  +  (i)cosi.i5''  +  (2)cosi.30°  +  (3)cosi.45°+  .  .  . 
.s,=         ( I )  sin  i .  1 5 °  +  (2)  sin  i .  30°  +  (3)  sin  i . 45 °  +    •    •  • 

or  by 

6o-r6*icos  n .  1 5°  +  C2  cos  2  // .  i  S^'  +  r'a  cos  3  w .  1 5°+  • 
+5isin/* .  i5°  +  *2sin  2      i5°+'*>'3sin3 15°  +  .    .  =(^) 

The  values  of  Ci  and  Si  obtained  in  this  way  from  the  special  values  of  6Jj^  cos  i  Q', 
and  the  accented  coefficients  c'  and  s'  obtained  from  ftj^*^  sin  i  Q'  for  each  value  of  i, 
being  substituted  in  (141),  give  the  required  development  of  pj""  in  the  form  (142). 
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The  following  form  for  the  principal  part  of  the  computations  was  used: 


0 

I 

2 

3 

4 

5 

6 

(0) 

(0 

(2) 

(3) 

(4) 

(5) 

(23) 

(22) 

(21) 

(20) 

(19) 

(10) 

(9) 

(8) 

(7) 

(6) 

(12) 

(13) 

(14) 

05) 

(16) 

(17) 

(18) 

c 

QO 

C« 

Q12 

Qll 

C» 

C 

s 

s» 

s* 

s» 

S" 

S" 

gio 

s» 

s« 

S' 

c+ 

CL 

log  Ci 

c_ 

CI 

CL 

OL 

CL 

CL 

hCi_ 

CL 

CV+ 

cu 

c\ 

CI 

cu 

iCVv 

C\- 

log  C!,. 

G\_ 

Ci  + 

log  cu 

c__ 

Ci. 

CI 

S« 

s+ 

SI 

SI 

SI 

s; 

St 

log  St 

Si 

SL 

SL 

SL 

isu 

SV+ 

log  SV^. 

SL+ 

SL 

s__ 

Si_ 

SL_ 

A.  P.— VOL.  V,  PT.  Ill  10 
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In  presenting  the  following  numerical  data  and  results  the  writer  has  been  guided 
by  the  consideration  that  future  investigators  may  desire  to  repeat  his  work  with  a 
higher  degree  of  numerical  precision  than  that  which  he  has  himself  reached.  In  this 
connection  it  may  be  remarked  that  complete  numerical  consistency  in  the  use  of  the 
adopted  elements  seems  to  be  necessary.  For  example,  serious  error  might  result  in 
the  terms  of  very  high  order  if  one  value  of  the  eccentricity  were  used  in  one  part  of 
the  computation  and  another  value  in  another,  and  this,  although  neither  of  the  two 
values  should  be  seriously  in  en-or.  It  is  also  to  be  remembered  that  small  changes 
in  the  elements,  especially  the  positions  of  the  perihelia  and  nodes,  may  make  consid- 
erable changes  in  the  coefficients  of  the  terms  in  question.  The  epoch  1800  was 
therefore  chosen  as  that  to  which  the  developments  should  refer,  because  this  was  fairly 
near  to  the  mean  of  the  time  through  which  observations  of  the  Moon's  position  were 
available.  If  the  elements  for  1900  were  used,  it  is  possible  that  slightly  diflFerent 
results  might  be  found  for  the  inequalities  of  very  long  period,  as,  for  instance,  Hansen's 
inequality  due  to  the  action  of  Venus. 

In  the  actual  computations  the  true  anomalies  and  radii  vectores  of  the  Earth  and 
Mars  for  different  values  of  their  mean  anomaly  enter  as  fundamental  numerical  data 
m  the  computation.  These  anomalies  and  radii  vectores  were  taken  for  1 800  out  of  Le 
Verrier's  tables.  On  the  other  hand,  whe  e  the  eccentricities  enter  into  the  formulae, 
they  were  reduced  to  1800  with  Le  Verrier's  data.  It  is  not  impossible  that  in  this 
way  numerical  inconsistencies,  amounting  to  a  large  fraction  of  a  second  of  arc,  have 
crept  into  the  computation,  especially  as  account  was  not  taken  of  the  minute  error  in 
the  secular  variation  of  the  Earth's  radius  vector  which  exists  in  Le  Verrier's  tables 
of  the  Sun.  It  must  not,  therefore,  be  understood  that  the  whole  computation  is 
absolutely  consistent  with  the  following  numerical  elements  which  were  intended  to 
form  their  basis.  I  shall  therefore  present  such  derived  quantities  as  will  enable  the 
general  consistency  of  the  work  to  be  most  easily  tested. 

In  the  notation  of  §  17  it  will  be  seen  that  the  position  of  the  planet  whose  elements 
are  accented  remains  indeterminate,  while  the  computations  are  made  for  special  values 
of  the  mean  anomaly  which  is  unaccented.  Now,  in  the  res})ective  cases  of  Venus- 
Earth  and  Earth-Mars,  it  is  most  convenient  to  let  the  outer  planet  play  the  part  of  the 
unaccented  one,  since  its  eccentricity  is  in  each  case  the  largest. 

The  values  of  the  fundamental  elements  actually  used  in  the  computations  were 
as  follows: 
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Adopted  quantities  for  1800, 
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Venus  and  Earth. 

Earth  and  Mars. 

0 

0 

II 

99 

29 

56 

332 

22 

42 

-rr' 
/* 

128 

46 

I 

99 

29 

56 

d 

254 

52 

28 

48 

0 

33 

V 

/ 

3 

23 

32-5 

I 

51 

3-5 

7t   1^   QQ 

204 

37 

28 

284 

22 

9 

It' —  6— 00' 

233 

53 

33 

51 

29 

23 

<»-Ki 

330 

41 

3 

232 

53 

38.3 

330 

46 

48 

232 

51 

53-7 

e' 

0.0068703 

0.016792 

log  A-i 

9.9997360 

9.999861 

log  A-2 

9-9995030 

9.999912 

log  2  e'  a'* 

7.856682 

8.52614 

logs 

5-3926 

6.4502 

The  data  and  principal  results  of  the  computations  made  by  the  preceding  method 
are  given  in  the  pages  next  following  with  some  fullness,  not  only  on  account  of  their 
bearing  upon  the  problem  immediately  in  hand,  but  of  their  possible  usefulness  in  the 
theories  of  Venus,  the  Earth,  and  Mars.  In  the  Hansenian  method  of  developing  the 
perturbative  function,  the  inverse  first,  third,  and  fifth  powers  of  the  distances  of  the  two 
planets  must  first  be  developed  as  the  basis  of  the  whole  computation.  From  this 
development  the  function  itself  and  its  derivatives  is  derived  by  the  process  called  by 
Hansen  "mechanical  multiplication;"  that  is  to  say,  the  factors  by  which  the  inverse 
powers  are  multiplied  are  expressed  as  functions  of  the  mean  anomaly  of  one  or  the 
other  of  the  planets,  developable  in  sines  or  cosines  of  multiples  of  that  quantity.  The 
coefficients  in  this  development  are  pure  numbers,  so  that  only  a  numerical  multiplica- 
tion is  necessary. 

We  first  have  to  compute  the  values  of  the  coefficients  which  enter  into  the  expres- 
sions (100),  (i  16),  (i  19),  and  (126).  This  computation  is  made  by  the  formulae  (124) 
and  (125). 

For  the  separate  computations  the  circle  has  been  divided  into  24  parts;  a  number 
greater  is  rigorously  necessary,  but  advisable  in  order  that  the  general  consistency  of 
the  results  may  afford  a  check  upon  the  accuracy  of  the  computations. 
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VENUS  AND  THE  EARTH. 

Valties  of  th^  principal  quantities  far  each  15°  of  the  EartKs  mean  anomaly. 


s 

log  K  sin  ^ 

log  K  cos  ^ 

C 

Q 

log^r 

log<^(0) 

log<^(J) 

log  sin  X 

o 
o 

9.  842601 3» 

0.0959176 

1.4984309 

0 

330 

/  // 
50  5.3 

0. 1547869 

>•  0393590 

2.  0106083 

9. 9791502 

15 

9.  530781 1« 

0. 1424754 

1.5005595 

346 

"5  34- 0 

0.  1550778 

1. 0321281 

I.  9961 461 

9.  9788246 

30 

8.6167445 

0. 1555235 

1.5042569 

I 

39  «4.o 

0.  1 55697 1 

1.0219812 

1.9759630 

9.  9783751 

45 

9.  622517 1 

0. 1372497 

I.  5092620 

16 

59  52.  6 

0. 1566407 

1. 0105490 

1.9533528 

9.  9778760 

60 

9.  8851684 

0. 0850808 

I.  5152267 

32 

15  22.8 

0. 1578726 

0. 9992563 

>.93"747 

9- 9773950 

75 

0. 0263142 

9.  9897552 

I. 5217372 

47 

24  35-  2 

0. 1 593 1 88 

0.  989081 1 

"•9113730 

9. 9769792 

90 

0.  1085707 

9.  8261023 

1.5283468 

62 

26  37.  7 

0.  1 6087 1 6 

0.  9805013 

I.  8948515 

9. 9766495 

105 

0.  1517266 

9.  5027179 

1.5346068 

77 

21  13.2 

0. 1624003 

0.  9735970 

1. 8817050 

9. 9764032 

120 

0.  163455 1 

8.  7370093W 

I.  5400942 

92 

8  42.6 

0.  1637673 

0.  9681470 

1.8714128 

9. 9762200 

135 

0. 1458188 

9.  6266576/1 

I.  5444443 

106 

50  2.9 

0. 1648478 

0.  9638634 

I.  8633261 

9. 9760756 

150 

0. 0965588 

9. 8829568^ 

1.5473683 

121 

26  41.9 

0.  1655454 

0. 9605464 

1.8569903 

9-  97595>7 

165 

0.  0075048 

0.  0228020« 

I. 5486731 

136 

0  28.  2 

0.  1658028 

0.  9581767 

1.8523352 

9-  9758430 

180 

49.  8571886 

0. IO55524W 

5452730 

150 

33  21.5 

0.  1656082 

0.  9569731 

1.8497980 

9. 9757607 

195 

9.5745021 

o-  i5oi937« 

I. 5461945 

165 

7  21.  I 

0.  1649943 

0.  9573378 

I . 8502075 

9-  9757301 

2IO 

7.  8244550 

0. i640344« 

I- 5425743 

179 

44  16.  2 

0. 1 6403 1 2 

0.  9597802 

1.8546328 

9- 9757851 

225 

9.  5592682^ 

0. 1489068^ 

1-5376514 

194 

25  38- 0 

0.  1628151 

0. 9647424 

1. 8640192 

9- 9759572 

240 

9.  849868211 

0.  1023996W 

I. 5317533 

209 

12  33.3 

0. 1614556 

0. 9724792 

1 . 8789404 

9. 9762668 

255 

0. 0025697^ 

0.  oi63044« 

I. 5252760 

224 

5  42.6 

0. 1600604 

0.  9828938 

1.8992569 

9-  9767 "9 

270 

0. 0921850^ 

9. 8694460M 

I. 5186557 

239 

5  20.2 

0. 1587229 

0. 9954332 

1.9238996 

9.  9772636 

285 

0.  i407563» 

9.  5928653// 

I. 5123460 

254 

II  16.3 

0. 1575166 

I. 0090239 

1-9507358 

9.  9778654 

300 

0. I564598« 

8.  1880642^ 

I. 5067814 

269 

23  1.8 

0.  1564928 

I. 0221600 

1.9767483 

9.  9784426 

315 

0. 1412940^ 

9.  5590788 

1.5023484 

284 

39  5'- 5 

0.  1556843 

I.  0330654 

1.9983638 

9-  9789136 

330 

0. 0925806/t 

9. 8542650 

4993584 

300 

0  47-2 

0. 1551152 

1. 0401244 

2. 0123302 

9.  9792098 

345 

0. 001 1484;; 

0. 0073922 

I. 4980207 

315 

24  38.  9 

0. 1548076 

I.  0422776 

2.0165188 

9.9792898 
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MARS  AND  THE  EARTH. 
Values  of  the  principal  quantities  for  each  15^  of  the  mean  anomaly  of  Mars. 


9 

log  K  sin  ^ 

log  K  cos  ^ 

C 

\ogq 

Q 

log^^o) 



log^^ 

log  sin  ;t 

o 

O 

0.  342858;! 

0. 2i2979« 

2. 881 190 

0.  438017 

0     /  // 
233  26  53.9 

0.  599924 

6. 0122 

9.  978445 

15 

0.  4i873lif 

9.  939190^ 

2. 910317 

0. 441407 

251  39  51.6 

0.  575359 

6.0088 

9.  977466 

30 

0. 448288;! 

8.  384265^ 

2. 971771 

0.  448350 

269  30  20.  5 

0.  525201 

6.0018 

9. 975335 

45 

0.439091;! 

9.  917232 

3. 0601 16 

0. 457926 

286  43  58. 9 

0. 457934 

5- 9923 

9. 972189 

60 

0. 391572W 

0.  207560 

3. 167944 

0.  469034 

303  12  14.  5 

0.  382842 

5.9812 

9. 968257 

75 

0.  298636» 

0.  357601 

3. 286834 

0. 480623 

318  52  19.0 

0.  307729 

5.9696 

9. 963845 

90 

0. 137266« 

0. 444640 

3.408158 

0. 491815 

333  45  49-5 

0.  238109 

5-958^ 

9. 959295 

105 

9. 821323^ 

0. 492325 

3. 523778 

0. 501949 

347  57  24.  5 

0.  177420 

5. 9483 

9- 954940 

120 

8.944271 

0.  510437 

3.626471 

0.  510555 

I  33  20.6 

0.  127466 

5. 9396 

9.  951070 

135 

9.  921 lOI 

0. 502957 

3.710223 

0.517327 

14  40  44. 9 

0. 089206 

5- 9329 

9.  947927 

150 

0.  185703 

0. 470233 

3-  770379 

0.  522066 

27  27  0.6 

0. 062981 

5. 9281 

9. 945680 

165 

0.  332616 

0. 408997 

3. 803729 

0. 524655 

39  59  34-  ^ 

0. 048896 

5- 9255 

9. 944445 

180 

0. 424058 

0. 310220 

3. 808538 

0.  525041 

52  25  48.  2 

0. 0470/6 

6. 9252 

9. 944282 

195 

0. 480036 

0.  15 1066 

3- 784559 

0.  523210 

64  53   5-  7 

0. 057224 

5. 9270 

9-  945 '95 

210 

0.  508707 

9. 855220 

3-  733036 

0.519199 

77  28  52.3 

0. 079588 

5.9310 

9- 947137 

225 

0.513048 

8. 291540^ 

3.  656695 

0.513098 

90  ^0  38.  3 

0.  113981 

5.9371 

9. 950010 

240 

0.  492674 

9. 876442^ 

3-5597" 

0.  505068 

103  36   0.  2 

0.  160083 

5.9451 

9. 953654 

255 

0. 443756 

0. 158005^ 

3-  447645 

o.  495379 

117  22  30.  6 

0.  217243 

5-  9548 

9. 957857 

270 

0.  35691 1 

0.  3082 1 3« 

3- 327367 

0. 484444 

131  47  19.0 

0.  283875 

5.9658 

9- 962343 

285 

0. 209610 

0. 3962 1 o« 

3. 206725 

0. 472863 

146  56  28.9 

0.  357230 

5-9773 

9.966801 

300 

9. 929867 

0. 44i856« 

3.094241 

0. 461452 

162  53  52.5 

0. 432631 

5-9887 

9.  970898 

315 

8. 223455« 

0. 451265^ 

1  2.998513 

0. 451227 

179  39  39- 0 

0.  503153 

5.9990 

9- 974321 

330 

9.912794W 

0. 423601^ 

2. 927385 

0.443299 

197    8  46.0 

0.  560062 

6.0069 

9. 976819 

345 

0. 19903IW 

0.  35ii98« 

1     2. 887057 

0. 438679 

215  10   3.  2 

0.  594434 

6. 01 15 

9-  978223 
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Table  of  the  valves  of  log      and  log  //Jj^  for  the  compiUation  of 


1 

log  0(n 

»  =  3 

n  =  S 

^  log  0(n 

log 

log  e«) 

J  log  0(*) 

_  

log 



I 

9. 8750613 

791813 

0. 0969100 

1549020 

2 

9.  7958800 

299632 

9- 

1938200 

9. 9420080 

669467 

9-  339948o« 

3 

9. 7659168 

9- 

3399481 

9. 8750613 

377886 

8. 9719713 

4 

9. 7501225 

157943 

9- 

3699^3 

9. 8372727 

243593 

9. 2352128 

c 

Q.  74,0^627 

Q7?o8 

9- 

3813407 

9. 81 29134 

170333 

9-  3077634 

6 

9. 7337322 

66305 

9- 

3869447 

9. 7958801 

125892 

9- 3399481 

7 

9- 7289333 

47989 

9. 

3901 148 

9. 7832909 

96873 

9.  3573222 

8 

9.  7252989 

36344 

9- 

3920843 

9- 7736036 

76868 

9- 3678383 

9 

9.  72245 1 1 

20470 

9- 

3933924 

9. 7659168 

62490 

9. 3747102 

lO 

0. 7201 Co? 

22918 

9- 

3943057 

9.  7596678 

51805 

9. 3794566 

II 

9.718275I 

18842 

9- 

3949687 

9-  7544873 

43647 

9.  3828762 

12 

9.7166988 

15763 

9- 

3S54654 

9. 7501226 

37279 

9.  3854235 

13 

9-7153605 

13383 

9- 

395847" 

9- 7463947 

32210 

9. 3873728 

14 

9. 7I42IOO 

"505 

9- 

3961467 

9.  743«737 

281 1 1 

9. 3888982 

I  e 

Q  7I72IO/1 

0006 

9- 

3963862 

9.  7403626 

24746 

9,3901146 

l6 

9-7123339 

8765 

9- 

3965806 

9. 7378880 

21952 

9-  39"oo5 

17 

9.7II559I 

7748 

9 

3967408 

9. 7356928 

19607 

9.  3919108 

i8 

9. 7108692 

6899 

9- 

3968742 

9-  7337321 

17618 

.    9-  3925849 

19 

9. 7 1025 10 

0102 

9 

3969865 

9. 7319703 

15918 

9-  393«5'7 

20 

Q. 7006010 

9- 

3970820 

9. 7303785 

>4453 

9.  3936329 

21 

9.  7091892 

5047 

9- 

3971638 

9.  7289332 

9.  3940449 

22 

9.  7087298 

4594 

9- 

3972344 

9.  7276152 

13180 

9.  3944005 

23 

9.  7083 lOI 

4197 

9- 

3972959 

9.  7264083 

12069 

9- 3947095 

24 

9.  7079249 

3852 

9- 

3973496 

9. 7252990 

1 1093 

9. 3949797 

25 

9.  7075702 

3547 

9. 

3973969 

9. 7242759 

1 023 1 

9. 3952172 

26 

9.  7072426 

3276 

9- 

3974387 

9.  7233294 

9465 

9- 3954273 

27 

9.  7069389 

3037 

9- 

3974758 

9.  72245 II 

8783 

9- 3956139 

28 

9.  7066569 

2820 

9- 

3975090 

9.  7216340 

8171 

9.  3957804 

29 

9.  7063940 

2629 

9- 

3975387 

9.  7208718 

7622 

9- 3959297 

30 

9.  7061486 

2454 

9. 

3975655 

9.  7201593 

7125 

9. 3960640 

31 

9. 7059188 

2298 

9- 

3975896 

9-7194917 

6676 

9. 3961854 

32 

9-  7057034 

2154 

9- 

39761 15 

9. 7188648 

6269 

9. 3962948 

The  following  is  a  coraplete  copy  of  the  computation  of  h^^  for  Venus  when 
o^,  showing  every  figure  that  was  made,  as  explained  on  pages  233-234: 
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Numerical  development  of  24  times  the  inverse  third  power  of  the  distance  of  Venus  from 
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MARS  AND  THE  EARTH. 

In  the  following  developments  of  the  inverse  third  power  of  the  distance  of  Mars 
from  the  Earth,  I  liave  given  the  development  for  Po  as  well  as  for  p  itself,  in  order 
that  a  comparison  of  the  two  sets  of  numbers  might  afford  a  general  control  upon  their 
accuracy,  and  facilitate  a  judgment  as  to  the  magnitude  of  the  difference  between  them. 
It  will  be  seen  that,  notwithstanding  the  considerable  eccentricity  of  Mars,  the  two 
developments  are  appreciably  different  only  for  the  smaller  indices,  and  in  nearly  all 
cases  so  small  as  to  be  almost  without  influence  in  the  planetary  theories. 

As  already  remarked,  the  change  from  eccentric  to  mean  anomaly  was  completed 
only  for  a  portion  of  the  work.  So  far  as  completed  the  corresponding  development 
is  given  in  the  margin  of  the  table. 
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Development  of  24  times  the  inverse  third  power  of  the  distance  of  Mars  from  the  Earth  in 
terms  of  the  eccentric  anomaly  of  the  Earth  and  the  mean  anomaly  of  Mars,  and  also 
in  terms  of  tlw  mean  anomalies  of  both  planets  in  their  elliptical  orbits  for  1800. 
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THE  EARTH  AND  VENUS. 


Coefficients  of  Cosines. 
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The  accurate  determination  with  all  necessai-y  numerical  precision  of  the  coefl&- 
cients  Kj,  Kg,  etc.,  of  the  preceding  theory,  forms  one  of  the  most  difficult  parts  of  the 
present  problem.  The  analytic  developments  which  the  author  has  generally  used  in 
the  planetary  theories  seem  to  be  unsatisfactory  here,  owing  to  the  great  number  of 
terms  to  be  included  and  the  slow  convergence  of  the  series  to  be  used.  He  there- 
fore determined  to  make  use  of  the  Cauchy-Hansen  method,  as  developed  in  the  pre- 
ceding section.  But  in  practically  applying  this  method,  an  unforeseen  difficulty 
occurred.  In  forming  the  necessary  products  of  the  terms  of  by  {x-\-x'y^  etc.,  it  was 
found  that  the  final  coefficients  were  much  smaller  in  absolute  value  than  the  separate 
value  of  the  temas  whose  sum  made  them  up.  For  example,  in  the  case  of  Hansen's 
great  inequality,  the  addition  of  the  several  numbers  which  gave  the  principal  coeffi- 
cients for  the  argument  i2>n^—i6n'  were  as  follows: 

COS  sin  cos  sin 

Positive  tenns  . +63.0215    +46.6846    +62.9561  +46.6238 

Negative  terms  — 63. 1 753    —46.6273    — 63.0257  —46.5312 

Difference  .  .  .—  0.1538    +  0.0573    —  0.0696    +  0.0926 

We  shall  hereafter  see  that  the  degree  of  precision  thus  obtained  is  not  entirely 
satisfactory.  Where  each  quantity  depends  on  the  result  of  so  great  a  number  of  opera- 
tions and  additions  as  is  involved  in  the  numerical  processes  which  have  to  be  gone 
through  with,  entire  accuracy  can  be  secured  only  by  candying  the  individual  compu- 
tations to  a  higher  degree  of  precision  than  is  expected  in  the  final  result.  It  must 
therefore  be  regarded  as  an  open  question  whether  the  developments  in  powers  of  the 
inclination,  as  used  by  Delaunay,  or  the  preceding  numerical  method  of  Hansen,  is 
the  best.  Notwithstanding  the  difficulties  the  author  inclines  to  prefer  the  latter,  on 
the  ground  that  the  numerical  work  may  be  done  by  ordinary  computers,  and  believes 
that,  had  he  been  aware  of  the  difficulty  in  question  before  the  computations  were 
commenced,  he  could  have  had  them  so  conducted  as  to  lead  to  undoubted  results. 

As  the  degree  of  precision  obtained  is  practically  sufficient  for  the  present  needs 
of  the  lunar  theory,  he  has  not  deemed  it  necessary  to  go  through  so  complete  a  revi- 
sion of  the  immerical  work  as  would  be  necessary  to  make  the  expressions  reliable 
beyond  the  fourth  decimal  figure.  He  believes  that  the  coefficients  given  in  the  pre- 
ceding section  for  inverse  powers  of  the  distances  of  Venus  and  Mars  from  the  Earth 
are  correct  within  a  very  few  units  in  the  fourth  place  of  decimals. 

It  is  to  be  remarked  in  this  connection  that  the  developments  of  fejj^  sin  i  Q,  and 
h^^  cos  I  Q,  when  the  numerical  values  of  these  quantities  are  computed  for  as  many  as  24 
equidistant  intervals  admit  of  a  very  certain  numerical  control,  in  that  the  sum  of  the  val- 
ues of  any  of  these  functions  corresponding  to  even  multiples  of  1 5  degrees,  should  be 
nearly  equal  to  the  corresponding  sum  of  the  odd  multiples,  the  equality  probablj^  holding 
true  up  to  at  least  the  fourth  place  of  decimals.  This  amounts  to  the  same  thing  as 
saying  that  in  the  developments  the  coefficients  of  the  sines  and  cosines  of  multiples 
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of  g\  higher  than  the  )  ith,  should  vanish.  From  the  manner  in  which  these  coeffi- 
cients diminish  it  would  seem  that  this  should  be  true  to  at  least  the  fourth  place  of 
decimals.  As  a  matter  of  fact,  the  actual  delopments  give  coefficients  for  the  cosine 
of  \2g\  generally  amounting  to  two  or  three  units  of  the  fourth  place.  This  limit, 
therefore,  seems  to  be  that  of  the  precision  obtained  in  the  final  results. 

Of  one  substantial  result  there  can  be  no  doubt.  The  developments  in  question 
are  carried  far  enough  to  detect  any  inequality  of  long  period  which  can  possibly  arise, 
and  to  assign  a  limit  to  the  probable  order  of  magnitude  of  its  amplitude.  In  the 
present  state  of  the  lunar  theory,  when  observations  of  the  Moon  seem  to  show  ine- 
qualities still  unaccounted  for,  this  result  may  be  regarded  as  a  point  gained. 


§  19. 

INEQUALITIES  INDEPENDENT  OF  R. 

In  the  preceding  theory  the  inequalities  of  the  lunar  elements  determined  by  the 
three  equations  (94)  reduced  to  numbers  in  (96) 

6  TO  — — .0096     (J»'  +  -oo3  04  e!^ 

S  e^zz  —  .ooo  58      — .00009  ^-^'^ 

S.y^zz  -—.00001 1  S,  e'^ 

are  not  confined  to  the  secular  variation.  We  must,  in  fact,  substitute  for  and 
S.  e^^  the  entire  inequalities  of  these  elements  of  the  Earth's  orbit  produced  by  the 
action  of  the  planets.  As  this  operation  is  quite  independent  of  determining  the  other 
inequalities,  I  have  brought  the  results  together  in  a  single  section.  The  computation 
of  Sjo^  and  S.e'^  is  so  simple  that  I  do  not  deem  it  necessary  to  enter  into  details  of  the 
computation,  and  shall  therefore  only  give  the  results. 

Putting  A4,  X\  the  mean  longitudes  of  Venus  and  the  Earth,  counted  from  the 
ascending  node  of  the  orbit  of  Venus,  I  have  found  the  following  results: 

From  the  action  of  Venus. 
<y»'=z+i."52     cos(     A'—  A,) 
— o."83     cos  (  2  A'— 2  A4) 
— o."5i     cos  (  3  A'— 3  A4) 

+o."o6     cos  (2  A'—   A,)-o.''oi     sin  (2  A'—   A,)  (146) 

0.^29  cos  (  3  A'— 2  A4)— o."o7  sin  (  3  A'— 2  A4) 
+o."o9  cos  (  5  A'— 3  A4)~o."oi  sin  (  5  A'— 3  A4) 
— o/'oo45  cos  (13  A'— 8  A^)— 0.^0029  sin  (13  A'— 8  A4) 
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<5e'=+o."88 

COS  A^+o".4i  sin  A, 

+o."8o 

cos  A'+o".37  sin  A' 

+  i."52 

cos  (  2  A'—   A4)+o".7i   sin  (  2  A'— 

•  \) 

-3."66 

cos  (  3  A'— 2  A4)  — i".7i   sin  (  3  A'— 

■2  A,) 

+o."48 

cos  (  5  A'— 3  A4)+o".37  sin  (  5  A'- 

■3A4) 

— o."oio 

cos  (13  A'— 8  A4)— o".oi9  sin  (13  A'— 

•8A4) 

From  the  action  of  Mars. 
6x?'=— 0/^04.   cos  (  A4—  A') 
— o/'o8   cos  (2  A4— 2  A') 
+  o/'o32  cos  (2  A4—  X'—gd') 
— o/'o69  cos  (2  A4—   A'— 0)4) 
tfe'zz— o/'95   cos  (2  A4—  A'— Q?') 

From  the  action  of  Jupiter. 
6x?' =+0/^24  cos  (  A4—  A') 

—  2/'33  cos  (2  A4— 2  A') 

+  0/'42  COS  (3  A4— 2  A'  — 0)4) 
tfe'zz  — 0.73     COS  (    \'  —  G0') 

—  3.09    COS  (    A4— 0)4) 

+  3.88   COS  (2  A4— A'— o)') 
The  preceding  formulae  then  give 

Action  of  Venus  on  the  Moon. 


Se=-\-o."/^6  sin  ( 

;  A'- 

— o."i3  sin  ( 

;  2A'- 

2  A,) 

— o."o5  sin  ( 

:  3A'- 

•3A4) 

+o."22  sin  ( 

3A'- 

2  A,) 

— o/'o5  cos  (3  A'  — 2  A4) 

+o."i4  sin  ( 

5A'- 

3  A.) 

+o/'o2  cos  (5  A'— 3  A4) 

+o."o3  sin  ( 

2A'- 

(H7) 


Digitized  by 


266  THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION 


~pU.   Z\J  bin  \ 

13  A  — 0  A^J 

•—  U.    12  CUo  113 

 Q  Tl  \ 

—  0  A^J 

^  yr  —  T  "  T  din 

t//r_«— 1.  Dill 

f     y        1  \ 

L    ^  —  ^ij 

+o/'32  sin  1 

[  2A'  — 2A4) 

—  o/'oy  sin 

r  2  A'—  A^) 

+o/'i2  sin  ( 

:  3A'-3A,) 

— o/'54  sin  ( 

:  3A'-2A,) 

4-o/'i2  COS  (  3  A' 

-2  A,) 

— o/'35  sin  ( 

:  5  A' -3  A,) 

—  3/'o5  COS  (  5 

-3A4) 

— o/'50  sin  ( 

:i3A'-8A,) 

+o/'30  cos  (13  A' 

-8  A,) 

69=+o/'s7  sin 

(A'-A,) 

Action  of  Mars  on  the  Moon. 

6€  = 

+o/'o2  sill  (  A4 

-A') 

+o/'i3  sin  (2  A4 

-X'  —  co') 

— o/'2i  sin  (2  A4 

-\'-co,) 

67r  = 

— o/'o4  sin  (  A4 

-A') 

—  o/'3i  sin  (2  A4 

—  X'-co') 

+o/'5i  sin  (2  A4 

-X'-oo,) 

(148) 


Action  of  Jupiter  on  the  Moon, 
tfczz— o/'o5  sin  (  A4—  A') 
+o/'25  sin  (2  A4— 2  A') 

(149) 

+o/'o8  sin  (  A4—  co') 

— o/'o5  sin  (3  A4—    A'  — 0)4) 

rf;rzz— o/'6o  sin  (2  A4— 2  A') 

If,  in  these  expressions  we  consider  that  part  of  Se  which  arises  from  dv,  we  shall 
see  that  it  is  necessarily  less  than  the  corresponding  terra  in  the  mean  longitude  of  the 
Sun.    For  instance,  the  term 

ttc  cos  N 

in  <J»'  leads  in  Se'  or  in  y n^dt  to  the  term 
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-while  the  term  produced  in  Se  is 


3  ^  -XT 

— ^  —  a,  sin  N, 
2  0 


^  •  XT 

.0144  ^  ttc  sm  Js, 


which  is  about  one-eighth  that  produced  in  Se'.  Hence,  if,  in  our  theory,  we  have 
omitted  sensible  terms  from  this  source,  terms  eight  times  as  great  must  be  omitted  iu 
the  theory  of  the  Sun.  In  this  proposition  it  is  assumed  that  the  perturbations  of  the 
Earth's  eccentricity  are  so  minute  that  in  the  expression 

.000  155  y  e, 

no  omitted  term  can  possibly  become  sensible. 

§  20. 

PRELIMINARY  DATA  FOR  INEQUALITIES  ARISING  THROUGH  R,. 
The  following  values  of  the  masses  of  the  planets  were  adopted  in  the  computa- 

I 


tions: 

Mercury, 


Venus, 
Earth, 

Earth  +  Moon, 
Mars, 
Jupiter, 


5  000  000 
1 


420000 
1 

326  800 
1 

322  800 
I 


3  000  000 


1047.8 

The  expressions  for  the  action  of  the  planets  on  the  Moon  all  contain  the  factor 


where  a  is  the  mean  distance  of  the  Moon  from  the  Earth,  and  a'  the  mean  distance  of 
the  Earth  from  the  Sun.    Of  this  expression  the  factor 

I  a' 
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admits  of  being  found  with  greater  precision  than  we  can  find  its  component  parts, 

because  the  quantity  ^'^^^  is  derivable  from  the  length  of  the  seconds  pendulum,  com- 

(J/ 

bined  with  the  dimensions  of  the  Earth.    These  data  give  the  equations 

logm^  a'^=7  58838 
log  azz.  1.78044 

taking  for  m^im^  the  value  1 181.4       ^hen  have 

log  7.74763  — 10 

a  purely  numerical  quantity,  independent  of  the  adopted  units  of  mass  and  length. 

Since  we  represent  by  the  ratio  of  the  mass  of  the  planet  to  that  of  the  Sun  we 
have  for  the  value  of  the  common  factor  sought 

^3 

^,3  =  [774763  — 10]  ^4 

Referring  to  the  equations  (73)  and  (74)  it  will  be  seen  that  the  magnitude  of  the 
coefficient  of  any  inequality  depends  very  largely  on  the  value  of  Vj  the  ratio  of  the 
period  of  an  argument  to  that  of  revolution  of  the  Moon.  The  magnitude  of  the  coeffi- 
cients A'l,  A*2  .  .  .  A'e  which  enter  into  K  is  also  to  be  considered.  To  facilitate  the 
search  for  inequalities  which  may  become  sensible  in  consequence  of  a  large  value  of 
V  the  following  table  of  motions  of  the  lunar  arguments  N,  and  of  the  principal  term 
in  Ki  and  K5,  has  been  prepared: 
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Daily  motions  of  the  lunar  arguments  for  all  terms  to  those  of  the  third  order  inclusive, 
with  order  of  magnitude  of  the  corresponding  coefficients. 


Argament. 

Daily 
motion. 

Principal  term 
of  Hi 

log  xi 

0,    0,  2 

// 

-381 

+/ 

-2.  7 

0,    2,  0 

802 

4 

-2.  4 

I,    0,  0 

47435 

■4-^  am 
32 

-3-6 

h—3,  0 

46232 

-  7  ^ 
48 

-4.6 

I,— I,  0 

47034 

—e 

-1-3 

I,— I,— 2 

47416 

-ef 

—4.  0 

1,-1,  2 

46652 

.11  2 

4 

-3-  6 

I,    I,  0 

47836 

2 

—  I.I 

I,  1,-2 

48217 

2 

—  4-  3 

2,    0,  2 

94488 

4 

-3-  9 

2,    0,  0 

94870 

-o-  3 

2,    0,— 2 

95251 

-2.  7 

2,-2,  0 

94068 

4 

-3-  I 

2,      2,  0 

_     _  _ 
95672 

•1 

15  2 

 ~e^m 

16 

-3-  7 

3,    0,  0 

142305 

4 

-4-  3 

3—h  0 

141904 

I 

 e 

2 

—  I.  6 

142285 

—  4.  0 

3.    I,  0 

142706 

■  15 

10 

—  2.  4 
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Daily  motions  of  the  lunar  arguments^  etc. — Continued. 


Arguuieut. 

Daily 
uiotion. 

Principal  term 
of  X\ 

log  Xl 

I,   w,  e 



3.  1,-2 

143087 

-3-  9 

j  3,-3.  0 

141 102 

-4.  7 

4,     0,  0 

189740 

+  .6"** 

-3-  0 

4,-2,  0 

188938 

+  1^ 

-4.  2 

Argument. 

Daily 
motion 

Principal  term 
of  2 

log  2 

0,  0,  I 

—  191 

-2  Y 

—  I.  I 

0,  2,—  I 

993 

4 

-3-  3 

I,— 1,-1 

47225 

—  2ey 

-2.  3 

1,-1,  I 

46843 

+  2ey 

-2.  3 

1,   I,— I 

48027 

+  6ey 

-I.  8 

1  1,  I,  I 

47645 

—  '^e  y  M 
2 

-3.6 

2,-2,-1 

94259 

2 

—4.  2 

2,-2,  I 

93877 

.  7  ' 
4 

-3-6 

2,      0,  — 3 

95442 

+  2^' 

-3-  7 

2,     0,  I 

94680 

—  w 
4 

—  2.  6 

2,      0,— I 

95061 

—  2  X 

—  I.  I 
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Daily  motions  of  the  lunar  arguments^  etc, — Continued. 


Argment. 

Daily 
motion. 

Principal  tenu 
of  2 

log  2  x-, 

I,  'r, 

// 

142095 

—  2ey 

-2-  3 

3,-1,  I 

I4I7I3 

—  ^ey 
4 

-2.  7 

3,  1,-1 

142896 

15 

—  —  e  y  m 
4 

-3;  2 

4,-2,-1 

I89I29 

—  2e^y 

-3-6 

4,    0,— I 

189930 

—  ^  y 
4 

-3-  7 

To  discover  inequalities  of  long  period  it  is  only  necessary  to  compare  the  motions 
of  this  table  with  the  motions  of  all  possible  arguments  of  the  form  14^/4 — g\ 

§  21. 

ACTION  OF  MERCURY. 

The  adopted  mass  of  Mercury,   ?  ,  crives  from  tlie  numbers  of  <S  20 

^  "    5  000  000  ^  ^ 

/u^(i^=o'\ooo  231 

If  we  substitute  this  coefficient  in  (no)  and  retain  only  the  largest  terms  in  each 
case,  we  shall  have 

<Jx7  = +o".ooo  233  i  V  \  K  sin  (N  ±  U)  +  K'  cos  (N  ±  U)  } 
ede——o  .000  122  /'  V  {Ksin(N±U)  +  K'cos(NdhU)| 
X 5 X  =z — o  .000  029  V  { K  sin  (N  ±  U )  +  K'  cos  (N  zb  U)  | 

To  facilitate  an  estimate  of  the  order  of  magnitude  of  the  coefficients  of  any  of 
these  inequalities  we  recall  the  values  (107)  of  K  and  K' 

The  largest  values  of  Ki,  Kg  .  .  .  K'l,  K'2  .  .  .  are  of  the  order  of  magni- 
tude unity  for  some  of  the  arguments  of  lowest  index,  and  decrease  indefinitely  with 
larger  values  of  the  indices. 
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By  inspecting  the  values  of  x^,  x^^  etc.,  on  p.  2 1 7,  etc.,  it  will  be  seen  that  the 
value  unity  is  approximated  to  only  in  the  terms  corresponding  to  the  following  sys- 
tem of  indices 

i  =:o;  2 
i'  zzo;  o 
i" hlO'j  o 

In  the  case  of  the  first  set  of  indices  the  values  of  and  Sy  vanish  entirely, 

and  in  the  case  of  the  second  the  largest  terms  can  only  be  of  the  order  of  magni- 
tude, 

o".ooo5  y  Ki 

and  since  never  much  exceeds  unity,  this  term  can  become  sensible  only  for  a  very 
large  value  of  v.  Now  referring  to  (i  1 2)  and  (i  1 3)  it  will  be  seen  that  if  v  is  very  large, 
the  terms  in  e^^e^^  etc.,  multiplied  by  will,  in  general,  be  much  larger  than  those  multi- 
plied by  and  that  in  nearly  every  case  the  perturbations  of  e  will  be  larger  than 
those  of  TT  or  0.  If,  then,  there  is  any  sensible  inequality  of  long  period  arising  from 
the  action  of  Mercury  it  is  to  be  sought  in  the  terms 

e^z=.(p",ooo  35  i— o".ooooo5  i'+o".oooooi  i")  K 
£,=(o".ooo  35  i— o  .000005  i'+o  .000  001  i'')  K' 
In  order  that  these  coefficients  may  amount  to  o''.i  we  must  have,  for  izti 

when  Kzz  i,       ^>  15 
Kzz:.Oi,      y  >  150 
K=:.oooi,  K>  1500 
etc.  etc. 

The  value  of  y  is  inversely  proportional  to  the  coefficient  of  the  time  in  the  angle 
N  zb  U.    These  angles  are  of  the  form 

The  angle  N±U  will  therefore  comprise  five  separate  variables,  the  angle  of  ^ 
being  common  to  both  N  and  U.  It  follows  that  in  seeking  for  large  values  of  y  it  is 
only  necessary  to  consider  those  values  of  N  in  which  i'":zio,  and  to  find,  for  each  of 
such  values,  whether  there  are  any  integral  values  of  /  and  which  will  make  the 
coefficient  of  the  time  in  NiU  very  small.  On  the  next  page  is  foimd  a  complete 
list  of  the  combinations  of  the  indices  i,  i\  and  which  we  have  foimd  to  appear  in 
the  development  of  or*,  xy^  etc.,  to  terras  of  the  third  order,  with  the  daily  motion  of 
the  argument  corresponding  to  each  combination. 

Opposite  each  set  of  indices  is  given  the  order  of  magnitude  of  the  largest  corre- 
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sponding  value  of  which  may  be  regarded  as  nearly  a  superior  limit  of  any  possible 
corresponding  value  of  K  or  K'. 

We  have  next  to  consider  the  probable  order  of  magnitude  of  the  coefficients  Ki, 
Kg,  etc  I  find,  by  induction,  that  these  coefficients  are  of  the  same  order  of  mag- 
nitude with  those  which  we  meet  in  the  development  of  i ,  a  result  which  might 

have  been  deduced  a  priori.  Comparing  the  several  multiples  of  the  mean  motions  we 
find  that  within  these  Hmits  those  in  the  following  table  are  all  that  nearly  coincide 

with  any  one  of  the  preceding  values  of  -.    With  each  combination  of  arguments  is 

given  a  computation  of  the  order  of  magnitude  of  the  corresponding  tenn  in  Se^  or, 
rather,  a  computation  showing  a  value  which  the  coefficient  of  the  term  is  not  likely 
to  exceed.  The  third  column  shows  the  daily  motion  of  the  argument  corresponding 
to  the  indices  in  the  first  two  columns,  or  the  value  of 

We  then  have,  in  the  fourth  column,  the  approximate  logarithm  of  y\ 
In  the  fifth  is  log      concluded  from  the  order  of  magnitude  of  the  largest  value  of 
H  in  the  preceding  table. 

In  the  sixth  is  the  largest  probable  value  of  log  concluded  by  induction  from 
the  magnitude  of  the  terms  in  the  development  of  -i^. 

In  the  s^^venth  and  eighth  are  the  resulting  largest  probable  value  of  or  con- 
cluded from  the  formulse  (113) 


Daily 
motioD. 

logXj 

logK 

f 

e 

i 

r 

i" 

// 

-f  10 

// 

I 

I 

0 

+  1+  3 

90 

5-5 

—  I.I 

—  2. 

9.0 

O.I 

I 

I 

0 

-3+4 

449 

41 

—  I.I 

—  I. 

8.6 

0.04 

I 

I  ■ 

—2 

-3+4 

68 

57 

-4-3 

—  I. 

7.0 

0.001 

2 

—2 

0 

-15+10 

33 

6.4 

-3  I 

-5- 

50 

0.000 

3 

— I 

0 

-14+13 

58 

5-9 

—  1.6 

—4 

6.9 

0.001 

3 

0 

0 

-18+14 

81 

5.6 

-4-3 

-5- 

2.9 

0.000 

I 

I  • 

—I 

-3+4 

258 

4.6 

-1.8 

—  I. 

8.4 

0.02 

I 

I 

I 

+  1+  3 

100 

5-4 

-3.6 

—  2. 

6.4 

0.000 

The  first  three  terms  are  the  only  ones  in  which  there  is  any  reasonable  hope  of 
finding  a  sensible  coefficient,  and  they  may  therefore  merit  a  closer  examination, 
although  their  actual  coefficients  are  probably  smaller  than  those  here  given.  The 
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following  are  the  actual  values  of  the  highest  terms  in  K,  and  the  actual  value  of  the 
coefficient  in  the  development  of  ^  for  the  combinations  of  arguments  which  form  the 
highest  terms  in  the  final  coefficient. 

I.  ForNn:    €+7r  For  U  =^7^  +  3^4 

H,=-h=-.oS2  K,=:.ooo6± 
2 

^e=+.oS2 
2 


x^zz—^e=—.oS2 
2 

x^,  and  x^=o 

2.  For  N  =  £+;r— 25f'  For  U  =—^^'  +  3^4 

IS  KiZr.oi6± 
Hj  =  H2=—-^em=—,oo77 

o 

«3  to  ^^6  =  0 

The  coefficient  corresponding  to  this  value  of  would  be  of  the  order  of  magni- 
tude o."o3.  It  seems  to  me  without  the  limits  of  reasonable  probability  that  the 
actual  values  of  Ki  and  K2  should  exceed  the  value  here  assigned  by  more  than  two 
or  three  times,  and  therefore  very  unlikely  that  the  coefficient  should  amount  to  o/'i. 
It  is  equally  probable  that  the  values  of  the  following  terms  are  less  than  those 
assigned.  I  conclude  that  the  motion  of  the  Moon  is  subject  to  no  sensible  inequality 
of  long  period  arising  from  the  direct  action  of  Mercury. 

§  22. 

ACTION  OF  VENUS. 

With  the  adopted  mass  1-^-420  000  we  find 

jd^a^z=:o."oo2  746 

By  the  substitution  of  this  value  the  secular  terms  (114)  become 

(Jezzo."oo2  746j-2.o23  K'o-i.oii  +0.000S  ^^\nt 

{  av  ede ] 

d7r=o."oo2  746|+o.0293K'o+o.oi47^^,^^ +0.526 

I  rf»  ede  J 


n 


6GzzoJ'oo2  746j-o.oo74K'o-o.oo37^^+o.i25 


nt 
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The  largest  values  of  K'o  and  ite  derivatives  will  be  those  which  arise  from  the 
combination  of  the  zero  terms  in  Kj,  Kg,  etc.,  with  the  values  of  a'j,  etc.,  cor- 
responding to  Nzzo,  and  these  terms  must  be  Tloubled,  because  the  angles  N  +  U  and 
N  —  U  will  then  both  be  zero.  From  the  developments  given  on  pp.  252-257  and  262, 
we  find  the  following  numerical  values  of  Kj,  K2,  etc.,  or  the  constant  terms  in  the 
developments  (103).  Along  side  of  them  we  place  the  corresponding  values  of  ^1,  ^^2, 
etc.,  and  their  derivatives  from  the  first  terms  in  the  analytical  tables,  pages  2 1 7-224. 

When  U=o 

d  H 

32  Kizz  +  38.98       yi=+o.49947;  _J  — +  .0021; 

a  10 

ede  yay 

32  K3IZ:— 77.10  ^3^+000403 

32  K4ZZ+57.51  )u=o 

32  K5=+ 19.14  }r5=0 

32  K6=+  8  76  H^=o 

An  important  remark  is  to  be  made  here.  It  will  be  seen  that  in  these  and  many- 
other  terms  we  have 

The  computation  of  these  terms  admits  of  being  greatly  simplified.  If  we  take  the 
sum  of  the  first  three  equations  (103)  noticing  that 

we  find 

K, +K2+K3  z=o 

two  equations  which  form  a  valuable  check  on  the  accuracy  of  the  computation  of  Ki, 
K2,  and  K3.  Now,  in  the  case  supposed,  the  value  of  K  and  K'  in  the  equations  (107) 
becomes 

±K=(K',+K',)«i+K'3^3 
K'=(Ki+K0«i+K3  *3 

Substituting  the  value  of  K'l+K'j  and  of  K1+K2,  given  by  the  preceding  equa- 
tions, these  quantities  become 

K=±K',(«3-«i) 

(150) 

K'=  K3 
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Hence  the  only  values  of  K»  and  K\  we  need  in  this  case  are  those  corresponding  to 
i=^,  and  these  are  the  ones  most  easily  computed,  owing  to  the  small  number  of 
terms  in  -2^4. 

In  another  extended  class  of  cases  we  have 

•      I       

■^1  — ^2— it  ^4>       ^2 — ^5 — ^6  O 

Then  (107)  gives 

K=±(K',-K',±K,)^. 

In  (150)  and  (151)  the  upper  sign  of  the  double  ones  without  the  parentheses 
corresponds  to  the  combination  N  +U,  and  the  lower  to  N  — U. 

The  terms  now  under  consideration  belong  to  the  former  class.  Forming  the  val- 
ues of  K'  and  its  derivatives  by  (i  50)  and  substituting  in  the  preceding  expressions  we 
find,  doubling  the  magnitude  of  the  term, 

^  6€  zn  — o/' 0066 ynt 
^S7r  =+o/'oo5ignt 
^  S9=—o/'ooi6$nt 

Taking  the  Julian  year  as  the  unit  of  time  we  shall  have    1=84.00,  which  will 

give 

Se  i.''ii3i 
5;rzz+o/'905< 

Now,  taking  up  the  periodic  terms,  the  equations  (no)  become,  by  substituting  the 
values  of  ju^a^, 

Sjo=\  o/'oo2  78i — o.oooo4i'  \    \vK  sin  (N  :i=  U)  +  k  K'  cos  (N  ±  U)  } 
eSe=-o/'ooi  444^'  \  v  K  sin  (N ±  U)  +  k  K'  cos  (N ±  U) } 

ySy z=  - o.'ooo  343i"  { K  K sin  (N ± U)  +  K  K'  cos  (N zt U) } 

while  the  coefficients  (113)  become 

e^^C  o.''oo4  i66i— o."oooo6oi'+o.ooooi4i")  K 

+o."oo5  56  V  K+o/'oo2  78 

o."oo4  i66i+o."oooo6o?'— o/'ooooi4i") 
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— o/'oo5  56>^K'— o."oo7  28 

a  X? 

TT^zz (— o/'ooo  o6oi— o/'ooo  027?/— o/'ooo  034^")  v'^K 

— o.  000 082  K  K— o.  000  040  K  ^   — o.  001  44  V  - 

dx)  ede 

7rgZ=:(  o/'oooo6oi+o/'oooo2  7i'+o/'oooo34i'')  r^K' 

d  K'  K' 

+  0/'000  082  V  K'  +  O/'OOO  040  y—  |-0-"00I  44 

djo  ede 

de={  o/'cKDooi6i--o/'oooo34i/+o/'ooooo5i'')  v^K 

II  TT  .     //  rfK       //  K 

+0.  000  02 1  V  K  +  o  000  010  y-  o.  000  34  y  — — 

dv  ydy 

<9.z=(— o/'ooo  oi6i+o/'ooo  034^'— o/'ooo  005//')  K' 

//  II  rfK'  ,    //  K' 

— O.  000021  kK  —  O.  000  GIG  K   ,     +0.  00034*^-  — 

dx?  ydy 

The  magnitude  of  these  coefficients  will  depend  mainly  upon  that  of  the  factors 
V  and  K,  or,  since  the  latter  is  made  up  of  the  two  factors  and  x^,  there  will  be 
three  factors  in  all,  the  order  of  magnitude  of  which  is  to  be  considered.  Since  the 
largest  value  which  K  can  attain  is  only  two  or  three  units,  we  see  at  a  glance  that  no 
term  can  become  sensible  unless  k  is  a  large  number.  Now,  there  are  two  classes  of 
terms  in  which  v  may  be  large,  in  other  words  terms,  the  period  of  which  may  be  many 
times  that  of  the  Moon,  namely: 

(1)  Those  in  which  i,  i',  and  i''  all  vanish,  so  that  the  term  contains  only  the  mean 
longitude  of  the  Earth  and  planet.  But  in  this  case  the  coefficient  of  K  will  also 
vanish,  so  that  the  perturbation  will  contain  only  the  first  power  of  v. 

(2)  Those  in  which  one  or  more  of  the  indices  i,  i\  and  i  '  occur,  so  that  the  term 
contains  the  square  of  v.  In  all  these  terms  K  is  necessarily  extremely  minute,  for  if 
the  term  contains  i,  the  coefficient  of  the  Moon's  mean  longitude,  the  coefficient  of  t  in 
the  angle  N  ±  U,  or 


can  become  very  minute  only  for  very  high  multiples  of  the  mean  longitudes  of  the 
planet  and  Earth  in  U,  owing  to  the  magnitude  of  the  mean  motion  of  the  Moon  com- 
pared with  that  of  the  Earth  and  planet.  If,  on  the  other  hand,  i  does  not  occur  in 
the  term,  the  condition  of  long  period  may  be  fulfilled  by  the  lower  multiples  of  U, 
when  Ki,  K2,  etc.,  will  be  considerable.  But  in  this  case  two  very  minute  factors  will 
enter  in,  namely,  H2,  etc.,  which  are  very  minute  when  i=o,  and  the  coefficient 
will  be  only  o."GOGG6oi'  or  o.''gggg  14^''. 

We  begin  by  giving  all  the  values  of  Ki,  Kg,  etc.,  which  have  been  actually  com- 
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puted,  each  of  them  being  multiplied  by  32.  With  them  are  given  for  comparison,  at 
the  bottom  of  the  column,  the  corresponding  coefficient  m  the  development  of  —3 . 


u 

t 

32 

32  K  \ 

32  Kj 

32  K\ 

32 

32  K  ', 

I 

+  60.25 

—  34-5 

+50.56 

—  4923 

+  1-75 

—  2.09 

2 

+  58.92 

—  33-3 

+  8.26 

-  47-25 

+4.19 

-  4.56 

3 

—  118.98 

+  66.7 

-58.96 

+  96.37 

—6.21 

+  6.44 

4 

—  1.89 

+  0.76 

-  1.57 

+  1.32 

+0.69 

+  1.53 

5 

+  31-61 

—  21.62 

+  14.21 

-  34.16 

+2.08 

—  2.19 

6 

+  18.96 

—  2.02 

+  19-39 

+  7.80 

+1.27 

—  0.53 

+  183.06 

—  102.61 

+90.99 

-148.73 

+9.66 

—  10.00 

In  all  these  lower  terms,  that  part  of  K3  which  results  from  the  development  of 

^  ^  •  II 

^  -*  is  much  smaller  than  that  which  results  from  the  development  of  -  ^     ^^^^  we 

might  have  rejected  the  former  without  sensible  error.  Rejecting  them  in  the  term  of 
which  the  argument  is  —  55^^  +  3  ^4  we  shall  have  for  this  term 

32  K3  =—0.95 
32  K'3  +1.03 
In  the  term  — +  3g  we  shall  have 

32  K3  =-3.57 
32  K'3zz  +  93.39 

On  the  same  supposition  we  should  have  for  the  terms  — 13.9' +  8^4, 

32  Kg  =r  +  .oo2i 
32  K'3zz+.ooi6 

and  for  U zz—  1 1 5^'  +  8 g^, 

32  K3  =  +  0.127 
32  K'3zr  — 0003 

but  owing  to  the  minuteness  of  these  we  can  not  be  sure  that  they  express  more  than 
the  order  of  magnitude  of  K3  and  K'3. 

These  terms  comprise  all  those  independent  of  i,  i',  and  i",  to  which  correspond 
very  large  values  of  either  K  or  v.    They  are  to  be  combined  with  the  first  four  terms  in 
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the  development  of  o?^  y^^  etc.  The  values  of  x^^  Vg,  etc.,  corresponding  to  the  zero 
term  of  this  development  have  been  already  given.  The  next  largest  term  is  the  third, 
corresponding  to  Nzz2/,  for  which 


16        24        16  4 


and  in  numbers 


J^izz  — ^^2=^4=— 007  17 

ax?        ax?     a  V 
d   d  ^2_^  ^4   I 

d  H.       d  Ho    d  Xs  , 
»  y        d  Y  dy 

This  term  can  give  rise  to  a  sensible  result  only  by  being  combined  with  a  large 
term  in  which  the  coefficient  of  the  time  is  nearly  equal  to  in'.  The  two  most  favor- 
able ones  are 

U=z—  35r'  +  35r,  which  gives  N  —  Uzz  Sff'  —  Sff^. 
V  =  -iig'  +  8g,  ....  N-U=i35r'-85r, 

both  of  which  are  of  long  period. 

Our  formulae  now  gives  the  following  computation  of  all  the  terms  of  the  class 
under  consideration  which  can  become  sensible. 


u 

-g'+g. 

—  2.^  +  2  </4 

-3/  +  35'4 

—3/ +  2^4 

—  5.9'  +  3.94 

-1 3.9'+ 8^. 

N 

0 

0 

0 

0 

0 

0 

K3 

—  1.84 

—0.1 1 

—0.19 

—0.030 

—.00065 

K's 

+  2.08 

+  301 

+  2.92 

+0.20 

+0.032 

+.00050 

K 

T  1.030 

=Fi49i 

=Fi447 

=F  0.099 

T0.0159 

=F-ooo25 

K' 

+  1-843 

+  0.912 

+0.054 

+  0.094 

+  0.0149 

—  .00032 

V 

±21.37 

zb  10.68 

±7.12 

±53-25 

=F  108.3 

±3196. 

«e 

—  0."l2  26 

— o."o887 

-o."o574 

— o."o293 

+  o."oo96 

—  o."oo45 

«. 

=Fo.2i9o 

T0.0542 

^0.002 1 

T0.0278 

±0.0090 

^0.0056 

'T. 

+0.097 

+0.071 

+  0.05 

^, 

±0.175 

±0.043 

000 

Digitized  by 


28o 


THEORY  OF  THE  INEQUALITIES  IN  THE  MOON'S  MOTION 


Where  there  are  double  signs  tlie  upper  corresponds  to  the  angle  +U  and  the 
lower  to  — U,  and  both  are  to  be  combined  into  a  single  term.  Combining  them,  the 
results  are 

61  o/'438  sin  (—  g' +  g,)—oJ'2^s  cos  (—  g' +  g,) 
—o  .108  sin  (—  2g'  +  2g^—o  .177  cos  (—  2/4-2^4) 
— o  .004  sin  (—  3/  +  3^,)— o  .115  cos  (—  3^+3^4) 
— o  .056  sin  (—  3^  +  2(74)— o  .059  cos  (—  zg'  +  2g^ 
+0  .018  sin  (—  5.9'  +  3.94)  +  o  .019  cos  (—  + 
— o  .011  sin  (— i35^'  +  85r,)— o  .009  cos  {—lig'  +  ^gi) 

67r  =+o  .35    sin  (—    g' g4)  +  o  .19   cos  (—    g'+  g^ 

The  combinations  of  ^z:i2g'  with  Uzz  —  3(7'  +  3(74  and  U=i— i  i/  +  85f4give  rise 
to  terms  having  the  same  argument.  They  have  not,  however,  been  computed,  because 
we  have  not  x^zz-h^^  and  therefore  require  and  x^y  and  it  is  easy  to  assure  one's  self 
that  they  are  only  of  the  order  of  magnitude  with  those  of  the  same  argument  just  given. 
In  fact  x^y  ^tc,  are  70  times  smaller,  while  Ki,  Kg,  etc.,  can  not  be  much  more  than 
70  times  greater,  and  the  results  are  not  to  be  doubled  as  in  the  other  terms.  They 
can  not,  therefore,  amount  to  more  than  one  or  two  hundredths  of  a  second. 

The  perturbations  of  6  are  much  smaller  than  those  of  ;r,  and  may  therefore  be 
neglected  entirely. 

We  have  now  to  consider  the  terms  into  which  the  square  of  r  enters.  By  com- 
bining the  values  of  Ki,  Kg,  etc.,  for  Umo,  which  have  been  already  given,  with  the 
values  of  ^1,  x^^  etc.,  in  which  i  is  not  zero,  we  shall  find  a  term  corresponding  to 
each  value  of  N  (pp.  217-224),  and  propoi-tional  to  x^^  x^y  etc.,  the  largest  of  which 
will  be  that  con-esponding  to  2  £,  but  none  of  which  will  amount  to  one-hundredth  of 
a  second.  But  the  corresponding  terms,  where  izno^  will  be  of  long  period,  and  there- 
fore, owing  to  the  large  values  of  may  become  sensible.  The  largest  of  these  will 
correspond  to  N  iz:  2  0  and  N  :zi  2  ;r,  both  of  which  belong  to  that  class  in  which 

Their  computation  is  as  follows: 


N 

2  e 

2  ir 

U 

0 

0 

Kj  — K2+K4 

+  1.85 

+  1.85 

«i 

+  .0020 

+  -0038 

K' 

+  .0037 

+  .0070 

15450 

3498 

2  e. 

— o."oo3 

+o."oo6 
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The  action  of  Venus,  therefore,  gives  rise  to  the  terms  of  long  period 

S  e=— o/'oo3  sin  (2  9—2  tt') 

+o/'oo6  sin  (2  TV— 2  tt') 

We  have  finally  to  consider  the  terms  of  long  period  in  which  neither  N  nor  U 
are  zero.  To  find  these  terms  we  take  the  table  of  daily  motions  of  the  argument 
corresponding  to  each  term  of  x^,  t/^,  etc.,  and  compare  with  the  daily  motion  of  the 
several  arguments  composed  of  the  mean  anomalies  of  Venus  and  the  Sun,  and  select 
those  of  which  the  sum  or  difference  nearly  vanish.  All  these  combinations  which,  as 
it  seems  to  me,  can  merit  examination  are  given  in  the  following  table,  which  includes 
also  a  computation  of  the  probable  order  of  magnitude  of  the  coeflBcient  for  the  pertur- 
bation of  mean  longitude.  The  first  five  columns  of  this  table  show  the  combinations 
of  the  several  indices  i,  i\        /,  which  make  the  mean  motion  of  the  argument 

very  small. 

The  sixth  column  gives  the  mean  daily  motion  of  the  argument  in  seconds.  The 
first  line,  for  example,  shows  that  twice  the  mean  motion  of  the  Moon's  node,  plus  five 
times  the  mean  motion  of  the  Earth,  minus  three  times  that  of  Venus,  is  only  56",  and 
that  the  corresponding  inequality  is  therefore  one  of  very  long  period. 

The  seventh  column  gives  the  value  of  which  really  represents  the  period  of  the 
argument  in  sidereal  revolutions  of  the  Moon.  Multiplying  v  by  .075,  we  shall  have 
the  period  of  the  inequality  in  years. 

The  three  next  columns  give,  as  in  the  case  of  Mercury,  the  probable  order  of 
magnitude  of  the  logarithms  of  v^,      and  K^,  the  last  being  deduced  by  induction 

from  the  law  of  development  of  ^. 

The  last  two  columns  give  log     and  the  probable  limiting  order  of  magnitude  of 
itself,  hence  concluded.    These  quantities  may  also  be  regarded  as  the  probable 
values  of  e,. 

It  will  be  seen  that  several  terms  have  been  included,  the  components  of  which 
are  not  found  in  the  preceding  developments.  This  has  been  done  to  include  eveiy 
term  which  could  possibly  become  sensible  in  the  course  of  a  few  centuries.  The 
magnitudes  assigned  to  and  in  these  cases  are  hardly  more  than  rough  guesses, 
and  it  must  be  understood  that  precision  is  not  aimed  at  in  any  case. 
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The  only  coefficients  which  from  their  magnitude  merit  farther  examination  are 
those  corresponding  to  terms  7,  8,  9,  11,  12,  22,  and  23.  Of  these  numbers  9  and  22 
are  of  such  immensely  long  period,  several  thousand  years,  that  their  effect  could  not 
possibly  be  sensible  in  all  the  observations  hitherto  made  on  the  Moon.  The  first  can 
hardly  be  accurately  computed  by  any  method  hitherto  employed  in  celestial  mechan- 
ics, because  the  secular  variations  of  the  perihelia  and  nodes  of  the  Earth  and  Venus 
will  sensibly  affect  the  arguments.  In  fact,  the  rigorous  development  does  not  contain 
simply  the  term  sg^—iog^y  but  3/'  — 10/4  plus  many  combinations  of  angles  varying  in 
consequence  of  the  secular  variations  of  the  planetary  orbits.  In  the  present  theory 
these  angles  are  supposed  constant,  the  theory  is  therefore  not  rigorous  for  very  long 
intervals.  The  further  consideration  of  these  two  terms  will  therefore  be  omitted 
entirely. 

An  examination  of  7  shows  that  its  real  value  is  smaller  than  that  here  assigned, 
so  that  it  also  may  be  omitted.  We  therefore  be^n  with  the  exact  computation  of  the 
eighth  term,  which  is  Hansen's  first  inequality.  An  examination  of  the  values  of  Ki> 
K2,  etc.,  shows  that  there  are  really  six  terms  in  N,  each  of  wliich,  being  combined 
with  some  value  of  U,  will  make 

N±U=£—;r+ 16^—18^4 

These  terms,  together  with  the  numerical  values  of  Ki,  Kg,  etc.,  are  investigated 
as  follows: 
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We  find  that  the  analytical  expressions  for  0^^  y^,  z^^  y'z^  z  Xj  and  x  y  contain  the 
following  terms,  which,  combined  with  the  proper  multiples  of  the  mean  anomalies  of 
the  Earth  and  Venus,  will  give  rise  to  terms  having  the  argument  ^  —  ;r  + 16/ — 18  g^^ 

^zzj— ^  +  i  e^-\-2ey^-{-^e  nA  cos  (/—  tt) 

Cl       y  o  1 2  J 

2  I 

— ^  ee' m  cos  (/ —  tt — 9') 
0 

+     ^    7W  cos  (/ — 
+  |— e  w^jcos  (/— ;r4-2  y) 
+     em^cos  (l—7r—2  g') 

—         6  6'  ^  cos  Q'—TT+T)  9') 

|,      — e  +  g  e^+2       +       W"|  COS  Q—tt) 

2  I 

—  ee^  m  cos  Q—^—g') 

0 

mcos 

3  2 

—  55  ^ ^2 gjj^    —  ^ —  2  fir') 
32 

+  y|6  6'  msin  (l—TT+g) 


xy 

^^2 


—  ^i^^  ^  6'  ^  sin    —  ?r + 3  ^) 


^=—4  e  /^cos  (I—tt) 
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Reducing  to  numbers,  these  values  become 


:  — .05433COS  {e—Tv) 

—  .00018  cos  {e—TT—g') 
+  .00037  cos  — 
—.01525  cos  {e—7r-{-2g') 
+  .00053  cos  {e—TT—  2  g') 

—  .00045  cos  (£— 7r  +  3/) 


xy 


^2 =-.0543 3  cos  (e—7r) 

—  .00018  cos  (e — TT—ff^ 

—  .00001  co8(«— ;r+^') 
+  .01525  cos  (^e—7r  +  2g') 

—  .00053  cos  {e—7r—2g') 
+  .00045  cos  (f  —  ;r + 3  g') 

nz  —  .00044  cos  (f  —  tt) 


:  — .01525  sm{e—7r  +  2g') 

—  .00053  sin  {e—7r  —  2g') 
+  .00020  sin    —  ;r  +  g') 

—  .00045  sin    — ^+3  5^0 

We  thus  have  the  following  values  of  J<i  for  the  six  arguments  N: 


X2 

«4 

u 

E 

•00053 

.00053 

0 

—  00053 

-  18^4-18^4 

e 

. 00018 

.  00018 

0 

0 

.05433 

•  05433 

—  .00044 

0 

—  16^4- 1^"* 

£ 

4- 

.00037 

.  00001 

0 

-(-    .  00019 

—  15^  4- 18^-1 

e 

.01525 

.01525 

0 

-  01525 

-   14^ -f  18^4 

£ 

-  ?f  4 

.  00045 

+ 

.00045 

0 

—  .00045 

-  13^^  +  1%--. 

From  the  numerical  developments  already  given  we  obtain  the  following  values 
of  Ki,  Kg,  etc.,  the  last  value  of  U  being  omitted  owing  to  the  necessary  minuteness  of 
the  term  to  which  it  gives  rise : 


u 

32  Ki 

32  K, 

32  K3 

32  J 

32  K4 

-  i8^^-f-i8^^H 

—  0.  8052 

-  0.  3925 

-f  I.  2021 

-h  .0044 

-|-  0.  2972 

-  17  4-18 

—  0.0144 

—  16  -fi8 

—  0. 1095 

—  0.  0253 

0.  12068 

—  .0141 

-  15  +18 

—  0.0039 

-|-  0.  0008 

f  0.0027 

—  .0004 

—  0.0201 

-  14  +18 

—  0.  on 

-f  0.006 

-  .005 

—  0.013 

U 

32  K', 

32  K 'a 

32  K'3 

32^ 

32K'4 

-  18^^+18^4 

—  0.0067 

—  0.  2821 

-\-  0.  2864 

—  .0024 

4-  0.  3878 

-  17    -f  18 

+  0.0055 

—  16  -I-18 

-|-  0.  0246 

4-  0.0599 

—  0. 0S774 

—  .0032 

-  15  +18 

—  0.0093 

-f  0. 0096 

-f-  0.0013 

-}-  .  0016 

—  0.0107 

-  14  4-18 

-f-  0.008 

—  0. 007 

—  0.004 

—  .003 

—  0  017 
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We  have  found  that  the  sum  K1  +  K2  +  K3  ought  to  vanish.  The  colunm  32^ 
shows  the  sum  of  the  computed  numerical  values,  and  hence,  the  sum  of  the  errors 
with  which  the  computations  are  affected.  As  has  already  been  remarked,  the  difficulty 
of  computing  accurate  values  of  Ki  and  Kg  by  the  method  of  computation  adopted  is 
very  great,  because  these  quantities  appear  as  small  differences  of  very  large  numbers, 
wliile  the  same  difficulty  does  not  attend  the  computation  of  K3.  Hence,  in  the  case 
of  the  most  important  term,  that  depending  on  the  argument  —  1 6^'  + 1  ^ffij  we  may 
conclude  with  considerable  probability  that  the  outstanding  eiTors  are  entirely  in  the 
quantities  Kj  and  Kg.  The  only  other  error  of  the  least  importance  is  that  corre- 
sponding to  the  argument  — 14(7'  + 18^4.  Here  the  value  of  J  is  so  great  that  we  may 
conclude  that  the  values  of  Ki,  Kg,  and  K3  are  uncertain  to  almost  their  entire  amount, 
and  the  chances  are  decidedly  in  favor  of  the  hypothesis  that  their  values  are  numeri- 
cally too  great. 

Combining  the  terms  by  the  formulae  (i  1 1)  or  (i  12)  we  find  that  the  different 
combinations  give  rise  to  the  following  values  of  32  K  and  32  K': 


N  U  32  K  32  K' 

E—7r—2g'\  —  i8y-+-i8^4  —.000305  —.000424 

e—TT—g'    ;  —17  +18  —.000001  — .000003 

e—TT         ;  —16  +18  +.004728  +.006503 

£— ;r+/    ;  — 15  +18  o  —.000003 

e— 7r  +  2(/';  —14  +18  +.ooo427(!)  +.ooo5i8(?) 

Sum  +.004849  +.006591 


For  all  these  values  of  N  we  have 

i  ZZ+I 

i'  =-i 

which,  being  substituted  in  the  values  of     ^^i^d  f,,  give 

e,^    o.''oo4226     K  +o."oo556  k(  K 

£,zz-o."oo4226     K'-o."oo556  k(^K'  +  J^^^) 

The  annual  motion  of  the  argument 

N  — Uz=£— 7r+i65r'— 18^4 
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taking  for  the  motions  of  g'  and    the  mean  sidereal  motions  of  the  Earth  and  Venus  is 

-4750." 

which  gives 

1-1=3648 

We  thus  have 

£,=—11.58 

or 

<5£zz— 11/^58  sin  (£—;r+ 16^  —  18^94) 
+  8.  52  cos  (£—;r+ 165/— 18/74) 
zz     14.  38  sin  (18/74— 16/— 5r+36°2o') 

The  adopted  mass  of  Venus  is  about  ^  less  than  that  used  by  Hansen  and 

Delaunay.    In  increasing  the  result  by     the  coefficient  will  agree  very  nearly  with 

that  adopted  by  Hansen  in  his  Tables  de  la  Lune,  but  will  still  be  more  than  i"  smaller 
than  that  found  by  Delaunay. 

It  will  be  seen  that  had  we  omitted  the  doubtful  term  in  K  and  K',  the  coefficient 
would  have  been  one-twelfth,  or  about  i"  smaller,  and  it  is  not  improbable  that  this 
term  is  numerically  too  large.  If  it  were  diminished  the  final  value  of  the  coelSicient 
would  diverge  yet  more  widely  from  the  values  of  Hansen  and  of  Delaunay. 

It  is  a  curious  fact  that  when  we  consider  terms  depending  on  these  elevated 
multiples  of  the  mean  longitudes,  the  terras  of  the  second  order  become  proportion- 
ally much  larger  than  in  the  case  of  the  terms  usually  considered  in  problems  of 
celestial  mechanics.  In  computing  the  term  under  consideration  we  have  determined 
the  direct  action  of  the  planet  on  the  Moon,  on  the  supposition  that  both  the  Earth 
and  Venus  move  in  their  elliptic  orbits  of  1 800.  Since  the  entire  action  of  Venus  on 
the  Moon  is  a  quantity  barely  sensible,  it  might  be  considered  that  the  change  in  this 
action  due  to  the  perturbations  of  a  few  seconds  which  the  relative  coordinat-es  of 
these  bodies  suflfer  in  consequence  of  their  mutual  action  would  necessarily  be  minute 
in  the  extreme,  and  entirely  unworthy  of  consideration.  But  it  must  be  remembered 
that  any  individual  term  of  high  order  of  the  class  under  consideration  really  represents 
only  a  very  minute  portion  of  the  total  disturbing  force  of  the  planet— a  minute  resid- 
uum, in  fact,  which  could  produce  no  appreciable  effect  but  for  its  period  very  nearly 
coinciding  with  that  of  some  argument  in  the  motion  of  the  Moon.  Now,  we  must  not 
conclude  without  examination  that  the  effect  of  a  term  in  the  perturbations  would  be 
insensible  alongside  a  term  of  this  character. 

Let  us  inquire  to  what  extent  the  values  of  K  and  K'  may  be  altered  by  the  per- 
turbations. And,  first,  let  us  consider  the  changes  introduced  by  the  peii:m'bations  of 
/^^    The  value  of  p  is  determined  by  the  equation 
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s 

p^zz/^+rJ—  2  rr'  (cos     cos  i?'  +  cos  /  sin    sin  v'^ 

and  v'  being  the  distances  of  Venus  and  of  the  Earth  from  the  common  node  of  their 
orbits,  and  y  the  mutual  inclination  of  the  orbits.  For  our  present  purpose  we  may  put 
cos  y=i,  and  may  suppose  the  perturbations  of  v  and  to  be  the  same  as  those  of  the 
longitudes  in  the  orbits.    These  suppositions  give,  by  putting  v^—v'=Yj 

p^zzr'^+r^-— 2  rVi  cos  V 

and 

Pa  ^  p»  * 

According  to  Le  Verbieb  {Anmles  del  Observatoire  de  Paris,  Totnes  IV,  VI)  the 
largest  terms  in  <5/,  (Jr^,  dv',  and  Sv^  depending  on  the  mutual  action  of  Venus  and 
the  Earth  are 

Sr'=-  I. "I  cos  (1,-1') 
+  3."3  cos  2  (/,-0 
+  o."5co8  3(/,-0 

Sr^zz  o."7  cos  (h—l') 
+  3."i  cos  2  (/,-/') 

-  2."6  COS  3  (i,-/') 

Sv'  =  +  4."9sin  (h-l') 

-  5."6  sin  2  (/,-/') 

-  o,"7  sin  3 

+  2."5COS  (_2/,  +  30 
+  i."6  COS  (-3/4+4/') 
+  i."osin(-3/,  +  5/') 
+  o."3  cos  (-3/4+5/') 

6v,=-  4."5  sin  (/,-/') 
-io."4  sin  2  (/4-/') 
f  6."6  sin  3  (/,-/') 

-  3."  2  cos  (-2/4  +  3/') 
o."6  cos  (—3/4+4/') 

-  i."5  cos  (-4/4  +  5/') 

-  ,."3  8in(-3/,+50 

-  o."4  cos  (-3/4  +  5/') 
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Whence 


-4 
+  7 
-5 

—  2 

—  I 

—  2 

—  O 


'4  sin  (^4-/') 
'8  sin  2  ^4-/') 
'3  sin  3  (/4-O 
'7  cos  (-2^4+30 

'2  cos  (—3^4+40 
'5  cos  (-4/,  + 50 
'3  sin  (-3/4  +  5^) 
'7  cos  (-3Z4  +  5/') 


These  expressions  are  now  to  be  substituted  in  the  above  expressions  for 
making  this  substitution  we  may,  in  a  first  approximation,  put 

r'=a'  =  i 
^41:104=0.72 

V  =^4  -I' 


In 


and  for  brevity,  we  shall  put 
We  thus  find 


/4-r=L 


S  —  —-\-  io."o 

4- 15." 2  cos  L 

—  38."3co8  2L 
+  7."  I  cos  3  L 

—  2."5  cos(4L  — 2/4) 
+  2."5  008(6  L— 2/4) 

—  6." 2  sin  (2L—  Z4) 

—  2."4  sin  (3L—  /4) 
+  4." 6  sin  (4L—  /4) 
+  2."4sin(5L-  h) 
+  i."6sin(6L—  ^4) 

—  o."8  sin(4L-2/4) 
+  o."8  sin  (6  L— 2/4) 

We  must  now  substitute  for  L  and  It  their  values  in  g'  and  fj^,  namely, 

Lzz-/+//4+29-°i 
h=  ^4+i29.°45 
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when  the  expression  in  question  becomes  in  units  of  the  seventh  place  of  decimals. 


^5 

-   

cos 

9  1 

^3 

sin 

KJ 

r\ 
\J 

1 

+4^5  1 

T 

+  ^45 

—  359 

T 

1 

9/ 

—  2 

2 

—980 

+  1576 

-3 

2 

+  78 

-  82 

—  3 

3 

4-  20 

-  344 

-4 

2 

+  121 

-  44 

;  —4 

3 

-  53 

-f  218 

-5 

4 

+  29 

+  116 

—  6 

4 

-  29 

+  126 

—  6 

5 

+  53 

+  53 

If  we  multiply  this  expression  by  that  for  ^  given  in  pp.  252-257,  and  retain  only 

P 

the  terms  which  depend  on  the  argument  —i6g^+iSgi,  we  find  the  sum  of  those 
terms  to  be 

Sum  of  positive  products  .  .  .  +.001  28  cos  +  -ooi  12  sin 
Sum  of  negative  products  .    .    .    — .001  29  cos  —  .001  15  sin 

Term  of  S  -|rz— .00001  cos  (—16  /  +  18  ^r^)— .00003  sin  (—16  g'+iS  g^) 
P 


It  appears  that  although  the  individual  products  are  large  enough  sensibly  to  alter 
the  expression  for  yet  the  sums  of  the  diflferent  products  so  destroy  each  other  that 
the  entire  term  is  quite  insensible.  This,  however,  may  not  be  true  of  the  values  of 
^  ^  ,  etc.  The  computation  of  the  inequalities  in  these  quantities  can  not,  how- 
ever, be  considered  in  the  present  paper. 

A  closer  examination  of  all  the  other  terms  (Tabulated  on  p.  282)  shows  that  their 
true  values  are  generally  smaller  than  those  here  assigned  them.  Their  more  exact 
computation  may  therefore  be  dispensed  with. 

A,  p. — ^VOL.  V,  PT.  Ill  13 
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§  22. 
ACTION  OF  MARS. 

The  adopted  mass  of  this  planet  being        ^  — -  we  find  by  proceeding  as  in  the 

^  000  000 

case  of  Venus, 

Ma  rt^no/'ooo  384  5 

This  value  being  substituted  in  the  equations  (114)  the  secular  terms  become 

d  f  zzo/'ooo  3845I-  2.023  K'o-  i.oi  I  !^^+.ooo5  -f-'U* 
I  ax?  eae] 

5  ;r=o."ooo  38451+  0293  K',+.oi47^«+  .S26^^nt 
I  an?  eae] 

«5  0=o."ooo3845{— 0074  K'„-.oo37^«+ 

Among  the  terms  of  small  multiples  those  nmltiplied  by  ^  are  comparatively 
small.    If  we  omit  them  we  shall  have  in  the  equations  (103)  for  Uzzo 

32  Kazz— 17.3 

K3  being,  when  we  neglect  ^4,  the  negative  of  one-half  the  constant  term  of  ^3.  Using 

P 

the  values  of     aiid     found  in  the  case  of  Venus,  we  find 

32  K'„=+  8.6 

3  2  ^-  =  +  26.4 

eae 

Substituting  in  the  above  equations,  we  find,  by  putting  «i=84,  as  in  the  case  of 
Venus,  ^ 

6  c  =— o."o35  t 
S  7r  =  -{.o."o2St 
d  o."oo8  t 

The  equations  (113)  become  by  substituting  the  i)receding  value  of  fu^ 

f,=(    ."000  583  *— ."ooooo8  i'+  "ooooo2i")  r^K 

+     ."000  778  KK+. "000389*'^ 

ax? 

e,=(—  "000  583  «  +  ."ooo  008    —."00  002  ?■")  K' 
-."000  788  y  K-."ooo  389  y  '4^ 
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The  corresponding  coefficients  for  the  perigee  and  node  are  too  small  to  be  worth 
computing. 

Proceeding  as  in  the  case  of  Venus  we  begin  with  those  terms  in  which  i,  i',  and 
and  i"  are  all  zero,  so  that  the  term  contains  the  mean  longitudes  of  only  the  Earth 
and  Mars.    In  the  case  of  these  terms  we  have 

K  ==F  0.495  K'3 
K'=— 0.495  K3 

In  the  terms  of  small  multiples  we  may  take  as  an  approximate  value  of  Kg  the 
corresponding  coefficient  in  the  development        ^  ^• 

We  now  select  the  following  terms  from  the  development  of  ~  in  the  case  of  Mars 

and  the  Earth  as  the  only  ones  in  which  either  from  the  length  of  the  period  or  the 
magnitude  of  the  coefficient  we  may  find  sensible  values  of    or  f,. 
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-  .005 
-f  003 


The  inequalities  in  question  are  therefore 


— .  OOI  cos  .94  —  .  007  sm  .94 
—  ."014  cos  (.94— ^r')— ."01 1  sin  (.94— .9') 
etc.  etc. 


We  next  consider  the  terms  into  the  arguments  of  which  the  elements  of  the 
Moon's  orbit  enters.  Proceeding  as  in  the  case  of  Venus  we  find  the  following  terms 
of  long  period.  The  computation  of  the  probable  order  of  magnitude  of  the  inequalities 
is  conducted  in  the  same  way  as  in  the  case  of  Venus. 
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The  largest  of  these  terms,  the  eleventh,  is  one  in  which  it  is  reasonably  certain 
that  the  value  of  does  not  exceed  the  limit  here  assigned,  because  it  contains  the 
latitude  of  Mars  as  a  factor.  A  coefficient  of  o/'i  could  scarcely  be  detected  in  obser- 
vations; the  computation  of  the  term  is  therefore  dispensed  with. 

§  24. 

ACTION  OF  JUPITER. 
With  the  adopted  mass  of  Jupiter  (Bessel's)  we  find 

The  substitution  of  this  value  in  the  expressions  (112)  and  (114)  give  for  the  secular 
and  periodic  terms  in  the  perturbations 

(5  6— (- 2.'' 2  2  7  K'o - 1  "  1 13  ^i^' U  < 
I  a  10  ] 

67r-\    o.''o32K^+o/'oi6^^-«  +  o.''579^^'^^ 

t  a  10  e  a  e  ] 

(J  0= j-o".oo8  K'o-a"oo4        +0/'  138        \n  t 
I  a  x)  yd  y ) 

dK 


+  2."2  27  vK  +  13  1^ 


d  X? 


f,=  (-i/'67  i+o/'o24  i'~o."oo6  i")  v^K' 

dK' 


—  2  "227  r  K'—  i/'i  13  2 


d 
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rfK 


»■.=— o."579  V 
n,z=:    o.  579  V 


e,=-o."i38 

e,=  o.  138 


ede 

dK' 

ede 

dK 


ydy 

dK! 

ydy 


Owing  to  the  distance  of  Jupiter  the  developments  (103)  are  comparatively  sim- 
ple, and  it  is  unnecessary-  to  enter  extensively  into  their  numerical  details.    If  we  put 

the  radius  vector  of  Jupiter. 

V,  the  angular  distance  between  Jupiter  and  the  Earth,  as  seen  from  the  Sun. 

L,  the  difference  of  their  mean  longitudes, 

we  have 

r' 

p2=r:(i-2-co8V+ 


-L=  •  Ji  +3  ^'  cos  V  +  Ii^;^  cos^  V-3  -^+etc.}  • 
\  =  —li-  +- '^4+3  «4 cos^4+  ? e\ cos  2 ^4+etc. 

T\  2  2  J 

Beginning  with  the  constant  term  of  -3  we  find  that  its  value  is,  with  sufficient 

P 

approximation, 

bf^  beiiig  the  constant  terra  in  the  development  of 

(i  —  2  a  cos  L+a^)~' 

The  vahie  of  this  constant  is 

=  1.0883. 

In  the  expressions  (103)  the  terms  of  4  will  be  very  small  in  comparison  with 
those  of  i-3,  we  have  therefore  only  to  consider  the  development  of  the  latter  term  in 
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forming  the  values  of  K3  and  K'3.    Beginning  with  the  constant  terra,  we  have 

Kg^i— .003  876  K'3=lO 

From  this  we  have 

K'o         =  +  .cx)i  920 
^:^«=K'o=+.ooooo8 

Proceeding  as  in  the  case  of  Venus  we  find,  for  the  secular  terms: 

Sl=—o/'720  t 

Se=—o/'i7g  t 

We  have  next  to  consider  the  periodic  tenns  arising  from  the  constant  of  ^3,  which 

can  readily  be  shown  to  be  too  small  to  be  taken  into  account.  In  a  first  approxima- 
tion to  the  corresponding  values  of  K<  we  may  neglect  and  alongside  of  and  y^. 
We  thus  find 

K1ZZ  +  .0019 
Kg— +  .00 1 9 
K3ZZ  — .0039 
K4ZZ0 

Referring  to  the  tables,  p.  217,  we  find  that  where  i,  or  the  coefficient  of  (I)  is  not 
zero,  the  largest  value  of  k  is  less  than  0.5,  so  that  the  largest  value  of  K  or  K'  is  less 
than  .001.  In  these  terms  the  coefficient  v  will  not  differ  much  from  unity,  the  values 
of     and     will  therefore  never  exceed  o/'oo2. 

In  the  seven  terms  of  the  table  referred  to  which  follow  the  first,  i  vanishes,  and 
y  is  therefore  large.  But  k  and  the  coefficient  of  i'  and  are  in  these  cases  very  small, 
and  the  largest  terms  in  N  are  of  the  second  class,  in  which  Ki  +  Kgzzo;  K3ZZ0,  so  that 
the  principal  term  depends  on  K4  n^.  The  constant  term  of  K4,  which  we  have  above 
})ut  equal  to  zero,  must  be  less  than  .0006,  while  the  largest  value  of  is  less  than 
.003.  K  or  K'  must  therefore  be  less  than  .000002,  while  v  is  between  100  and  150. 
Substituting  these  values  in     and     we  find  that  the  latter  do  not  attain  a  sensible 

value.    The  constant  term  of  ~  therefore  gives  rise  to  no  sensible  periodic  inequality. 

P 

Passing  now  to  the  periodic  terms  we  shall  begin  with  the  combination  of  these 
terms  with  the  zero,  or  first  term  of  N.    This  term  is  of  the  first  class  (150),  p.  275,  so 
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that  we  only  want  the  values  of  K3  and,  as  already  shown,  may  neglect  the  square  of 

and  so  consider  only  the  development  of  -^3.   The  largest  periodic  teiins  in  this  devel- 

P 

opment  are  numerically,  putting  L  for  the  diflference  of  mean  longitude  of  Jupiter  and 
the  Earth, 

^r=.oo4  38  cos  L+.ooi  08  cos  2  L+  .coi  03  cos 
P 

We  have  therefore  the  following  combinations  of  the  preceding  values  of  U  with 
the  zero  term  in  N : 

U        K3  K'3 
L    —.00219    ±.00100     14.6  =^."032 
2  L    —.00054    ±.00024       7.4  ^."004 
-.00052    ±.00023  +  158.7  =F.''o8o 

The  resulting  inequalities  in  the  mean  longitude  are 

S  o."o64  sin  {h—V) 
+o."oo8  sin  2  (^4— /') 
— o."o6o  sin 

The  combination  of  the  terms  in  ^  which  depend  on  multiples  of  the  mean  anom- 
aly of  Jupiter  with  those  which  depend  on  the  lunar  perigee  and  node  lead  to  terms  of 
long  period,  but  none  of  the  coefficients  are  sensible.  The  only  terms  of  U  which, 
combined  with  those  terms  of  N  containing  e  can  be  of  long  period,  depend  on  such 
high  powers  both  of  a  and  of     and     that  they  can  not  be  sensible. 


Postscript  (added  August,  1 894). — In  the  above  reasoning  it  is  not  noticed  that  in 
the  developments  (103)  the  periodic  term  having  much  the  largest  coefficient  depends 
on  the  argument  twice  the  mean  longitude  of  Jupiter.  This  term  gives  rise  to  the 
"Jovian  evection,"  discovered  by  Mr.  Neison,  and  computed  with  great  precision  by 
Mr.  Hill,  in  Vol.  Ill  of  the  present  series. 
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§  I. 

INTRODUCTORY. 


Two  methods  are  available  for  computing  the  secular  variations  of  the  elements 
of  the  planets,  produced  by  their  mutual  action.  One  is  founded  on  the  solution  of 
the  well-kuown  problem  of  Gauss  :  To  determine  the  attraction  exerted  at  every  point  by 
an  elliptic  ring  of  matter  extended  along  the  orbit  of  a  planet,  having  at  each  point  a 
density  inversely  proportional  to  the  linear  velocity  of  the  planet  at  that  point  This 
method  has  been  developed  in  several  memoirs  with  great  fullness,  and  has  been  exten- 
sively used  by  several  recent  investigators.* 

The  other  method  rests  upon  the  development  of  the  perturbative  function  in 
powers  of  the  eccentricities  and  inclinations.  The  relative  advantages  of  these  methods 
probably  correspond  closely  to  those  of  the  numerical  and  algebraic  methods  in  per- 
turbations generally.  A  numerical  theory,  designed  to  be  extremely  accurate  only 
at  a  special  epoch,  can  probably  be  most  easily  constructed  by  the  Gaussian  method. 
Its  extension  through  a  period  of  centuries  would,  howevv,  have  to  be  made  by 
a  recomputation  probably  repeated  several  times  at  certain  intervals  with  a  view 
of  reaching  expressions  for  the  variations  of  the  elements  by  a  series  of  succes- 
sive approximations.  On  the  other  hand,  by  the  analytic  method,  general  expressions 
can  be  found  which,  by  a  simple  substitution  of  the  values  of  the  elements  from  time 
to  time,  will  serve  for  any  epoch  whatever.  In  most  cases  the  computation  by  this 
method  will  be  simpler  than  by  that  of  Gauss.  The  exceptions  are  the  cases  of  two 
neighboring  planets,  and  especially  those  in  which  the  eccentricities  of  one  of  these 
planets  is  large,  as  is  the  case  with  Mercury.  The  labor  of  the  second  method  will 
consist  very  largely  in  preparing  the  preliminary  developments  and  computing  the 
constants,  which  are  functions  of  the  ratio  of  the  mean  distances.  As  the  greater  part 
of  this  work  was  already  done  in  connection  with  the  planetary  theories,  I  have  deemed 
it  advisable  to  adopt  it  in  the  computation  of  the  secular  variations. 

An  important  remark  is  to  be  made  respecting  the  extent  to  which  the  secular 
variations  computed  by  either  method  are  valid.  Although,  by  computiug  in  succession 
the  coefficients  of  the  several  powers  of  the  time,  successive  powers  of  the  masses  are 
taken  into  account  in  the  approximations,  it  is  nevertheless  true  that  the  whole  theory 
is  valid  only  to  quantities  of  the  first  order  as  to  the  masses.    Whether  the  Gaussian 

"In  the  original  Memoir  of  Gauss,  Determinatio  Attraotionis,  etc.  (Opera,  Vol.  V),  no  application  is  made  to  the 
determination  of  secular  Tariations.  The  first  development  having  this  end  in  view  is  that  of  Clausen  (Crelle's 
Joarnal,  Vol.  VI).  In  Astronomical  Papers,  Vol.  I,  G.  W.  Hill  develops  the  method  with  practical  precepts  for 
making  the  computation.  An  extensive  modification  of  Hill's  method,  with  the  necessary  tables,  is  given  by  Cal- 
LAKDREAU,  in  Annales  de  TObservatoire  de  Paris,  Memoirs,  Tome  XVI. 
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method  or  the  other  one  be  used,  the  fundamental  hypothesis  is  that  the  disturbing 
planet  moves  in  an  elliptic  orbit.  If  the  variations  of  this  orbit  are  taken  account  of, 
then  the  distinction  between  secular  and  periodic  inequalities  is  to  a  certain  extent 
obliterated.  If  we  seek  for  a  rigorous  development  in  powers  of  the  times  of  those 
parts  of  the  expression  for  the  varying  elliptic  elements  which  are  independent  of  the 
mean  longitudes  of  the  planets,  it  is  necessary  to  take  into  account  those  products  of 
periodic  terms  into  which  the  same  multiples  of  the  mean  longitudes  enter,  because  from 
some  of  those  products  the  mean  longitude  will  disappear.  Thus  we  have,  at  the  first 
step,  secular  variations  of  the  second  order  as  to  the  masses,  which  are,  however, 
multiplied  only  by  the  first  power  of  the  time.  The  works  of  both  Hill  and  Le  Verriee 
on  the  theory  of  Jupiter  and  Saturn  show  that  a  material  change  may  be  made  in 
this  way,  in  that  the  secular  variations  of  the  eccentricities  and  perihelia  of  those 
planets  are  increased  by  perhaps  their  tenth  part  by  these  terms  of  the  second  order. 

The  question  has  been  raised  by  some  astronomers  whether  the  same  may  not  be 
true  for  the  four  inner  planets;  whether,  in  fact,  the  increased  motion  of  the  perihelion 
of  Mercury  may  not  arise  in  this  way.  It  may  be  well,  therefore,  to  point  out  that 
such  is  not  the  case.  The  great  distance  of  the  larger  planets,  Jupiter  and  Saturn,  from 
the  four  inner  ones,  and  the  small  masses  of  the  latter,  prevent  these  terms  from 
having  any  appreciable  value  in  the  case  of  the  planets  in  question. 

The  fundamental  general  formulae  for  the  variations  of  the  planetary  elements 
are  so  well  known  that  it  might  be  unnecessary  to  consider  their  derivation.  But  the 
quantities  which  enter  into  the  present  theory,  and  the  general  principles  of  making 
the  computations  diflFer  so  much  from  those  previously  employed,  that  I  have  found  it 
practically  necessary  to  assume  only  the  general  canonical  equations  for  the  variations 
of  the  elements,  and  to  show  what  formulae  flow  from  these  equations  when  the  special 
quantities  used  in  the  present  theory  are  introduced. 

The  fundamental  expression  on  which  the  whole  work  rests  is  the  non-periodic 
part  of  the  perturbative  function.  This  expression  is  derived  from  the  development 
given  in  Part  I  of  the  present  volume,  and  can  be  carried  to  any  required  power  of 
the  eccentricities  and  mutual  inclinations  by  means  of  the  rules  and  methods  there  set 
forth. 

The  very  important  question  of  the  convergency  of  the  development  presents 
itself  at  the  outset.  This  question  seems  to  me  satisfactorily  settled  in  the  affirmative 
on  the  three  following  bases: 

1.  The  demonstration  of  Cauchy,  that  the  development  of  the  equation  of  the 
center  in  powers  of  the  eccentricity  is  convergent  up  to  a  limit  far  exceeding  the  value 
of  that  element  in  the  case  of  any  planet  of  our  system,  and  the  inference  that  the 
same  is  true  of  the  radius  vector. 

2.  The  expression  of  all  the  coefficients  of  the  development  as  linear  functions  of 
convergent  hypergeometric  series. 

3.  The  demonstration  in  Article  III  of  Part  I  of  the  present  volume,  that  the  devel- 
opment in  powers  of  the  mutual  inclination  is  convergent  within  limits  far  exceeding 
those  found  in  the  solar  system,  the  cases  of  the  mutual  actions  of  the  small  planets, 
and  possibly  of  Mars  upon  a  few  of  them,  being  excepted. 
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Such  being  the  case,  the  method  of  developing  in  series  has  the  great  advaniages 
that  the  eflfect  of  any  change  in  the  adopted  elements  can  be  readily  traced,  the  com- 
putation can  be  made  for  any  required  epoch,  and  any  numerical  error  in  the  work 
can  be  easily  found  and  corrected. 

The  question  how  far  the  development  should  be  carried  can  be  settled  only  by 
trial.  I  have  deemed  it  advisable  to  extend  it  to  terms  of  the  eighth  order  in  the 
eccentricities  and  mutual  inclination  of  orbits,  considering,  however,  only  those  terms 
of  the  eighth  order  likely  to  be  most  important,  but  including  terms  of  the  tenth 
order,  mostly  by  induction,  when  required,  stopping  in  each  special  case  when,  and 
only  when,  the  terms  are  found  by  actual  computation  to  be  insensible. 

§  2. 

FORMATION  OF  THE  NON  PEKIODIO  PART  OF  THE  PERTURBATIVE  FUNCTION. 

We  have  first  to  show  how  the  non-periodic  terms  of  the  development  may  be 
found  to  any  extent.  In  Part  I,  Exhibit  III,  of  the  present  volume  (pp.  23-27),  I  have 
given  a  symbolic  development  of  R,  in  which  the  arguments  are  expressed  as  a  func- 
tion of  the  four  quantities, 

or  of 

9\  9 

The  condition  that  a  term  shall  be  non-periodic  is  that  when  its  argument  is 
expressed  in  the  last  way  the  coefficients  of  g'  and  g  shall  vanish  simultaneously  for 
some  one  value  of  i.  In  the  passage  in  question,  pp.  23,  25,  26,  it  is  shown  that  the 
general  form  of  the  argument  for  terms  of  class  A;  is 

where  A  takes  the  values  o,  i,  2,  .  .  .  and^,  /,  and  %  all  integral  values,  positive 
and  negative,  though  in  class  o  terms  corresponding  to  negative  values  of  i  are  merged 
with  the  corresponding  terms  for  positive  values.  That  the  coefficients  of  g  and  g'  may 
both  vanish  we  must  have,  for  any  value  of  i, 

3—  «— * 

And  hence 

for  terms  of  class  o:  iiri;  f=—i 

'\           "     i:  jzzi^i]  f=—i—l 

a      u            n     2:  jzni — 2;    f=  —  i — 2 


Moreover  the  largest  terms  of  each  class  contain  as  a  factor  the  coefficient  a^*    e^^\  the 
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positive  values  of  j  and  /  being  taken.  The  complete  coefficient  of  each  term  corre- 
sponding to  any  one  argument  is  of  the  form 

(*)         (t)  (*) 

^n^/n'  ^pn,n;^g2pn+2,n'^^/2pn.n'  +  ^  ) 

where  n  and  w'  are  the  positive  vaUies  of  j  and  /.  From  the  values  of  j  and  /  just 
given  it  will  be  seen  that  in  any  class,  the  terms  in  question  are  at  lea^  of  the 
order  2  A:  in  the  eccentricities,  while  all  the  values  of  P  contain  a^*  as  a  factor.  Hence 
the  order  of  magnitude  of  the  lowest  terms  of  the  class  in  the  eccentricities  and  mutual 
inclination  is  4  A:.  Hence  the  tenns  of  class  3  are  at  least  of  the  12th  order,  and  it  is 
quite  unnecessary  to  go  beyond  class  2,  which  is  of  the  8th  order  and  not  likely  to  lead 
to  any  appreciable  result. 

We  shall  now  write  the  symbolic  expression  of  the  terms  thus  found,  complete  to 
the  sixth  order,  and  including  such  of  the  eighth  as  are  most  likely  to  be  important. 
We  put  for  the  non-periodic  part  of  the  perturbative  function 

A  a' 

or 

¥•=.  non-periodic  part  of  — 

so  that  F  is  a  purely  numerical  quantity,  independent  of  the  adopted  units  of  length, 
time,  or  mass. 

In  writing  the  value  of  F,  I  have  changed  the  sign  of  the  argument  under  the 
symbol  cosine  whenever  it  seemed  convenient  The  value  of  i  from  which  each  argu- 
ment is  formed  is  written  in  parentheses  under  the  symbol  P. 

The  selection  of  the  eighth  order  terms  to  be  first  examined  is  guided  by  the  fol- 
lowing considerations:  The  slowness  of  the  convergence,  and  hence  the  importance  of 
the  terms  in  question,  increase  with  the  ratio  of  the  mean  distances  of  the  pair  of  planets 
in  question.  Hence  the  cases  of  pairs  of  neighboring  planets  are  those  for  which  these 
terms  are  first  to  be  considered.  Now,  in  each  of  these  cases,  one  of  the  eccentricities 
is  much  larger  than  the  other.  The  ratio  of  the  derivative  of  the  factor  e'*  to  that  of 
e®,    e\     or  ee''^  for  each  of  these  pairs  is  approximately  as  follows: 


Venus  on  Mercury 

8  : 

4  e'*= 

3  240000 

I 

.    .    .  : 

4  e*  e'^- 

6800 

I 

Earth  on  Venus    .    .  . 

.    .    .  e": 

4  (?  e'*= 

37 

I 

Mars  on  Earth  .... 

.    .    .  e": 

4  e'*= 

41- 

I 

Earth  on  Mars  .... 

8e'^ 

4  e*  e'^= 

I  815 

I 

From  an  approximate  computation  of  the  terms  containing  the  largest  of  these  fac- 
tors, which  may  be  or  ee'\  it  may  be  inferred  whether  there  is  a  possibility 
of  them  or  any  others  becoming  sensible. 
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F=i{Pl|;!|+(e^+e'OT1:!l+c*PS:2+e='e'='P2;?+c'*P!;;J+e«PS;n-e*e'=PS;S 

2    (0)  (0)  (0)  (0)  (0)  (0)  (0) 

(0)  (0)  (0)  (0) 

(-1)  '  (-1)  '         (-1)  '  (-1)  '  (-1)  '  (-1) 

+e'e'VJ{\+  .        +ee''VJ{\+  ]q,o^  (w-w')' 

(-1)  '  (-1) 

+  {e*e''PJ1+e*e'^PJ;^f  e2e'*P_l:2+  }co8  (2  w-2w') 

(-2)  '  (-2)  (-2) 

+  {e^e'^  PJH-  }co8  (3  w-z  w') 

(-3) 

+ 1^  P F  J;S+e2€'^  F_|'2+  Icos  2  ei; 

(-1)  (-1)  (-1) 

+  {e    F_}' Ji+e^  e'  F  J'_}+^  e'^  F.i;  J  +  }cos  {w-\-w') 

(0)      '  (0)     '  (0) 

+      Fo  J+e'  e'^  F5;  F?*  J+  }cos  2 

(1)  '  (1)  (1)  ' 

+  \e^e'  FJ'}+  }co8  (3  w;-^;^ 

(-2) 

+  l6e''F}' J+  }cos  (m;-3  te;') 

(2) 

+  {e'^'^l+    .    .    .    }cos4^^  +{e'^'F'J;J+  .    .    .    }cos  (3  et^+t^') 

(-2)  (-1) 

+  {e2e'^F'_|J+  .    .    }co8(2w;+2ty)+{e6'^F'_};J+  .    •    •    }co8  (t^;+3 1^;^ 

(0)       '  (1) 

+  {e'*FTJ+  }co8  4?4;' 

(2) 

The  symbolic  values  of  such  of  the  coefficients  Pj;"',  as  I  have  found  to  be  required 
in  the  present  investigation,  are  as  follow.    For  brevity,  such  a  function  as 

na'  A-r-w'  a'  DA+w''  a'  1^^+  .  . 

is  written  in  the  form 

Po',0—  ^  -^0 

(0) 

4PS:!!=4PS;?=(D+D0a'Ao 

(0)  (0) 

64PJSzz(2D-D2-2D^+D*)a'Ao 

(0)' 

i6PS'?-(D2+2D^+D0  a'Ao 

(0)' 

64  P{!S=(6D+ 1 1  D2+6D^+D0  a' Ao 

(0)' 
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2304PS!;=(24D-26D»-i5l>»+25D*-9D»+D«)a'Ao 

(0) 

256PS5=:(2D»+D»-3l>-D»+D«)a'Ao 
(0)  ■ 

256  PS;J=(6D^+ 1 7  D»+ 1 7  D*+  7  D*+  D«)  a' A, 

(0) 

2304PSiS=(i2oD+274D«+225D'+85D*+i5D»+D')a'Ao 

(0) 

147  456  P?  !!=(75oD- 1044  D^- 140  DM- 889  D*-56o  D*+ 1 54D«-2oD^+D«)  a'  A, 

(0)  ' 

92i6P?*=(i2oD*+394D*+499D*+3ioD*+iooD»+i6D^+D'')a'Ao 

(0)  ' 

9216  P«?=(24D*-2D»-4i  D*+  ioD*+  leD'-SD'+D")  a'Ao 

(0)  ' 

147 456 PSS=(504oD+ 130680^+13  i32D»+6769D*+i96oD*+322D«+28D^ 

(0)  ' 

+D«)«'A„ 

4P_l;{=(2-D-D*)a'A 
(-1) 

32PJ:}=(-2D+3D^-D0a'A, 

(-1) 

32  P_}:?=(4+4D-3D^-4D'-D0«'Ai 
(-1) 

768PJ}=(-i2D+28D2— 17D'— 3D*+5D*— D«)a'Ai 
(-1) 

256  P_??=(-4D+7D»+D*-3D'>-D«)  a'Ai 
(-1) 

768  P_}  t= (48 + 76 D— 4 D'*— 65 D»— 43 D*— II D»- D«) a' Ai 

(-1) 

36  864  PJ  {=(— 240D+668D*— 6o4D*+ 121  D*+ 1  ioD»— 68D«+  14D'— D*)  «' A, 
<-i) 

36  864  P_li= (1440+ 2808  D + 764  D^—  1 9 1 SD"— 2009  D*— 868  D»—  1 94  D«-  2  2 
(-1) 

-D»)fl'A, 


64  P J;i= (i  2  -  8  D-  7       2  D»+ D*)  o'  Aj 


(-2) 


768  PJi=(24— 52D+22D^+i7D»— iiD*-D*+D«)a'A2 

(-2) 

768PJJ=(72  +  i2D-7oD«— 3iD»+9D*+7l>'+D')«'A2 

(-2) 

24  576P4|=(288-792D+652D«— 2D»-229D*+82D'+8D»— 8D^+D«)o'Aj 

(-21 

24  576 PJ1=(i44o+888D— 12200"— i238D'—i69D*+i9oD«+92D«+i6D' 

(-2)  ' 

+D«)o'A, 

2304  P Ji= (144  - 108  D  -  88  D^4- 39  D»+ 1 7  D*- 3  D*- D»)  a' Aj 

(-3) 

8FJ;i|=(6+5D+iy)<r^a'B, 
(-1) 
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96  F 

4, 

—2. 

0 

0  

(12  — 8D— 7D^+2D^4-D*)  o^a  Bi 

32  F 

(-1) 

2, 
-2, 

2  

0 — \ 

^6D+iiD^+6D^+D*)  a^a'Bi 
■ 

3072  F 
(-1) 

6, 

-2, 

0  , 

0 — y 

'i44—  180D—  i6D^+65D^— 9D*— sD^+D*)  a^ci Bi 

384  P'- 
(-1) 

4, 

-2, 

2  j 
0 — y 

'i2D+4D^— isD^— 5D*+3D*+D*)  a^a'Bi 

(0) 

1, 

-1,- 

1  / 
-I — \ 

'2  — D— D^)  a^a'Bo 

32  F 

(0) 

3, 
-1,- 

-1 — y 

^—  2  D  +  3  D^— D*)  G^a!  Bo 

32  F 

(0) 

1, 

— 1,- 

3 

-1 — 

(4  +4D— 30^—40^— D*)  a^a'Bo 

768  F . 

(0) 

5, 

-h- 

1  i 
-1  — ' 

(—  1 2  D  +  2  8    —  1 7    — 3    + 5     — D*)    a'  Bo 

768  . 

(0) 

1, 

-1.- 

-1 — ' 

[48  +  760—40^—65  D^— 43D*—  1 1 D*— D*)  a^a'Bo 

8  P' 

n\ 

Q 

2  / 
-2—y 

2— 3D+D^)  a^a  Bi 

32  F 
(1) 

2 

0!- 

2  i 

f      T  \          X^9                          I     X^^\        9  / 

[2D— D^— 2D^+D*)  G^a! Bi 

96  P 

(1) 

Q 

-2  — 

[12— 8D— 7D*+2D*+D*)  a'^a  Bi 

512  F 

(1) 

4, 

0,- 

2  —  i 

-2 — y 

^4D— 8D''+D'+7D*— 5iy+D«)  a^a'Bi 

3072  F 

(1) 

0, 
0,- 

6  . 

-2 — ' 

[240-520— 20oD*-3i  D*+3i  D*+ 1 1  D*+D*)  ffVB, 

96  F 

(-2) 

3, 
-3, 

I  

(24 + 2  D  - 1 7    -  8    -  D*)    a' B2 

I536F 

(—2) 

-3, 

1  

1  — 

(i44-io8D-88D='+39D'+i7D*-3D*-D«)<yVB2 

96  F 

(2) 

1,  3  

1,-3  

(i2_i6D+D«+4D'-D^)<y^o'B5, 

384  P" 

4, 

-4, 

0  

0  — 

(120+ 1 54D+71  D^H-  i4D»+D*)  ty^a'Cj 

96  P" 

(-1) 

3, 
— 3,- 

1  

-1  — 

(24+ 2  D - 1 7 D^- 8 D^*- D*)  <^a' Cj 

64  P" 

(0) 

2, 
-2, 

2  

-2  — 

(i2_8D-7D*+2D»+D*)a«a'Co 

96  P" 

(1) 

1,  3  

—1,-3  — 

(i2-i6D+DH4D*-D*)  <^«'C, 

384  P" 

(2) 

0, 
0, 

4  

-4  

(24-5oD+35D*-ioD'+D0<y*a'C2 
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The  expressions  to  which  the  preceding  operations  are  applied  are  derived  from 
those  found  on  p.  27  of  this  volume,  and  are  as  follow: 

a'  Ao=6r  -o'a  6<'> + 3    (2  „2  j<o)  _,_  ^  5(2)-)  _  5  <y«        6j»  -j- fcf ) 

4  o 

+|5<T«(i8a*6r+i6  «*6i?"  +  a*6i«)— etc. 
64 

a' Ai=6r*-i  +       )+|  <^  (5 

-  -5  ff«  (9     ft*"'  +  I  o  a'  6f  +  a»  61^')  +  etc. 

a'  A2=6?»  -  ^-  a"  (a  &^'>  +  a      + 1    (a^  fej'* +4        ^  ^2  ^(4))  _  etc. 

a'  Bo=ia  ff'  an<"  +  -'|  0^(3  a'6f +  2  a» 6|''>)-etc. 

2  2  10 

a'  B, =1  a  fc^"  -  ^  <T»  (a'  If  +  a*  6f )  +  ii     (4  a»  61"  +  a'  of  >)  -  etc. 

24  10 

a'  Co= I  a*  fef  -  y       6^" + etc. 

O  O 

a'  Ci  =  I  «2  6^"  -  i|    (a»  fe<*»  +  a«  6f  >)  +  etc. 

o  10 

a'  C2=  \  a*  fei*'  -  ^  a"  (a'  ft^"  +    hf)  +  etc. 

o  I  u 

The  symbolic  operators  D  indicate  derivatives  as  to  the  logarithm  of  a,  the  for- 
mation of  which  is  discussed  in  preceding  papers  of  this  series,  especially  Vol.  Ill,  and 
Part  I,  p.  6,  of  the  present  volume.  It  has  hitherto  been  more  common  to  express  this 
class  of  functions  by  the  derivatives  of  A,  B,  etc.,  as  to  a  simply.  By  the  following 
relations  between  the  two  classes  of  derivatives  the  one  form  of  derivative  may  be 
reduced  to  the  other. 
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I.  Derivatives  D  operating  on  6^*  in  terms  of  D,  b!^. 

D  =aD. 

D*=aD.-f-    Jct'Dl^    6a»Di+  a*D; 
D*=iD.+  i5a»D^+  25a»DJ+    ioa*Dt+  a*DJ 
D«=aD.+  31  0^0;+  9oa»D»+    650*01+     i5a»D*+  a'DJ 
D'=aD.+  63a2D^+30i  0*0^+  35oa*Dl+  i4oa*DJ+  21  a"D;+  a'Dl 
D*=a  D.+  127  a*  D^+966  a»DJ+  1 701  a*Dl+ 1050  a* D*+ 266  «•  D;+ 28  a^DI+a«D« 

II.  Derivatives  D  operating  on  a  ^ 
D  (a6<:>)  =  a6<*>+  a^D.6« 

(a  ft<:>)  =  3«'D.6J:'+  «'D16^* 

D»  (a  &<:>)  =  a  6«  +  7     D.  &<.'>  +  6  a«  D2  6J:>  +        D'.  6<.*> 
D*(afc<,*»)  =  «*»*+i5«'D.6<J'  +  25  a»D26<:>+ioa*D^6<:'  +  a»D16«  " 
etc.  etc.  etc.  etc  etc 

the  coeflScients  which  give  D*  being  the  same  as  those  which  give  D*+*  in  L 

III.  Derivatives  D  operating  on  a*  b^*K 
D  (o^  fc<:>)  =  2     bii^  +     a»  D.  6« 

D*  (a*6^>)=  16  a»6J:>+65     D.fc<«  +  55  «*Di6i;>+ 14  a^DifeJj'  +  a*  D16<*> 

POEMATION  AND  EXPRESSION  OP  THE  REQUIRED  FUNCTIONS  OP  THE  RATIO 

OP  THE  MEAN  DISTANCES. 

In  the  preceding  expressions  the  function  2>V  is  defined  as  the  coefficient  of  cos  i  L  in 
the  development 

(  I— 2aco8L+flr' )  2  6*2*cosiL 

^  2  i=_00 

and  may  be  developed  in  powers  of     in  the  form 

:        n(n  +  2).    .    .(n  +  2i-2)    ^ «     •  • 

2    *  2.4.6     ...  2%  V2  2    '    '     '     '  y 


2.4.6 
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To  form  the  derivatives  D  of  these  functions  I  have,  in  preceding  papers,  *  intro- 
duced the  auxiliary  function 

I  i^iii)       /    ,    N  /    .     •      \wCw+2)  .    .    .  (n4-2  i+2j—2) 

-bi^>=n(n+2j  .  .  .  (n+2j-2)  2(i+j) 

ft  ft 


It  will  be  noticed  that,  when  j=o,  fc^V^  reduces  to  the  latter  function  is,  there- 
fore, a  special  case  of  the  former  one. 

In  all  the  quantities  we  have  to  form  each  of  these  functions  is  always  multiplied 


n-l 
2 


by  the  factor  a        We  shall  therefore  put,  hereafter 
or,  for  special  values  of  ft 

etc.,  etc. 

We  shall  also  express  the  term  a' A,  a'B,  etc.,  which  is  independent  of  the 
coefficient  of  o^y  of  <x*,  etc.,  by  the  notation 

a'Ai(6)j    a'A<(i),    a'A^(2),  etc., 
so  that  the  complete  value  of  this  quantity  will  be 

a'A,zza'A,(o)-a2a'A,(i)  +  cr*a'A,(2)-  .    .  . 
The  functions  of  a  required  in  the  work  will  then  be  the  following 

a'Ao(o)=6<"'»=cr 
a'Ao(i)=c^» 

a'Ao(2)z=3c(«.  +  3c<*) 
2  4 

a'A.(3)  =  '^5,a>  +  5,,3, 

o' Ao  (4) = ^(0)  ^  35  ^(2)  4. 3  5  ^(4) 
32         4  04 

a'A,(o)=&<»=ci" 

•Vol.  Ill,  Part  I;  Vol.  V,  Part  I.  In  Vol.  HI,  Part  V,  the  headings  of  the  columns  which  give  the  namericAl 
yalaea  of  b^^^  and  bj^^^  shoald  hare  the  respective  factors  errand  tr^,  the  actual  quantities  being  cj^     and  c^^^K 
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«'A,(i)  =  icf +  icf 
a'A,(2)  =  :^4'>  +  |cf 

a'A2(o)=fef  =  cl'' 
a'A,(i)=:i4'>+icr 

a'A,(2)=|cr+lcf +  |ci*> 
a'As(o)=6f=c[»> 

a'A3(i)=icf+icJ*» 

a'Bo(o)=icf 

a'Bo(i)=^4'> 

a'Bx(o)=icr 

a'B,(i)=lcf+fc?> 
4  4 

o'B,(2)  =  :^4^>  +  I|;c4'« 
rt'Bj(o)=ic?> 
a'B,(i)=34i)  +  3cj3, 
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a'B,(2)=i|cf+ffcl«-fi|ci« 
a'C.(o)=|cr 

a'Co(i)=^<4*' 
a'C,(o)=|c?> 
a'C,(i)=|-|<'+i|cj^' 
a'C,(o)=|c?' 

The  logarithmic  derivatives  D  of  these  1  unctions  are  also  required.  Each  of  these 
is  a  linear  function  of  the  c^^^^'s,  whose  coefficients  are  entire  functions  of  i.  For 
convenient  reference  the  expressions  for  such  of  these  derivatives  as  enter  into  our 
formulae  are  here  given  in  a  condensed  shape.  To  form  each  expression  it  is  only  nec- 
essary to  write  each  symbol  found  at  the  head  of  a  column  in  any  one  line  after  any 
symbol  D,  and  after  the  respective  numbers  in  the  line  with  the  D  For  example,  we 
have  from  the  first  set  of  derivatives 

etc.  etc. 
etc.  etc. 

From  the  second  set 

=z  8  c^^  +  28    2>  + 1 2     ^> +c}^'  ^ 
= 8  ci^>  +  28  cj>-  ^>  + 1 2  4''  ^>  +4^' 
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Derivatives  o/c{^>  and  c^K 


/It 

/I  1\ 

^1 

/t  A\ 

cf 

^(0,2) 

D  = 

I 

I 

D«= 

I 

4 

I 

jy= 

I 

13 

9 

I 

D*= 

I 

40 

58 

16 

! 

D«= 

I 

121 

330 

170 

25 

I 

D«= 

I 

364 

I77I 

1520 

395 

36 

I 

Derivatives  of  c^i  \  c^i  \  c^^\  and  cf\ 


eft  6) 

C(2.7, 

cT 

^(0.1) 

C(0.2) 

C(0.2) 

C(0,7) 

D  = 

I 

D*= 

2 

I 

D^ 

D»= 

4 

6 

I 

D», 

8 

28 

1 2 

I 

D*, 

16 

120 

100 

20 

I 

D», 

32 

496 

720 

260 

30 

I 

D« 

64 

2016 

4816 

2800 

560 

42 

I 

D»= 

128 

8128 

30912 

27  216 

8400 

1064 

56 

Derivatives  of  cf\  c^i\  ci^\  and  dj^K 


C(3.2) 

C(3.3) 

C(3.*) 

C(3.6) 

C(3..) 

4« 

41..) 

^(1.2) 

4''" 

D=  3 

D»=  9 

!)»=  27 

D*=  81 

D*:::  243 

D«=  729 
A.  P.— VOI,.  V,  PT.  IV- 


8 

I 

49 

I 

272 

154 

24 

I 

1441 

1350 

370 

35 

I 

7448 

10  891 

4680 

755 

48 
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Derivatives  of  cf\  c^^\  and  c^. 


^(2.11 

^(2.2) 

^(2.3) 

^.(2,4) 

0 

C(2.5) 

^(2,6) 

4'-»' 

4»'" 

4"'** 

D  = 

4 

I 

16 

10 

I 

64 

76 

18 

I 

5?o 

220 

28 

I 

1024 

3376 

2280 

500 

40 

I 

u  

A  /^f\r^ 

21  280 

21  616 

7280 

•  980 

Derivatives  of  cf\  cf*,  awd  4". 

^(3. 1) 

^(3.2. 

„(3,4) 

^(2.1) 

^(2.3) 

^1 

4" 

C^^ 

^(1.3) 

D  = 

5 

I 

■  25 

1 2 

I 

• 

125 

109 

21 

I 

625 

888 

298 

32 

I 

Derivatives  of  and 

,.(2) 

C^' 

D  =z 

6 

I 

36 

14 

I 

216 

148 

24 

I 

1296 

1400 

388 

36 

I 

The  law  of  fonuation  is  now  obvious,  and  gives 

D4"=  7  4''+  4'" 
D^4"=z49  4"+ 16  4''"  +4''''" 
D4*'=  8  4"+  4*''' 
D'' 4''= 64 4*>+ 18  4*''>+4*'^' 

while  the  expressions  for  the  derivatives  of  c^*'  and  4'*  have  the  same  coefficients  as 
those  of  4"  and  4*')  respectively. 
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We  might  substitute  these  expressions  as  they  stand  in  the  values  of  P,  P',  and  P^', 
already  given,  and  thus  express  each  of  these  quantities  as  a  linear  function  of  the 
cjj  ■'^'s,  thus  leading  to  their  explicit  expressions  as  linear  functions  of  certain  Gaussian 
functions.    Thus,  for  so  much  of  the  first  term  of  F,  as  is  independent  of  (X,  we  have 

64  pj:!!(o)= 1 5  br'+ lobr'+br' 

1 6  PJ;  ?  (o)  =  1 8  6{»' "  +  4 1     ="  +  14  fef  =» + fc}'-  *> 

64  P!!:J(o)=6o  &ri>  I-  75       + 18 

2304  Pl!;S(o)=  105  &!••='>+ 105         2 1  fer-^+fti'-" 

256  PJ;2(o)=30o  br'  + 5^5  br'+237  hr'  +  ^g  fe^«+6r«> 

256  PJ;J(o)  =  36ofer»+i92ofei'''*>  +  i64i  6i''''>+4i  7  6<<'''»>  +  37  6i«-'*'+6'««> 

2304  Pl!:J(o)=252o6r»+630oftr- •-''+3465  fe<»-'>+645  6r'+45  6r'*+fcr" 

147  456  PS:S(o)=945  61''-"+i26o6r"+378  b^' + 36  ¥r +br' 

147  456  P!!;«(o)=  181  44o6r"  +  740  88o&r«+687  96o6r"+235  305  bf'*^ 
+35  700 6r'>+ 2562  ¥y>+S4bf''^-\-¥^''> 

For  the  coefficients  of     we  have 

4  PJ:!!(l)  =  6a&i»  +  7a&i'  "  +  afe<''« 


For  the  purposes  of  numerical  computation  it  is,  however,  simpler  to  form  the 
numerical  values  of  the  derivatives  D,  D*,  etc.,  and  to  use  these  values  in  the  compu- 
tation of  the  quantities  P,  P',  etc.  The  values  of  the  functions  c},*'-"  required  for  this 
purpose  are  found  in  Vol.  Ill,  Part  VI,  for  the  action  of  all  the  planets  as  far  as  Jupiter, 
inclusive.  But  these  values  extend  only  to  terms  of  the  fourth  order  in  the  mutual 
inclinations  of  the  two  orbits,  and  of  the  sixth  in  the  eccentricities.  For  the  required 
quantities  to  terms  of  the  eighth  order  we  need  also  the  quantities 

D^cf;  D'c^;  D«4";  D*4*';  D*cf 

(i,D,D^)'(c<^c?');ci«>;ci^';cr 

The  functions  c^J -^^  which  are  required  for  these  derivatives  are  those  having  cor- 
responding values  of  i  and  n,  and  values  of  j  extending  in  each  case  from  o  to  the 
highest  exponent  of  D.  The  numerical  values  up  to  c^^^y  4^*^  and  c^^^^  are  found  in 
Vol.  III.*    The  additional  ones  now  necessary  may  be  computed  by  the  methods 

*  It  shoald  be  noted  that,  through  inadvertence,  the  headings  of  the  columns  in  which  these  numbers  are  found 

n—l 

do  not  contain  the  factors  nr  ^  on  pp.  410,  433,  etc.  In  column  6^*'-^^  the  quantities  actually  given  are  the  values 
of  ah^^  which  we  at  present  caU  03*'"^^  and  under  65*  "^ are  given  the  values  of  a2  ftj^'-^  which  we  now  call  0^^*^^ 
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developed  in  Part  I  of  that  volume,  or  by  some  of  the  known  relations  of  Gauss 
among  contiguous  hypergeometric  series.  For  wzzi,  3  or  5  and  higher  values  of  jj 
we  require  only  the  relations  cited  in  Vol.  Ill,  p.  73.    For  n=  i  they  are 

(i  _      fe}o.«>  =  1 69  -  14  (i  _  2  a^)  6r^> 

The  quantities  for  n=7  and  n=g  may  be  obtained  by  the  Gaussian  relations, 
thus:    If  from  the  general  formula 

b<:^^  =  2n(n+2)(n+4)  .    .    .  (n+2  j-2)P+^  \+ V"^  ^'^'^ 

L        t+1  J 


XF(^+y,J+i+;,i+y+i,a^) 


we  form  the  expressions  for  the  three  quantities 

we  find  that,  using  the  Gaussian  notation,  and  to  avoid  confusion,  putting  x  for  what 
in  our  own  notation  is  called  ^r,  the  expressions  may  be  written  in  the  form 

6(<,i+i)_p^a;i+2>f  2.F  (a,  /?,  y, 
V+''i'  =  F,ci^+^^+'  F  (a- 1,  /?,  y,  3?) 

where  we  have 

while  Pi,  P2,  and  P3  are  factorials  so  related  that 

V?  Pi=  2  0  P2=  2  (»+  2i)  I)  P3. 

Between  the  three  functions  F  exists  the  linear  relation 

(«_  I  _(^_/?_        F,+(y-a)  F,-(r- 1)  (I  -x')  Fi=o 
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Fi,  F2,  and  F3  being  the  three  functions  taken  in  order.  Substituting  for  ar,  >ff,  y  and 
X  their  values  in  our  own  notation,  this  relation  may  be  put  into  the  form 

0  (I  -O    =  (f 1-\  )  F3 
By  (c)  the  expressions  for  F„  Fj,  and  Fj  in  terms  of  the  fe's  may  be  written 

PF,=  2(i+j+i)6«-^+'> 

p  F3= 2       1)  (n+ 2i)  a 

P  being  a  quantity  unnecessary  to  write,  because  it  will  divide  out  of  the  equation. 
The  above  relation  thus  becomes 

o?  (i  —a*)  l^^f^—in-\-23-\-n  a^)  ft^<.>+»  +  («-|-2y)  (2  1  +  2— n)  «ft<;+''« 

Hence,  the  coefficients  actually  required  may  be  obtained  by  the  general  formulae 

which,  using  the  new  notation,  may  be  written 

(i. _ «+2J+»*a'  .(.-.i  f  1,  ,  (n+2i)(2t+2-«)  1.^, 

To  guard  against  error  several  of  the  quantities  in  question  have  also  been  com- 
puted by  the  general  method  of  Vol.  III.    The  results  are  shown  in  tabular  form  in  §  6. 

DEVELOPMENT  OF  THE  FUNCTIONS  P,  P'  AND  P",  IN  POWERS  OF  a. 

The  quantities  ^tc,  are  functions  of  a,  the  ratio  of  the  mean  distances,  and 
can  each  be  developed  in  a  series  proceeding  according  to  the  powers  of  a,  which  will 
always  be  convergent  when  a  <  i ,  though  the  first  terms  of  the  series  may  often  seem 
to  diverge.    The  method  of  development  is  as  follows: 

Firstly.  We  have  the  well-known  expressions  of  each  ¥^  as  the  product  of  a 
hypergeometiic  series,  whose  fourth  term  is  a^,  by  a  simple  factorial,  dependent  on 
i  and  a 

Secondly.  By  these  expressions  the  values  of  a'  A^,  a!  B<,  etc.,  become  at  once 
developable  in  powers  of  a  by  simple  substitution  in  those  expressions.  Let 

be  any  term  of  this  development.  We  shall  then  have  for  any  of  the  expressions 
al  Ai,  a'  B<,  etc.,  the  series 

2  fit  a* 
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where  tne  values  of  k  will  be  either 

0,  2,  4,      ...  00 

or 

1,  3,  5>    •    •    •  «^ 

The  laws  of  the  series  are  such  that  those  for  a'  Ai  and  a'     will  contain  only  even 
values  of  k  for  even  values  of  t,  and  odd  values  of  k  for  odd  values  of  i,  while  in  the 
case  of  a'  B<  this  is  reversed.    Now  let  us  put 

K,  any  one  of  the  quantities  a'  A<,  a'  B^,  etc. 
P,  any  one  of  the  coefficients  P,  P',  or  P". 

Let 

9>(D)K 

be  the  expression  for  any  P  as  a  linear  function  of  K  and  its  derivatives,  found  in  §  3. 
Since 

it  follows  that  from  any  such  series  as 
we  shall  have,  as  the  series  for  P, 

V=2nt:cp(k)(^ 

The  values  of  a'A^,  etc.,  are  shown  in  the  following  exhibit.    Under  each  value  of  a* 
is  shown  the  coefficient  by  Which  it  must  be  multiplied  to  form  the  quantity  whose 
symbolic  expression  is  found  at  the  left.    If  we  represent  these  coefficients  by  wj,  n' 
etc.,  the  complete  value  of  any  K  will  be 

K=:^t(«2-«\(7H«",<7*-etc.    .  .)«* 

For  example,  the  series  for  a'  Aq  are 

a'Ao(o)  =  'a^+  9  ^  a«+  .    .  . 

2  2  2 

a'Ao(i)=3«^+  «•+  .    .  . 


We  then  have 

a'A„=:a'Ao(o)  — <72a'Ao(i)  +  <J^tt'Ao(2)—    .    .  . 
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To  form  the  value  of  any  P,  P',  or  P"  found  at  the  left  we  suppose  it  thrown  into 
the  form 

P=P(o)-a2P(i)  +  ^P(2)+    .    .  . 

and  the  values  of  P  (o)  etc.  are  formed  by  multiplying  each  factor  found  in  the  same 
line  with  it  by  the  factor  above  it  in  the  line  having  the  same  index.  We  have,  for 
example, 

p^uo)=f  .^«^+f  .  . 


etc.  etc.  etc. 

Values  of  the  coefficients  a'  A,  a'  B,  etc.,  developed  in  powers  of  a,  and  of  the  factors  <p  (k) 

ct^            a"  a*                a*  a"  a*^ 

a'Ao(o)=:i:2          9:2*  25:2^          1225:2"  3969:2**  53361:2" 

a'Ao(i)=:3:i        45:2'  525:2"       11025:2"  218295:2" 

rt'A„(2)  =  3:  '      405:2'  2625:2*     385  875:  2"  5  893  965:  2" 

o'A»(3)=z    o     315:2'  2625:  2'  I  414  875:  2"'  8  513  505:  2" 

Factors  for — 


P2,0  

A  0,0  

P0,2. 

3: 

2 

5: 

I 

21 : 

2 

18: 

I 

55: 

2 

39: 

I 

mo. 

^o,o> 

0 

15: 

2' 

105: 

2' 

189: 

2^ 

.495: 

2' 

2t45: 

2' 

P2,2. 
^0,0? 

9: 

25: 

I 

441: 

2^ 

324: 

I 

3025: 

2' 

1521: 

I 

PO.4. 

^0,0? 

15: 

2' 

105: 

2' 

189: 

2* 

495: 

2^ 

2145: 

2" 

4095: 

2 

^0,0> 

0 

0 

35: 

2* 

105: 

2^ 

II55: 

2=- 

P4.2. 

^0,0> 

0 

75: 

2' 

2205: 

2* 

I  701 : 

2 

27  225: 

2' 

P2,4. 

-'^0,0j 

45: 

2* 

525: 

2' 

3969: 

2' 

•  4455: 

2 

117975: 

2' 

T>o,«. 

-t^o.o? 

35: 

2* 

105: 

2^ 

1155: 

2=" 

2145: 

2' 

25  025: 

2* 
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ol  Ai(o)=  I  :  I 
O' Ai(l)=l:  I 

a'  A,(2)=o 
a'  A,(3)=o 

Factors  for —  . 

P-{:1 

P-l:?;  o 

PJ;i;  o 

P-?:?;  o 

P-i:?;  o 


15:2" 


10 


33:2"  435:2 


2' 


175:  2 
9625: 2" 


17 


14553:  2 
I  906443:  2" 


45:  2' 


2205: 2 
196  245:  2" 

735:2*  127575:2"  266805:2"  20495475:2" 
945:2='     695  625:  2"'     4923765:2"  854188335:2" 


o    —    5:2   —  7:1 


15:  2-'  —   35:  2 


25:  2*  —147:  2^ 


-  35:2" 


—  27:  2 

—  567:2' 

—  243: 2 

—  945:2* 


—  75:  2*  —735:  2'  —5103:2' 

—  175:  2*  -441:  2'       —4455:  2' 


a*  a* 
a'Ki{o)=y.2^  5:2* 
o'A2(i)=3:2  5:1 


a 


105:  2» 


—  22:  I 

—  198:  I 

—  605: 2 

—  693: 2 

-5445:  2 
-7865:  2« 

315: 2" 


—  65:  2 

—  3575:  2' 
-2535:  2* 


8085: 2" 


1995:2*  5355:2*  428505:2" 


o'A2(2)=3:2»      285:  2*  36015:  2»      353  745:  2"  22  290345:  2" 


Factors  for- 


P  S,2. 
^— 2,2» 

0 

63: 

2* 

45:  2 

II55: 

2* 

351:  2 

P  4,2. 

0 

63: 

2» 

75:  2 

8085: 

2" 

1053:  I 

P  2,4. 

^-2,2» 

0 

441: 

2* 

135:  1 

21  175: 

2* 

4563: 2 

a 


11 


a'  A3(o)  zio 
a'  ki{i)z=:o 

Factors  for — 


P  ^'^^  n 


5:2'        35:2^  189:2'^  1155:2*'  15015:2^ 

15:2'        735:  2^  8883:  2*«  93  555:  2"       I  846  845:  2" 

o       —  21:2^    —  825:2*      —   1001:2^  —  6825:2' 
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dB^(p)=l:  I 
a!  Bo(i)=o 
a'Bo(2)=o 
Factors  for — 

P'  n 
-1-1 »  o 

P'  3'  n 
P'  n 

a'B,(o): 
a'Bi(i): 
«'B,(2): 
Factors  for — 
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0?                              a'                     a»  a" 

9:2*      225:2*          1225:2*         99225:2"  480249:2" 

15:2       525:2*       11025:2^       363825:2"  10405395:2" 

45:2"     1575:2*      275  625:  2»      7640325:  2'2  655539885:2" 


—  5:2     —      7:1  —   27:2  —  22:1 

—  15:2'  —   35:2  —567:2'  —198:1 

—  605:  2 


■25:  1^   —147:  2^         —243:  2 


—  65:  2 
-3575:  2» 


-2535:  2'' 


a' 


13:2  45:2*  525:2''  11025:2"  218295:2'* 
13:2  255:2*  6825:2'  253575:2"  7785855:2"' 
:0        105:2*    29925:2'    2061675:2"  50135085:2" 


P'    2,  0. 

21:2^ 

9: 

I 

55:2^ 

39:  2 

T>f  0. 

-t^  -2,  0»  • 

0 

21:2^ 

I 

385:2^ 

I  17:  I 

p/    2,  2. 
^  —2,  0? 

15:  2^ 

105:  2^ 

189: 

2 

495:  2 

2145:  2^ 

p/0,  2. 
0,-2? 

0 

3:  2^ 

2 

21:2^ 

9:  I 

P'2,  2. 

0 

15:  2^ 

105: 

2^ 

189:  2 

495:2 

^  0.— 2> 

0 

21:2^ 

I 

385:2' 

117:  I 

a'Bj(o)=i5:2=' 
a'B,(i)=i5:2* 
a'B,(2)=i5:2» 
Factors  for — 

P'J:};-35:2' 


105 :  2" 
105  :  2" 


—  21:1 


-  7:2' 


4725:2 
39375:2* 


10 


4305:2°  455175:2' 


-495 :  2' 
-  45:2' 


or 


12 


24255:2 
169  785:2" 
13  607  055:  2" 

-143:  I 
-  77:2 


a' 


17 


945  945 :  2 
19  864  845  :  2" 

606  350  745:  2" 

—  2275:2* 

-  195:2 
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a'Co(o)  =  3:2^ 
a'Co(i)=o 

Factors  for — 

^    -2,-21  O 


a' 

75:2* 
105:  2* 


63  :  2* 


a" 

3675:2* 
6615  :2« 

45:2 


10 


33075:2 
218  295  :  2* 

1155:2^ 


a 


10 


4  002  075  :  2 
10405  395:2 


16 


13 


351  :2 


a" 


o'Ci(o)=i5:2=' 
a'C,(i)=i5:2' 


525  :  2*  II  025  :  2* 

2415:2*  108045:2" 


Factors  for — 


P"J:J;  -35:2=' 
P"-|;J;  o 


-21  :  I 

-  7:2^ 


—495  :  2' 
—  45  ••2=' 


363  825 :  2" 
6  039  495  :  2" 

—  143:  I 

-  77:2 


a* 

a' 

a" 

a" 

0 

105: 

2» 

1575: 

2' 

121  275: 

2'* 

945  945 : 

12" 

0 

105: 

2* 

315: 

2' 

75 1  905 : 

2" 

4  729  725: 

-.2* 

63: 

2=* 

165: 

2=* 

715: 

2* 

1365: 

:2« 

0 

5: 

2' 

35: 

2^ 

63; 

:  2' 

a'C2(o)= 
a'C2(i)= 
Factors  for — 

-4,o>  35 

P"0,    4.  o 

Hence  are  derived  the  following  developments  of  the  functions  of  a  alone,  in 
which  the  coefficients  are  logarithmic: 

Pro(o)=    2  +  [9.69  897]a2+[9.449  093]a*  +  [9.29  073]a«+[9.i747]a« 

+  [9-0833]  [9008] 

P?;S(o)=    [9.875o6i]a2+[o.i48o62]a*+[o.3ii  9i9]a«+[o.43  002]a« 

+  [0.5226]  a"+ [0.599] 

PJ:S(o)=    [9.722i]a*+[o.409]ar«+[o.849]«»  +  [i.i76]a"+[i.436]a" 

ni(o)=    [0.05  II5]a^  +  [o.847o]««+[I.333I]a•.f[I.685]««+[I.962]a"' 
+[2.I9o]a'* 

Kt(o)=    [9-97i9]«'+[o.5672]«'+[o.965]a«+[i.267]a«  +  [i.5ii]«"'+[2.709]a«' 
PJ:S  (0)=    [9.63]  ««+[o.59]  ««+ [1.24]  a'" 
Ft:l(p)=  [o.42]a*+[i.43]a«+[2.io]a«+[2.62]a>'> 
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= 

[0. 1 48]  a^H-  [1 .266]  a*+  [ 1 .986]  a«+  [2.52]  a«+  [2.95] 

— 

[0.039]    + [0.87]  a*  +  [  1 .45]  «•+  [  1 .90]    +  [2. 2  7]  a" 

P1!:U0 

+  [0.477  i2i]ar+[o.750  i22]a*  +  [o.9l  398]a'+[i.032l]a*+[i.i2]a" 

= 

+  [0.653  2i2]a='+[i.449  092]a*+[i.935  1 68] «*+ [2.28  735] ««+ [2.564] 

PiiUO 

— 

+  [i. 023 1  ]«*+ [2.032  l]a'+ [2.706]  a*  + [3.21]  a" 

P2:K0 

— 

+  [0.82  930]  a^+  [2.14  806]  a*+  [2.95  636]  a«+  [3.5427]  a«+  [4.00] a" 

PSiKO 

= 

+  [0.75  01 2] a^+  [1.86  822] a*+[2.5884]  a«+  [3.1 246] a*+[3.55] 

+  [i.25]««+[2.45]a«+[3.2]«''' 

PJ:5(0 

+  [1.722]  «*+  [3.053]  a«+  [3.962]  ««+  [4.6]  ««• 

nw 

— 

+  [0.926]  ar2+  [2.567 1  ]  a*+  [3.6095]  «"+  [4.380]  «*+  [5.0]  a^' 

PSiKO 

+  [0.8 1 7]  a^+  [2. 1 69]  «*+  [3.073]  a«+  [3761]  «*+  [4-3] 

PS:?  (2) 

— 

[0.477  I2i]a2+[i403  334]«*+[i-9i3  979]«'+[2-275  1 1 7] «*+[2.56] 

P?;ll(2) 

— 

[0.653  2i3]a*-t-[2.i02  305]«*+[2-935  « 68] a«+ [3. 5 30  3 88] a* +[4.00] 

PJ:U2) 

= 

[1.67  634]  «*  + [3.03  208]  «*+[3.94  952]«''+[4-7]«'* 

P?:K2) 

[0.82  930]  a''+ [2.801  276]a*  +  [3.956  358]  a«+ [4.785  661]  a*+ [5.44]  or 

PS:U2) 

[0.75  01 2]  a='+  [2.521  434]  a^+  [3.58  836]  ««+  [4.36  766]  ««+  [5.0] a" 

P1!:U2) 

[2.25]  ««+ [3.69]  a" 

PS:?  (2) 

= 

[2.375]        [4-0532]  «•+ [5-2048]  «»+ [6.] 

P?:J(2) 

= 

[0.926]  a*+ [3.2203]  a*+  [4-6095]  a«+  [5.6229]  a*+  [6.]  a»* 

PS;?  (2) 

— 

[0.8 1  7]  a^+  [2.8224]  «*+ [4-0735]  «•+ [5-0045]  «'+  [6] 

P-l;{(o^ 

—  [9-971  97i]«'— [0-21  50i]a''— [o.363i]a^— [o.47i4]a»— [o.557]a" 

P-?:l(o^ 

—  [9.8470]  a*  —  [0.6 1 30]  a*  —  [  1 .083]  a'—li  .426]  a* 

P  l:Uo^ 

—  [0.3699]  a»— [0.935]  a*— [  1 .3 1 7]        [  1 .6 10]  a» 

PJ;}(o] 

—  [0.01  ]  a*— [  1 .00] 

PJ;?  (0: 

—  [0.24]  a'—  [i  .33]  a"—  [2.04]  a^— [2.56]  a* 

P-l:?(o: 

—  [o.6i]a''— [i.4i]a»— [i.98]a' 

P-1:I  (0 

—  [ 1. 01 3  364] a^  — [1.677  407] a*— [2.103  434] [2.421] a* 
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P 

-1.1  \*/  — 

[0.88  842]a»-[2.o7  535]«*-[2.8236]a^-[3.375]a» 

P 

-',1  \*/ — 

[1.4 1  1 30]  a*— [2.39  757]        [3  05 77] 

P 

11  (i)= 

-1, 1  \  */  — 

[1.47]  a'— [2.74]  a" 

P 

-1,1  V  /  — 

[1.286]  or*-  [2.795]  [3778] 

P 

-1,1  V  /  — 

[  1 .654]  a'- [2.874]  a*- [3.7 1 9]  «^ 

P 

—1,1  v-^y  — 

[1.369  9ii]a'— [2.507  265]a*— [3.225  799] [4- 183] a* 

P 

[1.24  497]  or*— [2.90  520]  a*— [3  94  596]  a' 

P 

-1.1  \  y  — 

[i.767  85i]a'— [3.227  425]a*— [4.180 042]a^ 

P 

-1,1  v'y  — 

[2.303]  a*— [3.866]  a' 

P 

-1>1  V"*/  — 

[  1 .643]  a*— [3.6254]  a*— [4.9002]  a' 

P 

-1.1  v''/  — 

[2.0 109]  a*—  [3.7045]  a*—  [4.841 2]  a'' 

P 

-2, 2  \yj  — 

'0.090]  a* + [0.664]  a' +[  1 .045]  a* 

P 

iUd)  — 

—2, 2  — — 

[9.79]        [0.89]  «•+  [1.59]  «* 

P. 

h(o)= 

-2, 2  — 

0.63]  a*  4- [  1 .44]  «• + [2.0 1  ]  a* 

P 

-2,2  V  /  

+ 

[1.2942]  a*+  [2.2438]  a«+ [2.8780] 

P 

-2,2  \*/  — 

+ 

[0.99]  «*+ [2.47]  «•+  [3.42]  a* 

P 

-2, 2  V  *  /  — 

+ 

[1.838]  a* +[3.02  2]  «•+  [3.840]  a* 

P 

—3,3  V,"/  — 

+ 

[o.l5]a»-f[o.98]a^ 

X 

2,0  — 

;o.57403i]a*+[i.i69  252]a*-|-[i.567  192]  ««+[  1.86  935]«* 

-aio  \P)  = 

0.8682]  a* +[1.7890]  a«+ [2.4 1 3]  a« 

F. 

-ll(o)= 

0.75  012]        [1.86  822]  a*+ [2.5884]  a«+  [3. 1 246]  a« 

P'. 

-11(1)= 

+ 

;o.57403i]a^+[i.922  58o]a*-|-[2.68i  i35]«*+[3-23i  o79]a« 

F. 

-kl(0= 

+ 

1.62  i55]«*+[2.90  298] a«-f  [3.77  5i5]a* 

F. 

-IW= 

+1 

;o.75  0i2]a2_,_j-2  62i  550]a*+[3.702  324] a« +[4.48  635] 

F. 

-l-l(o)= 

0.750  I22]a'—[i.39i  ioo]a*— [1.81  023]a^ — [2.i247]a*  • 

F. 

-?-l(o)= 

;o6252]a'— [1.7890]  a'— [2.5304]  a' 

P' 

-\-\(o)= 

^1.14  8o6]a'— [2.11  I  26] a*— [2.7645] a' 
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F_t}(i)=- 

-[1.273 ooi]a^— [2.361  IS?]"*— [3-065  502]a^ 

P'-tKO=- 

-[i.i4  8o6]a'-[2.75  9o8]«»-[3.78  566] a' 

F_1l!(i)=- 

-[1.67  094] a*— [3.081  297] a*— [4.01  974] 

P'M  (0)= 

[o.32  4i5]a*+[i.oi  089] «•+[!. 45 1 2] a« 

P'Li  (0)= 

[1.023 1]  a* -f  [2.032 1]  a"-f  [2.7065]  a* 

Prj  (0)= 

[0.8682]  a*+  [1.7891]  a»+[2.4i  3]  a* 

pr^  (0= 

[i.07748i]a*+[2.i24  833] a«-f  [2.812  936] a" 

P'Ll  (0= 

[i. 77650]  0*  + [3. 14  600]  a*  +  [4.06  8  20]  a* 

FSJ  (0= 

[162  i6o]a*+[2.90  300]a*-f  [3.77  5io]a* 

FJ;}(o)=:- 

-[0.91  398]«'-[i.8383]«*-[2.4556]a^ 

Ftl  (0)=- 

•[o.759]a»-[i.7i5]a^ 

FJ;}(i)=- 

[1.21  5oi]ar'-[2.74  1 35] [3-6775] 

P'iLl  (i)=- 

[1.6622]  a*— [2.9372]  a' 

§  5. 

DERIVATION  OF  THE  GENERAL  EQUATIONS  FOR  THE  SECULAR  VARIATIONS. 

We  have  now  to  put  the  expressions  for  the  secular  variations  in  the  form  which 
corresponds  to  the  development  of  F,  given  in  the  preceding  pages.  We  start  from 
the  well-known  canonical  equations  for  the  variations  of  the  six  elements  of  an  orbit, 
which  may  be  written  in  the  form 

dgQ   Ro.  d  Ci  d  Rq 

dt        d  Ci  d  t  dg 

dco  Ro^  dc2  d^Q  ✓  \ 

dt~     dc2^  dt~  dco  ^  ^ 

do  __d^  dcz_d^fi 
~di~    Tc^  ~dt~~dO' 

Here  0,  co,  and  g  are,  respectively,  the  longitude  of  the  node  of  the  orbit  on  any 
fixed  plane  of  reference,  the  distance  from  this  node  to  the  perihelion,  and  the  mean 
anomaly.  By  go  is  meant  the  value  of  g,  the  mean  anomaly,  at  the  epoch  of  refer- 
ence.   The  canonical  elements,  Ci,  C2,  and  O3,  are 


c^—c^n  cos  <P—Cx  cos  q>  (2) 
c^—c^n  cos  q>  cos  i—c^,  cos  i 
q>  being  the  angle  of  eccentricity  (ezzsiir  q>). 
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From  these  equations  may  readily  be  derived  the  equations  which  express  the 
variation  of  each  of  the  six  elements  in  terms  of  the  derivatives  of  R  as  to  these 
elements.  But  since  R,  in  the  form  we  have  used  it,  is  not  an  explicit  function  of  the 
elements  in  question,  we  shall  find  it  convenient  not  to  use  this  form,  but  to  pass  at 
once  to  the  derivatives  of  R  or  F  as  to  the  quantities  of  which  it  is  an  explicit  func- 
tion, namely, 

6,  Wj  and  <r,  or  y 

The  first  pair  of  canonical  equations  do  not  enter  into  our  theory  at  all,  because 
R^  does  not  contain  and  the  secular  variation  of  go  is  not  requu-ed  for  our  purpose. 
Hence,  as  is  well  known,  Ci  has  no  secular  variation  within  the  limits  of  our  present 
theory,  being  a  function  of  Ihe  mean  distance  and  the  sum  of  the  masses  of  the  Sun  and 
Earth,  formed  by  eliminating  fi  from  the  first  equation  (2)  by  the  equation 

Differentiating  the  values  of  C2  and  C3,  just  given,  and  substituting  them  in  the  two 
corresponding  canonical  equations,  we  readily  find. 


Cid'cosq}_d  Rq 
d  t     ~  d  o) 


- — n —  =-^—  cos  *-7— 2 
dt        dG  dco 


(3) 


In  (i)  Ro  is  regarded  as  a  function  of  Ci,  Cg,  and  c^.  Since  these  quantities  do  not 
appear  explicitly  in  R©  we  have  to  transform  the  latter  into  a  function  of  e  and  i  by 
(2).    We  find  from  (2)  regarding  e,  (or  q>)  and  i  as  functions  of  c^,  and 


d  e_ 
dc2 

cot  g> 

> 

^  ^— o- 

dc^~ 

d  i  _ 
dc2~ 

coti 

d  i  coseci 
d  C3  C2 

We  thus  find  for  the  equations  in  go  and  0 

d  CO  _cotg)  dRo_coti  tiRo. 
d  t  ^    Ci       de       C2      d  i  ^ 

5 _ coseci  rfRo 
d  t        C2       d  i 

In  the  equations  (3)  and  (4)  R  is  regarded  as  a  function  of  the  six  elements 

a,  e,  i,  e,  GO,  g, 

of  which  i,  9,  and  go  do  not  explicitly  appear  in  the  development.  To  find  in  the 
simplest  form  the  partial  derivatives  with  respect  to  these  elements  we  consider  the 
original  form  of  the  function.    That  part  of  R  from  which  alone  non-periodic  varia- 
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tions  can  arise,  is  equal  to  the  mass  of  the  distui'bing  planet  divided  by  its  distance 
from  the  disturbed  one.    Thus,  in  its  original  form,  we  have 

R.=/  (r,  r',  V,  V',  y), 

where  I  put  R„  to  show  that  R  is,  in  forming  the  partial  derivatives,  considered  as  a 
function  of  these  five  quantities.  As  neither  r  nor  r'  contain  the  elements  i,  and  a?, 
of  whose  variations  we  are  in  quest,  we  may  write  simply 

R,=/ (V,  V'-,  y) 

We  note  that  v  and  v'  are  the  angular  distances  of  the  planets  from  the  common 
nodes  of  their  orbits,  for  which  node  I  take,  at  present,  that  at  which  the  disturbing 
planet  passes  to  the  north  of  the  plane  of  the  orbit  of  the  disturbed  one.  I  shall  call 
this  the  node  G. 

The  elements  i,  a?,  and  9  may  now  be  introduced  in  the  following  way:  Con- 
sider the  spherical  triangle  whose  vertices  are  the  two  nodes  on  the  ecliptic  and  the 
node  G,  and  whose  sides  are  the  arcs  from  the  nodes  on  the  ecliptic  to  the  node  G  in 
the  direction  of  motion,  which  arcs  we  call  and  tp'  ^  and  the  arc  of  the  ecliptic  between 
the  nodes.    The  six  parts  of  this  triangle  will  then  be 

sides:    e'  —  O]       ^;  tp' 

opposite  angles:   y\  180^— i';  i 

The  parts  of  this  triangle  supposed  to  be  given  are  &  —  0^  1 80  ^  —    and  i,  and 
the  other  three  are  supposed  to  be  expressed  as  functions  of  these  three. 
In  the  development  we  have  put 

w' ;  the  distances  from  the  node  G  to  the  respective  perihelia 
E;  the  equation  of  the  center.    We  thus  have 

WZ=.GO  — tj} 

w'  =  co'  —  f 
^;  r=f'(i,i\&-e) 

By  the  substitutions  expressed  in  these  equations,  v,  v',  and  y  become  functions 
of  the  five  elements  i,  Oj  e,  w  and     which  appear  in  the  equations  (3)  and  (4). 

The  derivatives  of  tp'  and  x  as  to  i  and  9  are  found  from  the  spherical  trian- 
gle to  which  they  belong: 

cos  tf} 

(6) 

cot  X  sin  ^ 


(5) 


d  y  _ 
d  i 

d2p_ 
d  i"^ 
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=    cosec  V  8111 

a  t 

d  y  .... 

V7;=—  sm  t  sin  y> 

de 

-=^=:—  Hin  1  cosec  y  cos    =— cos  t— sin  t  cot  y  cos 

dtp'  .  .  , 
~^=—  sm  I  cosec  y  cos  ip 

We  then  have  from  (5)  considering  i,  0  and  a?  as  independent  variables, 

dy=dwzzdco  —dtp 
dy'=dw'=da)'-dtp' 


(6) 


Hence,  from  (6) 


dy  X     •  / 

,         cot  y  sin 


-y-^  =  —  cosec.y  sm  tp 

a  I 


dy  .....  , 

-  ^iz:  cos  i-f-sm  i  cot  y  cos  tp 
dO 

dV  .  .  , 
-j-^=mu  t  cosec  y  cos  tp 
d  Q 

^1-  I 

doi>~ 


dy' 
d  CO 


to  which  we  may  add  for  completeness 


doo 


We  thus  have  all  the  derivatives  necessary  to  form 

d  'R_dR^dy  d  "R^dV  d  "S^dy 
di  ~dy  di    dy'  di     dy  di 

with  the  corresponding  derivatives  as  to  ©  and  co.    Simple  substitution  gives 
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di  =-       ^  C^^*  X  j^l-cosec  r  5v  )  -  cos 

rfR        .rf  R^        .      ^  R^         ^.,^^v\     .  .  .    ,^R„  XV 

J-g-=cos^J;^4-sm^co8^(^cotx  J^+cosecy        j—smtsmi/f-^-y-  yj) 

d  R_d  R, 

In  the  development  R„  is  changed  into  R  by  the  substitutions 

\=w  +g  +E  =w  +f'(e,g) 

It  follows  that  we  have 

d  R,_rf  R_m'  dF 
d  y     dw     tti  dw^ 


dR,_dIl_m'  dF 
d  v'  ~dw'~  tti  dw' 


(8) 


which  values  being*  substituted  in  (7)  give  the  require^  quantities  in  terras  of  the  par- 
tial derivatives  of  F  with  respect  to  the  quantities  which  explicitly  appear  in  it. 

Hereafter  we  use  the  symbol  Oi  to  represent  the  mean  distance  of  the  outer  .planet, 
whether  disturbing  or  disturbed,  for  which  we  used  a!  in  §§  2-4.  Making  the  substi- 
tution (8)  in  (7)  and  (7)  in  (O  and  (3)  we  find  from  the  latter  by  easy  reductions 
and  by  introducing 

di_m!  a  \  .      dF  .        dF    ■  dF^\ 

dl— 77^^«^^9>(8m  ^^-cos  ^(cot  r  ^+cosec  ,)| 

.    .dd       m'a  \       ,dF  ^   .      .        dF  dF^ 

'dt=-^  -n  sec  9  jcos  ^^+sm  ^(cot  X^+cosec  r^) 


de       ma  dF 

e  ^  —  —  n  cos  cp  - — 

dt        ^  Oi       ^  d  w 


dco  .dd  .  m  a       ^  dF 

XT  =—  cos^— -4-  wcotcp-^ 

at  dt     jLi  Oi         ^  de 


(9) 


If  we  put  TT  for  the  longitude  of  the  perihelion,  as  that  term  is  commonly  defined, 
we  have 

But  I  have  preferred  to  use  at  present,  instead  of  tt,  an  angle  tTi^  defined  as  the  distance 
of  the  perihelion  from  a  fixed  departure  point  in -the  plane  of  the  orbit  We  then 
have 

dTTi    dao  .        .dO  . 

dT=dt-^'^''dl-  (9') 

A.  P.-- vol.,  V,  PT.  IV  3 
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§  6. 

SPECIAL  FORMULA  FOB  THE  SECULAR  VARIATIONS, 
(a).  Node  and  inclination. — Let  any  term  of  F,  as  developed  in  §  2,  be 

FzzAcos  (/w;'4-i^)=^co8  N 

h  being  a  function  of  e  and  of  (Xrzsin  ^  y.    We  shall  have,  from  this  term  alone 

dY  \  1  dh  XT 
-T—  =-  cos  -  y  cos  N 
d  y    2      2  d(T 

=—  7  A  sin  N 

dw 

dF       •/ 1.  •  XT 
.  i  =  —J  AsmN 
dw 

Taking  the  outer  planet  as  the  disturbing  one,  we  shall  put 

M  zz  n 

M'lZzM'secy  (10) 
M'a^M'  cosy 

(jr=j  cot  y+f  cosec  y  =  ^  (/  +7)  cot  ^^y+\  (/  —7*)  tan  i  y 

The  last  quantity  may  also  take  the  form 

r>i      (f  +  J)  cos  i  V     I  , I 
^=         2  a  ^  +3(y-.;)^seclx 

or 

a  G  =z  i  (/  +i)  cos  i  y  +  i  (/  -j)  a"  sec  i  y 

We  thus  have 

cot  x^+cosec  v^^zz— G  AsinN 
d  w  dw 

The  differential  equations  (9)  in  i  and  9  now  reduce  to 

^zzM'if  G  A  sin  N  cos  tl>+-  cosi  v  4^  cos  N  sin  ^ 
dt        V  2      2^  da  ^ 

sin  i  4^z=  M'l  f  G  A  sin  N  sin    —  i  cos  i  y  ^  cos  N  cos  tl>\ 
dt         V  2       2  (ia 

Of  the  quantities  in  the  second  members  of  these  equations  all  but  G,  h  and  N 
have  the  same  value  for  all  the  terms  of  F.  Hence,  making  a  summation  of  the  quan- 
tities depending  on  G,  h  and  N,  which  summation  we  represent  by  2^  we  find  that 
the  numerical  computation  may  be  made  in  the  following  form 
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Compute  k  and  K  from 

k  sin  K=J2'G  h  sin  N 

(") 


.  d  h 

K  cos  IV = — -  cos  -  y 

2  2 

then 


k  cos  K =—  -  cos  ^y2—  cos  N 

2  2 


^J=M\A;sin(K-^^) 

sin  i    -rzM'i  A; cos  (K— V') 

So  far  our  formulae  have  been  constructed  as^  if  the  planet  whose  elements  are 
accented  were  the  disturbing  one.  But,  in  considering  the  mutual  action  of  any  pair, 
the  same  quantities  appear,  for  the  most  part,  in  both  actions,  so  that  it  will  be  conven- 
ient to  apply  the  accents  to  the  same  elements  in  both  cases,  namely,  those  which 
belong  to  the  outer  planet.  The  preceding  formulse  will  then  apply  unchanged  to  the 
action  of  the  outer  planet  on  the  inner  one,  and  we  shall  now  modify  them  for  the 
action  of  the  inner  planet  on  the  outer  one. 

As  we  have  defined  the  node  G,  its  position  would  be  reversed  by  reversing  the 
actions  of  the  two  planets,  tp  becoming  i8o°  and  ip'  becoming  ^±  i8o°.  Jlence, 
in  order  to  use  the  same  values  of  ^  and  i/^'  in  both  cases,  they  must  be  changed  by 
i8o^ 

Instead  of  (lo)  we  shall  then  use 

Mzz  n 

(13) 

Ml    Msec  (p^ 
MgzzMcos  (p\ 

Here  a'  and  refer  to  the  same  planet;  their  ratio  would  therefore  be  unity,  but 
for  the  small  connection  we  apply  to  a'  on  account  of  the  constant  term  of  the  mean 
distance  due  to  the  action  of  all  the  other  planets. 

The  value  of  h  and,  therefore,  of  its  derivative  as  to  and  also  N,  remain 
unchanged,  but  j  and  /  are  interchanged.    Thus  we  have,  instead  of  G 

G'  zzi  (f+j)  cot i  y — i  (f  —  j)  tani  y 

=  Cj—(f—j)t^n^y 
Thus,  instead  of  (i  i),  we  shall  have, 

A' sin  K'zzAsin  K  — tani  y)  AsinN 


A'  cosK'zzA;  cos  Kzz  — i  cos-  cos  N 

2      2  d(X 


(14) 


and,  instead  of  (12), 
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|*'=-MiA'8ill  (K'-^') 

(t  t 


sin  i'^=-M,kf  cos  (K'  -  V') 


(15) 


It  is  worthy  of  note  that  the  quantities  A,  k\  K'and  K',  in  (12)  and  (14)  are 
dependent  only  on  the  relative  positions  of  the  orbits  and  other  elements  independent 
of  the  plane  of  reference.  Hence  the  secular  variations  can  be  refen-ed  to  any  other 
fixed  plane  than  that  first  selected,  by  substituting  suitable  values  of  rf^  and  tf)'  in  (12) 
and  (15).  In  fact,  k  and  K  alone  represent  the  actual  motions  of  the  orbital  inde- 
pendently of  any  plane  of  reference  in  a  way  which  will  be  shown  hereafter. 

(/?).  Eccentricity  and  perihelion. — The  variations  of  these  elements  follow  at  once 
from  the  equations  (9)  and  (9') 

de    m'  a  dY  i  dY 

——  t^cosy-^zz— M2  -  ;t- 

dt     pi  tti  de  e  dw 

djr'  dY 
'drt=  ^^^de 

The  e  which  is  found  as  a  divisor  in  the  first  equation  always  disappears  by  enter- 
d  Y 

ins  as  a  factor  into  ^- .    It  is  retained  as  a  factor  of  the  variation  of  tTi  in  the  second 
®  div 

equation,  because  the  motion  of  tt^  increases  without  limit  as  e  approaches  zero,  while 
the  actual  perturbations  of  the  coordinates  do  not  so  increase,  but  contain  etf^Tj  as  a 
factor.    Calling  as  before 


any  term  of  F,  we  have 


h  cos  ^=h  cos  (j  w  +/  w') 


I  dY       n^j  h  .  XT 
— =—2"^ —  sm  N 
edw  e 


dY  ^dh  XT 
—  =  2—-  cosN 
d  e  d  e 


For  an  inner  planet  the  required  quantities  will  then  be  given  by  the  formulae 


e 


^/zzM'a-S^sinN 
dt        ^  e 

(16) 

l^^zzM'^-S^cosN 
d  t  de 


For  the  reverse  action  we  have 
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at  e 

d7t\      nr  Jl  XT 

at  a  e 

M2  and  M'2  having  the  values  given  in  (13)  and  (10). 

§  7. 

REFERENCE  OF  VARIATIONS  TO  THE  MOVING  ECLIPTIC. 

By  the  preceding  method  we  may  derive  the  numerical  values  of  the  secular  vari- 
ations of  the  orbiti  referred  to  an  arbitrary  fixed  plane,  say  that  of  the  ecliptic  of  1850, 
and  an  arbitrary  fixed  point  in  that  plane.  We  have  employed  the  formulae  in  com- 
puting these  quantities  for  the  three  fundamental  epochs,  1600,  1850,  and  2100.  The 
secular  variation  of  the  longitude  of  the  perihelion,  as  determined  by  the  formulae,  is 
the  motion  of  the  perihelion  from  a  fixed  departure  point  in  the  orbit. 

These  several  quantities  are  not,  however,  those  practically  used  in  astronomy. 
Latitudes  and  longitudes  are  ordinarily  referred  either  to  the  moving  ecliptic  and  equi- 
nox of  the  date  or  to  a  fixed  ecliptic  and  equinox  not  very  distant  from  the  date. 

It  is  therefore  essential  to  investigate  the  variations  when  referred  to  a  moving 
plane  and  amoving  point  on  that  plane,  the  motion  being . detei-mined  without  any 
reference  to  fixed  points,  but  to  points  determined  in  each  particular  case  by  the  con- 
ditions at  the  moment.  We  are  therefore  required  to  find  expressions  which  have  no 
reference  to  absolutely  fixed  planes,  and  it  will  be  better,  in  order  to  derive  these 
expressions,  to  proceed  so  that  we  may  ultimately  dispense  with  the  consideration  of 
absolute  points  or  lines  of  reference,  and  of  coordinates  referred  to  them,  deriving  dififer- 
entially  the  equations  for  the  phenomena  of  motion  and  change  at  each  instant,  and 
passing  from  one  epoch  to  another  by  a  prgcess  of  mechanical  integration. 

We  begin  with  the  consideration  of  the  motion  of  the  orbital  planes.  This  motion 
is  conceived  in  each  case  to  take  place  around  a  line  through  the  center  of  the  Sun,  in 
the  plane  of  the  orbit,  which  line  we  may  consider  to  be  the  instantaneous  rotation 
axis  of  the  orbit.  The  instantaneous  motion  is  completely  determined  by  the  position 
of  this  axis  and  the  rate  of  rotation  around  it  at  the  moment.  By  processes  too  simple 
to  need  development  we  pass  from  the  preceding  formulae  for  the  variation  of  the  incli- 
nation and  longitude  of  the  node  to  the  following  method  of  determining  the  motion 
in  question. 

In  the  plane  P  of  the  moving  orbit  take  an  arbitrary  point  of  reference,  or  depar- 
ture point  Q,  from  which  longitudes  in  the  orbit  are  to  be  measured. 

Let  Ni,  N2,  .  .  .  be  the  ascending  nodes  of  the  orbits  of  the  several  disturb- 
ing planets  upon  the  orbital  plane  P,  and  let  us  put 

tpij  tp2,  .  .  the  longitudes  or  departures  of  the  points  Ni,  Ng,  .  .  .  measured  from 
Q  in  the  direction  of  the  planets'  orbital  motion. 


333 
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We  then  compute  the  quantities  k  and  v  from  the  equations 

Hmnv=SMik  cos  (K  —t/\) 

(1 8) 

H  COS  K  zz  -5"  Ml  A;  sin  (K — tpi) 

where  Mi  is  to  contain  the  mass  of  the  disturbing  planet,  whether  outer  or  inner,  while 
tpi  and  n  refer  to  the  disturbed  planet,  and  the  quantities  k  and  K  represent  either  those 
defined  in  (ii)  or  in  (14).  Then  v  will  be  the  longitude,  measured  from  the  point  Q, 
of  the  rotation  axis  of  the  orbit  P,  and  h  will  be  its  instantaneous  rate  of  rotation,  taken 
positively  in  such  a  direction  that  v  will  at  each  moment  be  the  longitude  of  the  ascend- 
ing node  of  the  moving  plane  upon  its  position  a  moment  previous. 

The  point  Q  is  entirely  arbitrary.  We  may  either  assume,  once  for  all,  a  position 
which  shall  change  only  in  consequence  of  the  motion  of  the  orbit;  we  may  take  the 
ascending  node  at  each  instant;  or  we  may  measure  back  from  the  ascending  node  a 
distance  equal  to  the  longitude  of  the  node  at  that  instant  and  take  the  point  thus 
reached  as  Q. 

Taking  for  the  point  Q  the  longitude  of  the  node  on  the  ecliptic  at  the  instant,  we 
see  that,  in  the  case  of  the  action  of  an  outer  on  an  inner  planet,  the  quantities  tpi  just 
defined  will  be  the  same  as  defined  in  §  6,  while  in  the  action  of  an  inner  on  an  outer 
planet,  ipi  will  be  the  same  as  zb  1 80°.  The  quantities  k  sin  v  and  x  cos  v  will  then 
be  equal  to  the  secular  variations  found  from  (12)  and  (15),  being  the  distance  from 
the  ascending  node  to  the  instantaneous  rotation  axis.  If  we  use  longitudes  in  the 
orbits  as  commonly  defined,  the  values  of  will  be  defined  as  follows  in  the  special  cases 
of  Mercury,  Venus,  and  Mars.  We  put,  in  each  case,  9  for  the  longitude  of  the  node 
of  the  disturbed  planet  upon  the  ecliptic.    We  shall  then  have 

In  the  case  of  Mercury:  Action  of  Venus,     ^i=z^  +0 

Action  of  Earth,     ^^2= V'  +  ^ 


In  the  case  of  Venus:     Action  of  Mercury,  ^i=^<''  +  0+ 180^ 

(19) 

Action  of  Earth,      ^^2  =  ^  +  ^ 


In  the  case  of  Mars :      Action  of  Mercury,  ^1  =}p^  +  ^  + 1 80° 

Action  of  Venus,  ^2  =  ^'  +  ^  + 1 80° 
Action  of  Earth,  tz=ff>'  +  0+ 1 80^ 
Action  of  Jupiter,   fp4=f  +0 

Motion  of  the  perihelion  referred  to  a  fixed  ecliptic, — In  astronomical  usage  the  lon- 
gitude of  the  perihelion  is  commonly  defined  as  equal  to  the  longitude  of  the  node 
plus  the  distance  from  the  node  to  the  perihelion,  or 
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Moreover,  the  mean  longitude  of  a  planet  is  taken  as  equal  to  the  longitude  of  the  node 
plus  the  distance  from  the  node  to  the  mean  position  of  the  planet,  or 

l=0+u 

u  being  the  mean  argument  of  latitude. 

The  motions  of  tt  and  Z,  as  thus  defined,  will  be  different  from  their  motions  from 
a  departure  point  in  the  orbit,  the  difference  being  allowed  for  by  a  correction  to  the 
latter,  given  by  the  equation 

S  D,  7r=S  D,        -cos  i)  D,  6  (20) 

which  is  to  be  added  to  the  motion  of  the  perihelion  already  found  to  obtain  the  motion 
of  O+w  referred  to  a  fixed  ecliptic. 

Motion  of  the  ecliptic, — In  the  case  of  the  ecliptic  the  points  Ni,  Nj,  etc.,  as  pre- 
viously defined,  are  the  ascending  nodes  of  the  several  orbits  upon  its  plane.  Taking 
the  equinox  as  the  point  Q,  the  motion  of  the  plane  at  any  instant  will  be  defined  by 
the  quantities  x^'  and  r",  derived  from  the  equations 

K^'  sin  v''  =2  M,  k  cos  (K-e,) 

(21) 

V' cos  y''=2  Ml  k  sin  (K-9,) 

Thus  y'^  will  be,  as  before,  the  longitude  of  the  instantaneous  rotation  axis  of  the 
ecliptic  measured  from  the  equinox,  while  h'^  will  be  its  instantaneous  motion  around 
that  axis. 

E^ect  of  motion  of  the  ecliptic  on  the  longitudes  of  the  perihelion  and  node. — We 
readily  find  that  the  instantaneous  motion  of  the  longitude  of  the  node  and  of  the  inclina- 
tion of  any  planet  at  any  time  in  consequence  of  the  motion  of  the  ecliptic  will  be  given 
by  the  equations 

tan  iUtOzn  —  k"  sin  {v"  —  &)  —  }(!'  sin  v"  tan  i  cot  f . 

(22) 

In  the  first  of  these  equations  the  last  term  arises  from  the  planetary  precession. 
Omitting  it 

sin  i\y\e—  —  yi!'  cos  i  sm  {v"  —  B)  (2  3) 

These  motions  are  to  be  added  to  the  secular  variations  previously  found,  in  order  to 
obtain  the  entire  motion  of  the  plane  of  the  orbit  relatively  to  the  moving  ecliptic. 

A  further  correction  will  also  be  required  to  the  mean  motion  of  the  planet,  and 
the  motion  of  the  longitude  of  its  perihelion,  given  by  the  equations 

<J'D,;rzz(y'D,/=(i-seci)D^0z=tanii      ^m{y''  —  e)  (24) 
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§  8. 

NUMERICAL  VALUES  OF  MASSES  AND  OTHER  FUNDAMENTAL  CONSTANTS. 

a.  Constants  depending  on  the  masses  and  mean  distances. 

The  adopted  masses  of  the  several  planets  aiid  the  logarithms  of  the  constant 
coefficients  M,  Mi  and  Mg,  in  the  case  of  each  mutual  action  of  a  pair  of  planets, 
are  shown  in  the  following  table.  The  quantities  actually  given  in  the  three  lines  of 
each  set  are : 


for  the  action  of  an  inner  on  an  outer  planet, 

M  =  in 

a 

for  the  action  of  an  outer  on  an  inner  planet,  and  the  products  of  each  M  or  M' 
by  the  values  of  sec  <p  and  cos  cp  for  the  disturbed  planet. 

The  imits  of  arc  and  time  are  respectively  i "  and  one  Julian  centurJ^ 


Action  of — 

Mercury. 

Venus. 

Earth. 

Mars. 

7  500000 

1.4485 

1.2375 

0.9631 

1.4485 

1.2376 

0.  9650 

1.4485 

1.2374 

0.  9612 

410000 

2.  846  56 

2. 499  82 

2.  225  47 

2.  855  94 

2. 499  88 

2. 227  37 

2.  837  18 

2. 499  76 

2.  223  57 

Elarth  and  Moon   .  . 

327000 

2.80413 

2.66838 

2.  323  70 

2.  813  51 

2. 668  39 

2.  325  60 

2- 794  73 

2. 668  37 

2.  321  80 

3093  500 

1.645  33 

1.509  58 

1.43924 

1-65471 

1.50959 

1.439  30 

1.635  95 

1.50957 

1.43918 

1  047. 88 

4. 582  141 

4. 446  384 

4.  376052 

4.  284  603 

4.  591  521 

4. 446  394 

4. 376  113 

4.  286  500 

4.  572  761 

4. 446  374 

4.  375  99> 

4.  282  706 

3  501.  6 

3.  794  74 

3.  65899 

3.  58865 

3. 497  20 

3.804  12 

3.  65900 

3.  58871 

3.  499  JO 

3. 785  36 

3.  658  98 

3-  588  59 

3. 495  33 

22  756 

2.  67847 

2.  542  72 

2. 47238 

2.  38094 

2.  687  85 

2. 542  73 

2.47244 

2.  382  84 

2.  66909 

2. 54271 

2. 472  32 

2. 379  04 

19540 

2.  549  63 

2.41388 

2.  343  54 

2. 25209 

2.  55901 

a.  413  89 

2.  343  60 

2. 253  99 

2.  540  25 

2.41387 

2.  343  48 

2.  250  19 
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Inclinations. 

Longitudes  of  nodes. 

1600 

1850 

21CX) 

1600 

1850 

2100 

0     ;  // 

0    /  // 

0    /  // 

0     /  // 

0    /  // 

0     /  // 

7    I  1.94 

7    0   7. 71 

6  59  14.  20 

46  51  52.  I 

46  33   8. 6 

46  14  20.  2 

3  23  44.  2 

3  23  34.83 

3  23  27.24 

76    I  45.5 

75  19  52.  2 

74  37  55.  5 

Earth  

0    I  57.85 

00  0 

0    I  57.43 

354  10  32.  6 

172  57  24.0 

I  52  16.  23 

I  51  2.28 

I  49  49-41 

49    7  24.4 

48  23  53.0 

47  39  23.  3 

I  19  1.2 

I  18  42.  10 

I  18  24. 4 

98  30  30 

98  56  19.8 

99  22  52 

2  29  15 

2  29  40. 19 

2  30  2 

112  59  16 

112  20  49. 0 

III  42  14 

0  46  20. 54 

0  46  20.  54 

0  46  20.  54 

73  14  8.0 

73  14  8.0 

73  H  8.0 

I  47  1.68 

I  47    I.  68 

I  47  1.68 

130   7  31.8 

130   7  3».8 

130   7  31.8 

Eccentricities. 

Longitudes  of  perihelia. 

1600 

1850 

2100  . 

1600 

1850 

2100 

.  205  553  39 

.  205  604  78 

.  205  656  17 

0      '  // 
74  43   9-  78 

0     /  /' 
75    7  13-78 

0     /  // 
75  3>  17.78 

.00684331 

.00672744 

129  25    2.  16 

129  27  14.36 

129  29  31.  II 

Earth  

.  016  771  10 

.016  668  99 

99  33  51- >3 

100  21  21.  34 

loi    9  27.02 

.09303472 

.093  261  13 

•  093  487  54 

332  II  25.21 

333  17  53-49 

334  24  12.  10 

•  047  83s 

.  048  242  77 

.  048  668 

II  22  36 

"  56  9-33 

12  26  36 

.  056  056  88 

.  055  201 

88  42  48 

90   6  46.  22 

91  30  54 

.  046  9236 

.  046  9236 

168  15  6.7 

168  15  6.7 

168  IS  6.7 

.  008  4962 

.  008  4962 

43  »7  30.3 

43  »7  30.3 

43  17  30.3 

1600 

1850 

2100 

1600 

1850 

2100 

Mercury  and 

0 

0 

1 

0 

0 

0  / 

0 

157 

46.  13 

157 

54.60 

158 

3. 01 

128 

42.  32 

129  13.86 

129 

45.32 

Earth  

180 

12.  82 

180 

0. 00 

179 

47- 14 

232 

54.05 

Arbitrary 

53 

4.  17 

Mars  

179 

10.  69 

179 

20. 19 

179 

29. 78 

176 

55-42 

177  29.67 

178 

4.90 

170 

3>-43 

170 

28.  17 

170 

24.81 

118 

56.  60 

118  8.80 

117 

20.  II 

159 

13-  52 

159 

7-36 

159 

1.73 

93 

14-49 

93  28.03 

93 

42. 16 

176 

53-  35 

176 

50.91 

176 

48. 47 

150 

32.34 

150  II.  19 

149 

49. 95 

165 

22. 62 

16S 

21.43 

165 

20.  29 

82 

13-  48 

81  53.55 

81 

33. 59 

Venus  and 

Earth  

180 

32.87 

180 

0.00 

179 

27.  3« 

262 

24. 03 

Arbitrary 

81 

7.89 

Mars  

206 

7.35 

205 

41. 16 

205 

15.82 

233 

0.  20 

232  35.  66 

232 

12. 88 

Jupiter  

166 

59.00 

166 

30. 93 

166 

3.  47 

144 

31. 16 

142  55.  40 

141 

19. 50 

Saturn  

133 

15.48 

>33 

0.  20 

132 

47.  II 

96 

20. 63 

96  1.92 

95 

45.48 

Uranus  

180 

49-  33 

180 

37.05 

180 

24.72 

183 

36.  89 

^      182  42.74 

181 

48. 48 

Neptune  

148 

23.  79 

148 

20.  22 

148 

17.36 

94 

20.  58 

93  35. 15 

92 

50. 36 
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1600 

--  -■'  - 
1850 

2100 

1600 

1850 

2100 

Earth  and 

-  -  - 
0  ' 

—  ■  -■■ 
0  / 

0  / 

- 

0    '  1 

0  / 

55  46.  58 

Arbitrary 

233  52.  52 

0  49- 74 

0  0.00 

359  10.50 

105  42.  21 

Arbitrary 

285    2. 60 

I  22.  28 

0   0. 00 

358  37.11 

1 19  28. 09 

Arbitrary 

298    5.  29 

0  39-  40 

0  0.00 

359  20.42 

81  27.  71 

Arbitrary 

257  54-  73 

2  24.  14 

0  0.00 

357  37-99 

136  40. 26 

Arbitrary 

316  26.83 

0  43-  30 

0  0.00 

359  16.68 

Mais  and 

0  / 

135  23.73 

135  6.90 

134  5».3i 

86  1.62 

84  35-  44 

83  8.81 

109    7. 66 

108  36.00 

108   6. 38 

45  17.99 

44  41.24 

44  5.69 

164  51- 56 

164  14.  44 

163  36.49 

140  45.  14 

139  24.51 

138   2. 06 

132  5-41 

132  4.04 

132  3-79 

51  7.01 

50  22.  II 

49  37.  35 

log  6 

1600 

1850 

2100 

1600 

1850 

2100 

Mercury  and 

.038  173  II 

.  037  910  76 

.  037  648  74 

8.581  7575 

8.578  7625 

8.  575  7505 

Earth  

.  061  067  23 

.061  10800 

8.  7855*42 

8.  785  8082 

8. 7860981 

.04490967 

.044951  61 

.  044  993  76 

8. 652  3399 

8. 652  7452 

8. 653  1523 

.  054  842  04. 

•  054  867  39 

8.  738  93" 

8.  7391136 

8. 7393143 

.  056  033  62 

.055  78308 

•055  533  93 

8.  7484487 

8.  746  5025 

8.  7445584 

.055  25043 

•055  137  50 

.  055  02660 

8.  742  3357 

8.  741  4471 

8.  7405727 

.  061  340  06 

.  061  296  93 

.061  255  77 

8.  787  7442 

8.  7874387 

8. 787  1470 

Venus  and 

Earth  

.  029  588  84 

.  029  605  26 

.  029  629  30 

8.471  1279 

8. 4713688 

8. 471  7214 

.  016  876  27 

.016976  77 

8.  224  8482 

8.  227  2764 

8.  2298551 

.019511  94 

.  019  660  84 

.01981648 

8.  290  3005 

8.  293  6020 

8.  297  0266 

.  017  917  66 

.  017  92089 

8.  253  2932 

8.  253  2813 

8. 253  3595 

.  022  873  23 

.022  851  56 

8.  3598439 

8.  359  3275 

8. 3589159 

.024  23404 

.024407  94 

8.  381  3721 

8.  3844258 

8.  387  5311 

Earth  and 

.  016  149  12 

.016  138  64 

8.  208  6025 

8.  208  1489 

8.  207  8671 

.  01 1  446  45 

on  32635 

8. 063  2120 

8. 058  6706 

8. 054  0899 

.021  76688 

.021  684  30 

8.  339  3502 

8.  337  7961 

8. 336  1453 

.006  740  17 

.  006  794  03 

7. 825  5450 

7.  828  6707 

7.8321273 

.01577251 

.015565  97 

.01535845 

8.  197  9009 

8. 192  1760 

8.1863475 

Mars  and 

.012523  50 

.  012  628  71 

8.094  2618 

8. 097  7257 

8.  loi  3590 

.  020624  72 

.  020  632  62 

.  020  640  99 

8.3143881 

8.3145544 

8. 314  7304 

.01054257 

.010424  55 

.01031237 

8. 022  9464 

8.0180572 

8.0133584 

.02071963 

.02075205 

.  020  787  99 

8.  316  3821 

8.  317  0611 

• 

8.  317  8126 
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Mercury. 

Venus. 

Earth. 

Mars. 

o.  535  1606 
9.  728  4S41 

Earth  .... 

0.  387  0985 
9.  587  8215 

0.723  3315 
9-  859  3374 

0.  254  0532 
9. 404  9247 

0. 474  7242 
9.  6764413 

0.  656  3023 
9.  817  1039 

0. 074  4020 
8.  8715845 

0. 1390275 
9. 143  1006 

0. 192  2042 
9.  283  7628 

0.  292  8598 
9.  466  6598 

0.0405813 
8. 608  3254 

0. 075  8301 
8.  8798416 

0.  104  8344 
9. 020  5037 

0.159  7353 
9.  203  4008 

0. 020  1787 
8.3048923 

0. 037  7058 
8.  576  4084 

0. 052  1279 
8.7170705 

0. 079  4269 
8. 899  9676 

Neptune  .  .  . 

0.0128875 
8.  no  1680 

0. 0240815  • 
8.  381  6841 

0. 033  2925 
8.  522  3463 

0. 050  7275 
8.  705  2433 

S.  Gaussian  coefficients  and  their  derivatives. 


MERCURY  AND  VENUS. 

Values  of  c^:^^^  =  b\'^^^ 


i 

0 

2. 

172  16 

0. 417  53 

0.  37186 

0. 617  67 

1. 5*2  37 

4.90373 

19.  8082 

95.84 

540.3 

I 

0.  605  71 

0. 17449 

0.  171  39 

0. 297  22 

0.  745  44 

2.454  14 

10.  0180 

[48] 

[270] 

2 

0.  246  60 

0.07945 

0.081  91 

0. 145  86 

0. 371  93 

I.  238 42 

5.09700 

3 

0. 

1 10  78 

0. 037  68 

0. 040  00 

0. 072  54 

0.  187  24 

0. 62894 

2.  605  76 

4 

0. 052  1 1 

0. 018  31 

0.019  82 

0. 036  42 

0. 09491 

0.  321  06 

1-337  42 

Values  of 

i 

0 

2.  255  25 

3. 933  59 

9.751  II 

31.7711 

1 28. 644 

623. 234 

3516.6 

I 

1.62445 

2. 476  96 

5. 836  06 

18.5152 

73. 7489 

353. 339 

1977.  8 

2 

1.04383 

1.49694 

3. 420  46 

10. 6539 

41.9215 

199.  Ill 

1 107.  3 

3 

0. 638  87 

0. 883  02 

1.976  35 

6.  0735 

23. 6732 

III.  653 

617.58 

4 

0.  379  *5 

0.51256 

1. 130  20 

3.437  53 

13. 2973 

62.  358 

343-  35 

Note. — Numbers  in  brackets  are  derived  in  whole  or  in  part  by  induction. 


Digitized  by 


SECULAR  VARIATIONS  OF  THE  ORBITS 


Values  of  4-^^  ' 


i 

4'^ 

o 

3.6560 

14.  686 

66.  252 

342. 93 

2023. 5 

13  459- 0 

[94]  M 

I 

3.  2666 

II.  107 

46.  047 

226.  41 

1290.3 

8  373.  4 

[58]  M 

2 

2.  5728 

7.8886 

30.  81 1 

US'-  75 

808.16 

5  139.3 

[33]  M 

3 

1.8754 

5.  3617 

20. 036 

91. 960 

498-  77 

3118.9 

4 

I.  2978 

3.5278 

12.  744 

52. 122 

304.09 

I  874.  6 

Values  of  d^'^^  Values  of  ci**^^ 


i 

i 

4') 

0 

7- 1473 

45.440 

305. 02 

2216. 1 

[i7]M 

0 

15.098 

131.027 

I175. 46 

1 

6. 7616 

37. 573 

231.85 

1590.3 

[ii]M 

I 

14. 5733 

113. 716 

945.40 

2 

5.8402 

29. 316 

169. 36 

1109. 1 

[8]M 

2 

13. 1655 

93. 978 

733.  »o 

3 

4.  7035 

21.8485 

119. 770 

755. 15 

[5]M 

3 

II. 2323 

74-477 

550.  76 

4 

3. 5892 

15.6975 

82.5066 

504. 19 

4 

9. 1308 

58. 107 

402.  95 

5 

2. 6259 

10.949 

55.680 

330. 72 

Hence  are  derived  the  following  values  of  c^^  and  their  derivatives : 


i 

0 

2.  172  16 

0.417530 

1. 206918 

4.51894 

22. 6767 

148. 222 

1202. 7 

11.66M 

131. 5M 

0.  605  71 

0. 780  20 

1-475  05 

4.71379 

23. 0269 

149. 896 

1212. 2 

2 

0.  246  60 

0. 572  64 

1.54^500 

5. 326  I 

24. 9595 

156.59 

1254.2 

3 

0.  no  78 

0. 370  02 

1.33848 

5.5101 

27-3" 

169. 25 

1310.7 

♦ 

D«4'> 

D'4'> 

D*4'> 

D«4') 

0 

2.  255  25 

6.  1888 

27. 741 

172.92 

1362. 1 

12. 94M 

143.  5  M 

I 

1. 62445 

5-  7259 

27. 196 

170. 90 

1350.9 

12.  86M 

143.  2M 

2 

1.0438 

4.  6284 

24. 790 

163. 49 

1316. 1 

12.  64  M 

141.  3M 

3 

0. 638 

3-  435 

21. 016 

149.6 

1251.0 

12.  24  M 

i 

D»4'^ 

D*4*> 

D*4*^ 

0 

3.6560 

22.000 

169. 0 

1578 

173  28 

218. 4M 

3101  M 

I 

3.  2666 

20. 907 

164-3 

1549 

17099 

216. 3M 

3080  M 

2 

2.  5728 

18. 18 

150.9 

1464 

16428 

217. I M 

2699  M 

3 

1.88 

14.  74 

13'.  3 

1332 

15346 

Note. — Numbers  in  brackets  are  reached  wholly  or  partly  by  Indaction. 
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i 

0<'> 

D<4') 

i 

0 

7.  H73 

66.  S82 

732.9 

921 1 

130  M 

0 

15.098 

191. 4 

2727 

I 

6.  7616 

64.  619 

715.8 

9052 

128  M 

I 

14. 573 

186.6 

2674 

2 

5.  S402 

58.517 

667. 2 

8591 

124M 

2 

13. 166 

173-0 

2523 

3 

4.  7035 

50. 070 

595.0 

7879 

112M 

3 

11.232 

153. 1 

2293 

4 

3. 5892 

40. 82 

509. 5 

6993 

4 

9- 131 

131.  2 

2033 

MERCURY  AND  EARTH. 


% 

0 

2.  081  98 

0. 179  76 

0. 43033 

1.1957 

4. 0986 

«7.753 

95.24 

I 

0.  411  14 

0. 464  38 

0. 647  30 

I- 3300 

4. 1918 

18. 062 

96. 85 

2 

0.  120  18 

0. 257  71 

0. 592  74 

1.5487 

4.  93" 

20. 018 

102. 84 

3 

0.  038  90 

0. 122  62 

0. 400  2 

1.3840 

5.244 

22. 654 

115-31 

i 

i 

4') 

0 

I.  Ill  68 

1.977  30 

5.5218 

22. 254 

114. 88 

0 

0.  769 

3.016 

14. 98 

I 

0. 61009 

1.626  07 

5-  2944 

21. 852 

113.00 

I 

0. 586 

2.647 

14.01 

2 

0.  2894 

1.048  5 

4.  2272 

19-  594 

106.  50 

2 

0. 362 

I- 932 

11.45 

3 

0. 1294 

0.  595  3 

2. 9234 

15.  657 

93.  273 

3 

0.  200 

1.249 

8. 38 

MERCURY  AND  MARS. 


i 

Dcl*^ 

D*ci') 

D*ci'^ 

DV,'> 

0 

2.0335 

0.06957 

0. 1499 

0.3460 

0.8965 

2. 741 

10. 156 

I 

0  2605 

0. 273  8 

0. 3162 

0.4556 

0.9396 

2. 760 

10. 367 

2 

0. 049  77 

0. 102  4 

0. 2166 

0. 4840 

1.1917 

3- 414 

11.867 

3 

0.01055 

0. 032  29 

0. 10014 

0.3177 

1.0459 

3. 649 

13. 87 

i 

40 

DV3*) 

D»<^,'^ 

D*4') 

% 

D«c<*> 

0 

0. 5900 

0. 7718 

1. 3952 

3. 700 

13. 127 

0 

0. 1932 

0. 542 

1.837 

0. 2195 

0. 4959 

1.2425 

3.638 

12.897 

I 

0. 1096 

0.395 

1.560 

2 

0.0691 

0. 2241 

0. 7627 

2. 789 

II.  248 

2 

0. 0468 

0. 212 

1.009 

Note.— The  symbol  M  means  1000. 
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MERCURY  AND  JUPITER. 


i 

Del') 

o 

2.  002  78 

0. 005  570 

O.OII  211 

0.  022  701 

0. 046  54 

0. 097  66 

0. 21405 

I 

0. 074  56 

0.074  87 

0.075  81 

0.  078  64 

0.  087  25 

0. 113  64 

0. 195  57 

2 

0.004  16 

0.00834 

0.016  76 

0.03384 

0.  068  93 

0. 142  95 

0. 306  68 

3 

0.00026 

0.00078 

0.  002  33 

0.  007  03 

0.  021  25 

0.06457 

0. 197  76 

i 

D«4'> 

i 

D4*> 

0 

0. 1507 

0. 1544 

0. 1659 

0. 2009 

0.3092 

0 

0.0115 

0. 0237 

0. 0507 

I 

0.01678 

0.0339 

0. 0692 

0. 1442 

0.31 17 

I 

0.0021 

0. 0064 

0.0198 

2 

0.0016 

0. 0047 

0. 0143 

0. 0436 

0. 1348 

2 

0. 00027 

0. 001 » 

0. 0045 

3 

0. 00014 

0. 00054 

0. 00219 

MERCURY  AND  SATURN. 

t 

Del') 

i 

<^') 

0 

2. 00082 

0. 001  65 

0.00331 

0. 006  65 

0.013  41 

0 

0. 081 46 

0. 08206 

0. 083  88 

I 

0. 040  61 

0. 04066 

0. 04081 

0. 041  26 

0. 042  62 

I 

0.00496 

0.00995 

0. 02001 

2 

0. 001  24 

0. 002  47 

0.00495 

J 

0.00993 

0. 019  98 

2 

0.00025 

0.00075 

0. 002  27 

VENUS  AND  EARTH. 

Values  of  c}**-'^ 


i' 

0 

2.  38637 

1. 18898 

2.  850  19 

12.85244 

85.  698  96 

757. 823 

8355. 16 

I 

0.  94241 

0.  701  34 

1.83635 

8. 586  64 

58.  37162 

522. 340 

5805.  21 

2 

0.  527  58 

0. 442  02 

I.  212  68 

5- 807  54 

40.  045  53 

361.721 

4046.  72 

3 

0.  323  34 

0.  287  75 

0.81329 

3.  962  42 

27.  625  72 

251.444 

2828. 67 

4 

0.  206  79 

0. 191  02 

0. 55132 

2.72143 

19. 142  33 

175.339 

1981.89 

Values  of  c^^^^ 

i 

0 

7.  2279 

33-  5297 

225.  087 

1995.  49 

22  027.  5 

291  213 

4487  M 

I 

6.4171 

27-  "033 

175-665 

1529.  10 

16691.0 

218998 

3356  M 

2 

5- 3430 

21. 4411 

135-651 

1 164. 42 

12  595-5 

164  213 

2504  M 

3 

4.3068 

16. 7217 

103.  928 

882.  30 

9472.4 

122  827 

1866  M 

4 

3-  4030 

12.9089 

79.  137 

665.  82 

7  103. 1 

91673 

1387  M 
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Values  ofc^^'^^ 


i 

0 

44.884 

444.91 

5223.7 

71  814. 

1 136  700 

20  400  M 

I 

43-  ^5 

396.85 

4443- S 

59  288. 

919  280 

16251M 

2 

40. 606 

345.62 

3724.1 

48450. 

737960 

12874M 

3 

36. 520 

295. 22 

3082.0 

39244- 

588530 

10 146  M 

4 

31-990 

248.  19 

2523. 5 

31  544. 

466650 

7953M 

Valines  of  c^^'^^  Values  of  cj*  -^^ 


i 

&,^''^ 

1 

!  i 

4'' 

0 

338- 062 

5  126. 62 

86684. 

1631  M 

0 

2735.06 

55  798. 6 

I  234M 

I 

333- 500 

4  752. 89 

77063. 

1407  M 

I 

2710.69 

52745.0 

X  125  M 

2 

320.607 

4  326. 60 

67  599. 

1202  M 

2 

2639.  75 

49  160. 0 

I  015M 

3 

301. 022 

3874. 36 

58586. 

1017M 

3 

2527.  50 

45  216.0 

906M 

4 

276.  781 

3  418. 92 

50  226. 

853  M 

4 

From  these  are  derived  the  following  values  of      and  their  derivatives: 


i 

0 

2.38637 

1. 18898 

5  22815 

34. 709 

329. 25 

4118 

64077 

I 

0.  942  41 

1. 643  75 

5. 5841 

35.17 

331. 26 

4133 

64226 

2 

0. 527  58 

1.497  17 

5-  9751 

36.96 

338.9 

4182 

64  691 

3 

0.  323  3 

1.  257  8 

6. 0253 

38.99 

352.4 

4276 

65  536 

4 

0.  206  8 

1. 0182 

5.  7702 

40.40 

368.9 

4416 

66851 

i 

40 

Dei') 

D»4" 

0 

7.  2279 

40. 76 

366. 43 

4464 

68359 

I 

6.4171 

39-94 

363. 95 

4447 

68  195 

2 

5.3430 

37-47 

355.3 

4394 

67  697 

3 

4.307 

33.9 

340.1 

4299 

66839 

4 

3.403 

29.9 

319- 1 

4160 

65  850 

i 

0 

44. 884 

534. 68 

8072. 7 

147  315 

3149.  5 M 

I 

43-  645 

527-  78 

8011.4 

146  569 

3138.  oM 

2 

40. 606 

508.04 

7830. 0 

144350 

3104.  oM 

3 

36. 520 

478. 

7538. 

140  710 

3047. 8  M 

4, 

3>-990 

440. 

7150. 

.135  750 

2803.  oM 

Note.— The  symbol  M  means  1000. 
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i 

Dei'' 

t 

D'4*» 

o 

338.1 

6141. 

130.  74  M 

3191.5M 

° 

2735 

66.74M 

1836  M 

I 

333.5 

6087. 

129.  93 M 

3176.  7  M 

I 

271 1 

66.  30  M 

1826  M 

2 

320.6 

5930. 

127.  53  M 

3132.  8M 

2 

2643 

65.00M 

1798M 

3 

301.0 

5680. 

123.  66M 

3061.  2  M 

3 

2530 

62.  93  M 

1753M 

4 

276.8 

5356. 

118.  49  M 

2974.  oM 

4 

2353 

60.0  M 

1691  M 

VENUS  AND  MARS. 


i 

D 

D«<' 

D'ci'^ 

DV/^ 

DV/' 

DVi'^ 

0 

2.  12967 

0. 299  91 

0. 794  08 

2.  5995 

II.  066 

60.84 

415. 1 

I 

0.521  63 

0.  631  8 

1. 041  0 

2.  7621 

II.  270 

61. 71 

419.6 

2 

0.  187  73 

0.4197 

1.0497 

3-  183 

12. 582 

65.69 

435-4 

3 

0. 074  67 

0.  242  6 

0. 8349 

3. 160 

13  80 

72.  6 

469. 0 

i 

D4*' 

DV,'' 

DV,'^ 

0 

1.6727 

3-  803 

14. 032 

73- 0 

481.3 

I 

1. 0940 

3.394 

13.666 

71.9 

475.9 

2 

0. 6295 

2.540 

11.950 

67.5 

458.8 

3 

o- 343* 

I.  714 

9. 464 

i 

D4'J 

0 

1.90 

9.51 

60. 9 

1 

I.  61 

8. 82 

58.  s 

2 

I.  17 

•  7- 25 

SI.8 

3 

0.77 

5-44 

42.  6 

VENUS  AND  JUPITER. 


i 

1)  c/' 

D«<' 

D*ci'^ 

0 
I 
2 
3 

2.00977 
0. 140048 
0. 014  62 
0. 001  69 

0.019758 
0.  142  113 
0.  029  47 
0.  005  1 1 

0.040391 
0. 148  410 
0. 059  91 
0. 015  48 

0. 084  355 
0. 167  818 
0. 123  78 

0. 183  443 
0. 228  689 
0. 263  84 

VENl  S  AND  SATURN. 

i 

Dc/^ 

D*ci*> 

D'tV' 

D^ci'> 

0 
I 
2 

2.  002  89 
0.  075  99 
0.00432 

0. 005  79 
0. 076  32 
0. 008  67 

0. 01 1  65 
0. 07731 
0. 017  42 

0. 023  60 

0.  oSo  31 
0  035  »7 

0. 048  43 
0. 08944 
0.071  68 

Note.— The  eymbol  M  meane  1000. 
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VENUS  AKD  URANU8. 


i 

o 

2.000  70 

0. 001 42 

0. 002  85 

0. 005  72 

0. 01 1  50 

I 

0.  037  73 

0. 037  77 

0. 037  89 

0. 038  25 

0. 0^0 

0.  001  07 

0.002  14 

0. 004  28 

0. 008  58 

0.017  26 

VENUS  AND  NEPTUNE. 

i 

0 

2. 000  29 

0.00058 

0. 001 16 

1 

0. 024  09 

0. 024 10 

0. 024 13 

2 

0.00044 

0.00087 

0. 001  74 

EARTH  AND  MARS. 

Values  of  c[*'^^ 


i 

0 
I 
2 
3 
4 

2.  291  14 

0.80457 
0.405  59 
0.  224  61 
0. 12998 

0.80599 

0.42351 
0.  239  71 
0.  140  64 
0. 084  30 

1. 341 29 

0.  773  » 7 
0. 458  93 
0.  277  36 
0.  169  71 

4. 183  02 
2. 507  78 
1. 52640 
0. 938  95 
0. 582 14 

19.  2642 
II. 7982 
7.  2919 

4.  5379 
2.  8393 

117. 583 
72. 977 

45- 567 
28.  590 
18.008 

894.521 
560.  226 

352.  370 
222.417 
140.808 

8153.  5 

86  612 

Valties  of  4* 

i 

4*.  4) 

0 
I 
2 
3 
4 

4. 499  92 
3. 759  32 
2.89075 

2.136  93 

1-543  " 

14. 5486 
10. 8896 
7. 9201 
5.6569 
3.9899 

67. 5954 
48. 5462 
34. 3687 
24. 0826 
16. 7445 

413-  987 
290. 966 
202. 760 
140. 364 
96. 659 

3154.61 
2187.96 
1508.94 
1035.  89 

708.  45 

28  778. 6 
19  782. 0 

13  543-  3 
9  240.  8 
6  287.  2 

305  884. 
208906. 
142  245. 

96  606. 

65  464. 

Valties  ofc^t^^ 


i 

4'-*^ 

0 

16.  369 

115.  850 

954. 49 

9143.9 

100  500 

1249800 

I 

15.592 

98.  562 

764. 42 

7052. 6 

75  549 

922  210 

2 

13.  863 

80.  867 

598.67 

5357.8 

56177 

674890 

5 

11.738 

64.528 

460. 49 

4019. 3 

41  383 

490340 

4 

9.  589 

50.  377 

349.00 

2983.1 

30240 

354010 

A.  P.— VOL,  V,  PT,  jy- 


346 


SECULAR  VARIATIONS  OF  THE  ORBITS 

Values  ofcf^^  Values  ofc^^'^^ 


i 

i 

4" 

o 

72.  2967 

789. 950 

9469. 0 

125  182. 

0 

343.  533 

5070. 00 

79  976.0 

1 

70.6267 

709.483 

8043.4 

102  251. 

I 

338-  400 

4680. 33 

70366.7 

2 

66.C617 

618.443 

6689.3 

82  220. 

2 

323.  392 

4220. 64 

60  792. 9 

3 

59.  5300 

525. 612 

5461.  9 

65  196. 

3. 

300. 593 

3729. 00 

51642.5 

4 

51-9767 

437.060 

4388. 4 

51  064. 

4 

272. 360 

3225. 40 

43  208. 0 

From  these  are  derived  the  following  values  of  c^^^  and  their  derivatives : 


i 

0 

2.  291  14 

0. 805  995 

2. 953  280 

15-4547 

113. 464 

1095. 02 

13*  34 

188. 4  M 

3147  M 

I 

0. 804  57 

1. 22808 

3- 271  79 

15.7765 

1 14. 5" 

1 101.45 

131  84 

2 

0. 405  59 

1. 050  89 

3-5'9  56 

16.9902 

118.968 

1 123. 50 

133  43 

3 

0. 224  61 

0. 81446 

3-  423  91 

18.0550 

126.  233 

1166. 51 

13647 

% 

D>c<" 

D*4'' 

D«4" 

0 

4. 4999 

19. 048 

130.  29 

I216.  0 

142  85 

202.  I  M 

3342  M 

I 

3.  7593 

18. 408 

128.  92 

1208. 5 

142  29 

201.  5  M 

3336  M 

[63]  M« 

[i.34]M' 

2 

2.8908 

16. 592 

123.  75 

1 184. 4 

140  56 

199.  9M 

3315  M 

3 

2.  137 

14. 205 

1 14. 84 

1 140. 5 

*37  53 

i 

D4*^ 

0 

16. 369 

148.  59 

1715.07 

23  972. 

392  990. 

15.592 

145-  338 

1693. 24 

23  769. 

390604. 

2 

13. 863 

136.319 

1629. 15 

23  167. 

383  502. 

3 

11.738 

123.218 

1528. 28 

22 190. 

371864. 

i 

&,'^ 

D  c/' 

i 

4*' 

D  ci*^ 

0 

72.  297 

1006. 840 

16439.3 

307  877 

0 

343-5 

6444. 1 

136  173- 

I 

70.  627 

991.990 

16  268. 3 

305  473 

I 

338.4 

6372. 3 

134  991- 

2 

66. 062 

948.  752 

15  762. 1 

298  363 

2 

323.4 

6161.0 

131  524. 

3 

59-  530 

882.  792 

«4  963.5 

286  930 

3 

300.6 

5833.2 

126  036. 

4 

51.977 

800. 897 

13928.2 

271  732 

4 

270. 

5404. 3 

118696. 

Note,— The  symbol  M  means  1000. 
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EARTH  AND  JUPITER. 


i 

o 

2.  01886 

0. 038  540 

0. 080  401 

0. 174  62 

0. 407  80 

I 

0.  194  93 

0. 20051 

0. 217  79 

0. 272  39 

0. 450  63 

2 

0.  028  14 

0. 057  19 

0. 1 18  04 

0. 251 34 

0. 56715 

3 

0.00451 

0.01369 

0. 041  83 

t 

4" 

D«4') 

0 

0.418  31 

0. 4902 

0. 7230 

I 

0. 118  94 

0. 2550 

0. 5824 

2 

0. 028  44 

0.0892 

0. 2874 

i 

^'^ 

0 

0. 093  05 

0. 2290 

0. 6495 

I 

0. 04X  84 

0. 1395 

0. 4941 

2 

0.013  7^ 

0.0590 

0. 2612 

EARTH  AND  SATURN. 


i 

&,*^ 

i 

4" 

D4" 

0 

2.00553 

0.  on  13 

0. 022  54 

0. 046  21 

0. 097  01 

0 

0. 214  94 

0. 225  67 

0. 258  61 

I 

0. 105  27 

0. 106  15 

0. 10880 

0. 11688 

0. 141 76 

0. 033  66 

0.  068  72 

0. 143  14 

2 

0. 008  28 

0. 016  64 

0033  59 

0. 068  43 

0. 141 94 

2 

0. 00440 

0.  01338 

0. 041 02 

EARTH  AND  URANU8. 


i 

C,'> 

D 

0 

2.  001  36 

0. 002  73 

0. 005  47 

0.  on  00 

0. 022  26 

I 

0.  052  18 

0. 052  29 

0. 052  61 

0. 053  57 

0. 056  46 

2 

0.  00204 

0.00409 

0.008 19 

0. 01645 

0.03321 

EARTH  AND  NEPTUNE. 


i 

D 

D«ci'^ 

0 

2. 00056 

0. 001 II 

0. 002  22 

0. 00445 

0.00895 

I 

0.03331 

0.033  33 

0.03341 

0.033  65 

0.03437 

2 

0.00083 

0. 001  66 

0. 003  33 

0.00668 

0. 013  42 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
MARS  AND  JUPITER. 


i 

o 

2.04508 

0.094854 

0. 20966 

0. 5069 

1. 4152 

4-782 

19.80 

I 

0. 302  82 

0. 323  89 

0. 392  00 

0. 6229 

1.4638 

4. 84s 

20. 23 

2 

0. 066  76 

0. 138  70 

0. 299  34 

0. 6946 

1.826 

5. 761 

22.47 

3 

0. 016  32 

0. 050  30 

0.15790 

0.  sm 

>-739 

6. 391 

26. 19 

i 

D4'^ 

0 

0.7159 

1.015 

2. 087 

6.31 

25.07 

I 

0.30451 

0.717 

1. 922 

6.  20 

24. 58 

2 

0. 1 10  2 

0. 367 

1.303 

5.06 

22.  15 

i 

Dei" 

13'  ci'^ 

0 

0. 293 

0. 902 

3. 420 

I 

0. 186 

0. 707 

3-023 

2 

0.090 

0. 425 

2. 139 

MARS  AND  SATURN. 


i 

Dci'> 

DV/^ 

DV/J 

0 

2. 012  95 

0. 026  27 

0. 054  08 

0. 1 14  5 1 

0. 255  48 

I 

0. 161  29 

0. 16444 

0. 174 12 

0. 204  21 

0. 29991 

2 

0.01934 

0.039  II 

0. 079  93 

0.166  88 

0. 362  94 

MARS  AND  URANUS. 


i 

D  c[*^ 

0 

2.003  '7 

0.00635' 

0.012  79 

0. 025  94 

0. 053  34 

I 

0. 079  62 

0. 08000 

0.081 14 

0. 084  59 

0. 095  09 

2 

0.00474 

0.009  51 

0. 019  12 

0. 038  64 

0. 078  90 

MARS  AND  NEPTUNE. 

i 

D'ci*' 

DV/) 

0 

2.  00*1  29 

0. 002  58 

0. 005  18 

0. 010  43 

0.021 13 

1 

0.  050  78 

0. 050  87 

0.051 17 

0. 052  07 

0.054  78 

2 

0. 001  93 

0. 003  87 

0. 007  75 

0.015  56 

0.031  38 
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NUMEEICAL  VALUES  OF  THE  P-OOEFFICIENTS  FOR  EACH  PAIR  OF  PLAi^ETS. 

MERCURY  AND  VENUS. 


General  values  of  P. 

Special  values  of  P  and 

—  lor — 
a  (J 

1600 

1850 

2100 

po,o 

^0,0 

=  2,172  16— 1.62445  <^^+74i4^— 41  ^ 
+  269  a** 

—  0. 122  390 

—  0. 121  572 

—  0. 120753 

11:0.406  1 12  —  8.230  o^-\- 103.3  ^ — ^  ^9^  ^ 
+  i3M(7« 

+  0.394336 
—  0. 6059 

+  0.394494 
—  0.6021 

—  0.5982 

P2.2 

zz 2.058— 107.5  (7^+2.5  M  a*—  •  •  • 

+  1-907 
—  7.68 

+  1.909 
—  7. 64 

4-  1-9" 

—  7.59 

p2,4 

0,0 

ZZIO.6— lOOI  ... 

+  9-1 
/J* 

+  9.2 

— 7S. 

4-9.2 
-75. 

P4,0 

0,0 

=0.207  30 —  1 5.520  a^-l-486  0^ — 10.5  M  0^ 

-h  0.  185  69 
—  1. 081 

-f  0.  18597 
—  1.07? 

—  1.070 

"P4,2 

.3.88—494(7^+  .  .  . 

4-  3.24 
—36. 

+  3-24 
—36. 

-36- 

1)0,4 

0,0 

11:1.025 — 42.3       i.o M    —  . 

-h  0.97 
—  1. 0 

+  0.97 

4-  0  07 
-f-  u.  97 

—  3.0 

P6,0 
^0,0 

zzo.  151 — 260^-]-  .  .  . 

-h  0. 119 
—  1.9 

+  0.  119 
—  1.9 

■4-  0  1 10 

—  1-9 

T^SfO 
A^o,0 

11:0.136—   .   .  . 

+  0.09 

+  0.09 

4"  0. 09 

zz — 0.260  96  +  7.0938(7^ — 97.1  (T* 

+  i.i5M(7*—  .  .  . 

—  0. 25<  82 
-}-  0. 520  52 

—  0.  25096 
-|-  0.  517  21 

  251  10 

-f  0.5139" 

p  3,1 
^-1,1 

ZZ  — 0.6301 +39.72  (7^— 1. 15  M  (7*+   .   .  . 

—  0. 5747 
+  2. 781 

-  0.  5753 
+  2.765  ±3 

—    0.  5761 

4-  2.749 

=  —0.755  +  110.2  0^—  .   .  . 

—  0.608 
+  7.5 

—  0. 611 
+  7.5 

—  0.613 
4-  7.5 

p  7,1 
^—1,1 

ZZ  — 0.7  +  [2(X)]  (7^—  .  .  . 

—  0.4 
+  14 

—  o.4±i 
4  -14.  ±2 

—  0.4 
4-14 

p  1,3 

—  _  1.28  +  64.5  (7^— I.64M  (7*+24M(7«— . 

-  1. 19 
+  4.58 

-  1. 19 
4-  4.55 

-  1.19 
4-  4.52 

p  2,2 
^—2,2 

zzo.36— 22  a^+  .  .  . 

+  0.33  ' 
—  1.6 

4-  0.33 
—  1.6 

4-  0.33 
—  1.6 

p  4,2 

^—2,2 

ZZI.20— 152  (7*+  .  .  . 

4-1.00 

-f  1. 00 

-H-2J-3 

-f  1. 00 
—II.  I 

P'  2,0 
^  —2.0 

=4.0982  (7^— 52.2  (7*+o.6o8  M  (7*—  .  .  . 

-f  0.005863 
+  0. 301  54 

+  0. 005  784 

0. 299  62 

-f-  0. 005  706 
-j-  0.29769 

p/  4,0 

_2,0 

zz 7.69  (72—291  (7*+6.7  M  a*—  .  .  . 

-f-  0.010  61 
-f  0. 5256 

-l-  0.01047 
-l-  0.5228 

-(-  0.01032 
-}-  0. 5200 

p/  6,0 
^  —2.0 

=  12.5  (7^- [I.OM]  (7*+  .  .  . 

-f  0. 0161 
+  0.77 

+  0.0159 

4-  0.77 

+  0.0157 

-L  0.77 

Note. — Numbers  in  brackets  are  derived  by  induction. 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
MERCURY  AND  VENUS—Continued. 


/^AnAl*ol    \7a  111  AO  fVf 

Special  values  of  P  and      for — 

1600 

1850 

2100  1 

^  —2,0 

—  A1  2   I  ^  I  M  (7*4-2  7  M      —  .   .  . 

-f  0.0590 
+  2.95 

4-  0.0582 
2.94 

4-  0.0574 
+  2.92 

^   —2, 0 

—  —   .   .  . 

—  ^  ^  o  ... 

4-0.30 
4-15 

4-  0.30^2 
15.  ±2 

4-  0.30 
-f-15. 

^  —1,-1 

—  -2  677A(7^4-670      — O  OO  M  (7* 

—  0.005  219 

-  0. 266  28 

—  0. 005  149 

—  0. 264  65 

—  0. 005  080 

—  0. 263  01 

zz— 20. 1 8  (7^+  780  o*—  1 8.4  M 

—  0. 027  82 

—  1.376 

—  0. 027  45 

—  1.368 

—  0.02708 

—  1. 361 

P'  ?•  J 

—  0.077 

—  4.2 

—  0.076^^2 

—  4.2±3 

-  0.075 

—  4.2 

—1,-1 

—  — 12.0  (7^+ I.I  I  M  <7* —  .  .  . 

—  0.046 

—  2.30 

—  0.045 

—  2.28 

—  0.044 

—  2.26 

p/0.  2 
^  0,-2 

=0.829(72— 19.8  (7*4-0.30  M(7«—  .  .  . 

4-  .00117 
4-  0.0590 

4-  0.001 15 
4-  0.0586 

4-  0.001 14 
4-  0.0583 

P'2,  2 
^  0,-2 

=  15.6  0^-643  ^+157  M  (7« 

-}-  0.0214 
4-  1.06 

4-  0.0211 
4-  1.65 

4-  0.  0208 
+  1.04 

^  0,-2 

=80  (7*— [6  M](7* 

4-  0. 105 
+  5 

4-  o.i04±4 
+  5.±i 

4-  0. 102 

+  5 

3,1 
^  -8,1 

=—15.6  (7^+471       9.5  M  (7* 

—  0.0217 

—  1. 091 

—  0.0215 

—  1.084 

—  0.021 1 

—  1.076 

P'  5,1 
^  —3.1 

—  ^tfiG'^^\2  M]  (7* 

—  0.068 

—  3.4 

—  0.068  . 

-  3.4 

—  0.068 

-  3.4 

p//  4,0 
^  -4,0 

—50(7*—  .  . . 

-|-  0. 000  10 
-|-  0.010 

4-  0. 000 10 
4-  0.010 

-f  0. 000  10 
4-  0.010 

MERCURY  AND  EARTH. 

General  values  of  P. 

(2P 

Special  values  of  P  and  g-^  for — 

1600 

1850 

2100 

po,o 

-■^0.0 

=  2.082—0.61009(72+1426  (7* 

—  0. 073  167 

—  0.073214 

—  0. 073  262 

P2,0 
^0,0 

=0.152  522  — 1. 7301  (72+9.26(7* 

4-  0. 146  208 
—  0. 202  74 

4-  0. 146  199 
—  0.20287 

4-  0. 146 191 
—  0. 203  00 

P4,0 

-■^0,0 

=0.0256— 1.05  (72 

4-  0.0217 
—  0. 128 

4-  0.0217 
—  0. 128 

4-  0.0217 
—  0. 128 

P2,2 
^0,0 

=0.432  —  10.1  (72 

+  o-  395 
—  1.23 

4-  0. 395 
—  1.23 

+  0. 395 
—  1.23 

P0,4 

0,0 

=0.3 

4-  0.3 

+  0.3 

+  0.3 

P6,0 
^0.0 

=0.005  —  1.0(72 

4-  0.001 
—  0. 12 

4-  0.001 
—  0. 12 

-f  0.001 
—  0. 12 
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General  values  of  P. 

Special  values  of  P  aud  for — 

1600 

1850 

2100 

^0,0 

=0.26 

-l-  0. 26 

-1-  0. 26 

4-  0.  26 

P  1,1 
^-1.1 

=—0.072  350+1.2466(7^—8.1 

—  0. 067  820 
+  0. 144  78 

—  0. 067  814 
+  0. 144  87 

—  0.  007  oOo 

■f  0. 14496 

P  3,1 
^-1.1 

=—0.09933+3.10(72 

—  0. 087  78 
+  0. 378 

—  0. 087  77 
+  0.  379 

—  0. 087  75 
+  0.  379 

P  1,3 

-^—1,1 

=—0.248  +  6.3  (T^ 

—  0. 226 
+  0.77 

—  0.  22c 

-h  0.77 

—  0. 226  , 
+  0.77 

P  5,1 

=—0.038 

—  0. 038 

—  0.  038 

—  0.0^8 

P  3,3 
^-1,1 

=-0.55 

—  0. 

—  0.55 

—  0.  55 

P  2,2 

=0.051  —  1.7  (J^ 

+  0*045 
—  0. 207 

+  0.045 
—  0.208 

+  0.045 
—  0.208 

P  4,2 

^—2,2 

=0.07 

4-  0.07 

-1-  0.07 

4-  ao7 

P'  2,0 
^  —2,0 

=  1.0678(72-5.43(7* 

+  0.  1254 

4-     0067  m 
+  0. 1255 

4-  Qll6l7f 

+    0.  1255 

p/  4,0 

-2,0 

=6.59  (7^ 

-|-  2.  20  tn 
+  0.072 

-f-  2.  20  m 
-f  0.072 

4-  0.072 

p/  2,2 
_2.0 

=  4.9 

-}-i8. 31W 
+  0.60 

4-i8.  ^171 
-J-  »w.  J  ^/^» 

+  0.60 

4-i8.  'im 

-h  0.60 

P'-l;- 

{  =  -0.6595(72+5.8(7* 

—  2.3761W 

—  0. 0752 

—  2.379JW 

—  0.0753 

—  2.  382JW 

—  0.0753 

P'-?;- 

}  =  - 1.60(72 

—  5.96  m 

—  0. 195 

—  5-  97^ 

-  0. 195 

—  5.98JW 

—  0. 196 

P'-l:- 

?=-3.3  a2 

—  0.0123 

—  0.40 

—  0.0123 

—  0.40 

—  0.0123 

—  0.40 

P'O,  2 

0,-2 

=  0.10  (72—1.3  (7* 

-|-  0.  on 

-f  o.37»i 
"f-  0.  on 

-f  0.  37  m 
"f-  0.  on 

P^2,  2 
^  0,-2 

=  1.0(72 

-h  3-7 f» 
-f  0. 12 

+  3'7m 
-\-  0. 12 

-f  Z'7m 
-f  0. 12 

P'  3.1 
^  -3,1 

=  —1.70(72 

—  6.3W 

—  0.  207 

—  6.  3  jw 

—  0. 208 

—  6.3W 

—  0. 208 

p/1,  3 
^  1,-3 

=  —  0.2  (72 

0. 7«f 
—  0.02 

—  0.  7 

—  0.02 

—  0.  7  m 

—  0.02 

Note.— The  symbol  m  means  .001. 
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MERCURY  AND  MARS. 


General  values  of  P. 

d  P 

Special  values  of  P  and  ^—  for — 

i6cx> 

1850 

2100 

po.o 



=z  2.033 —0.219  47  ^^+0.33  ^ 



-  0.019593 

- 

—  0.019611 

-  0.019629 

P2,0 

zzo.054  8676—0.4346  a^4-  I.I 

-f-  o- 053  9955 
—  0.03864 

-f  0.  053  9939 
—  0.03867 

-h  0.0539922 
-  0.03871 

P4,0 

11:0.003  02—0.08  0^ 

-f  0. 002  86 
—  0.007 

-J-  0.00286 
—  0.007 

■\-  0.00286 
—  0.007 

P2,2 

iz:o.io86  — 1.34 

4-  0.  1059 
—  0. 120 

-f-  0.  1059 

—  0.  121 

-f  0. 1059 
—  0.  121 

P0,4 

=0.0787—0.8 

4-  0.0771 
—  0.072 

4-  0. 0771 
—  0.072 

-|-  0.0771 
—  0.072 

p  1.1 
^-1,1 

zz— 0.017  25+0.22940-^-0.90* 

—  0.  016  79 
-j-  0.02027 

—  0. 016  79 
-f  0.02027 

—  0.016  79 
-|-  0.  020  27 

P  3,1 
1,1 

=— o.o«i68+o.3i 

—  0.0162 
^  0.028 

—  0.0162 
-h  0.028 

—  0.0162 
-h  0.028 

P  1.3 
^-1.1 

=1—0.0492+0.78  0^ 

—  0.0476 
+  0.070 

—  0.0476 
-|-  0.070 

—  0.0476 
-f-  0.070 

PJ;i 

= — 0.0020 

—  0.0020 

—  0.0020 

—  0.0020 

P  8,3 
^-1.1 

zz  — 0.06 

—  0.  06 

—  0.  06 

—  0.06 

P  1,5 
^-1,1 

zz — O.IO 

—  0.  10 

--  0.  10 

--  0.  10 

P  2,2 
^  — 2,2 

ZZO.0065— 0.14  (T* 

-|-  0.0062 
—  0.013 

-|-  0.0062 
—  0.013 

-|-  0.0062 
—  0.013 

P  4,2 

^-2,2 

=  0.005 

-f  0-005 

-f  0.005 

-f  0.005 

P  3.3 
^—3,3 

ZZ— 0.002 

—  0.002 

—  0.002 

—  0.002 

p/  2.0 
^  —2,0 

=0.3149  0^—0,75  ^ 

-f  0.  6321  m 
■\-  0.02801 

f  0.63331W 
-j-  0.02804 

-f  0.63441W 
-|-  0.02806 

P'  4,0 

^  —2,0 

0 

ZZO.052  (7 

-|-  0.  105  m 

-f  0.  105  m 
-f  4.  7w 

-j-  0. 105  m 
-f  4.  7w 

P'  2,2 
^  -2,0 

ZZO.80 

-f  1.61  IW 
-)-  0.072 

+  1.62JW 

4-  0.072 

-f   I.  62W 

-f  0.072 

P'-l:- 

Izz— 0.1234  a^+0.7 

—  0.2460/7/ 

—  10.  83  m 

—  0.  2465  m 
— 10.  84  m 

—  0.  7^yom 
-10.  85  m 

P'-?;- 

}zz— 0.164  0^ 

—  0.  331  m 
-14.7m 

—  0.331  w 
— 14.7W 

—  0.  332  m 
— 14,  81W 

P'-l;- 

?zz— 0.42 

—  0.  85W 
—38^1 

—  0.  85W 
-38  w 

—  0.  85  w 
—38  m 

Note. — The  symbol  ni  means  .001. 
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General  values  of  P. 

Special  values  of  P  and  for — 

1600 

1850 

2100 

P'O,  2 

0,  —?. 

z=  0.0 1  2(7^ 

-f-   I.  I  w 

+  24W?_ 
-f  l.l  m 

-f  24 

-f  1.  I  w 

P'2,  2 
^  0,-2 

ZZO.08 

-fo.  16  m 
-f  7m 

-f  0.  16  //I 
-f  7w 

-f  0.  16  w 

-f  7m 

^  0,-2 

-f  0.  I  w 
-f  4m 

-f  0.  I  w 
+  4w 

-f  0.  I  w 
-f  4w 

p/  3,1 
^  -3,1 

~  0. 46  w 

—  21  W 

—  0. 46  w 

—  21  W 

—  0.47  m 
— 21 

p/1.  3 
^  1,-3 

— — o.oi  0^ 

-  -  0.  2  W 

--  I  m 

—  0.  2  W 

-  I  m 

—  0.  2  w 

—  I  m 

MERCURY  AND  JUPITER. 


General  values  of  P. 


PS;S  i:z2.oo28—  16.780  w  (7^+  17.4  m  a*— 

P?;J  11:4.195  18^  —  25.789^(72  +  29^(7* 

PJ;S  =16^2—0.3  ma^-\-2  m  a^ 

P^o  =6.446  m— 41.8  m  a2+o.05  m 

PS;J  =5.304^—33.4^(72+0.04(7* 

P_};1  =—389,89^2+4.357^(72—11  m(7* 

P_?;l  =—299^2+3.5^(72—0.01  (7* 

PJJ  =  -986  m2+ 1 1.2  m  (72—0.02  (7* 

P_J;?  =—0.76  m+o.oi  (72—0.03  (7* 

PJ;2  =39  w2— 0.6  w  (72 

PJ'j  =3.3^' 

P'_2;S  =  2 1.2 1 76  7w  (72-— 23.40^(7* 

P'_2;  J  =0.24  m  (72—  I  m  (7* 


Special  values  of  P  and  ^  ^  for — 


1600 

1850 

2100 

—  I.  828  27  m 

—  1.82904  m 

—  1.82988m 

-f  4.11794W 
-  2.  8083 « 

-f  4. 117  88 /w 
—  2.8095  m 

-f  4.  117  81  m 
—  2.  8108  m 

-f  is«« 
—   0. 03  m 

—    0.  03  W 

—    0. 03  m 

+  6.321W 
—  4.S5'» 

-f    6. 321  m 
-  4'SS^ 

-f  6.321m 
-  4.55W 

—  3.64W 

—    3-  64 

—   3-  64 

— 376.90W2 
+471  w« 

^376.89^2 
4-471  W3 

—376.  88  m« 
-f-47im« 

—  289  OT« 
-f  O.38W 

—289  w« 
-f  0.38W 

—289  w« 
+  0.  38  w 

—952  W« 

-f  I.2W 

—952  OT« 

+  I.2W 

— 952m« 
-f  1.2m 

—  O.73W 

-f 

-  0.73m 

-f    I  m 

—  0.73m 

4-    I  m 

—   0. 05  w> 

4-  37 'w' 
—    0. 05  m 

+  37 'w' 
—    0.  05  m 

-  33'"* 

—    3-  3 

+  63.S5om« 
-f  2.31IW 

+  63.6o3m« 
4-  2.3"2m 

4-  63.662  m' 
4-    2.313  m 

-f    0.  7  w< 
-f  26  w« 

-f    0.  7  m« 
-f  26  m« 

4-  o.7m« 
4-  26  m« 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
MERCURY  AND  JUPITER-Continued. 


General  values  of  P. 

dF 

Special  values  of  P  and  for — 

1600 

1850 

2100 

p/  2.2 

— £,  0 

— 11.4.7  m  O' — 4.^  m 

-f  100.  2 
+    3.  6  w 

-|- 100.  2 
+  3-6w 

4-100. 3^2 
4-  3-^^ 

F  ,'• 

— Ij  — 

i  —  —  2. 1 7 16      (T"  -1-  8. 2  «^  (7* 

—    7. 06 
—255  ///« 

-  7.o7«»« 

-25s  w« 

—  7.o8w2 
—255 

p/  3. 

—    5. 6w« 
—203  w« 

—  5.6w« 

—  203/7/« 

—    5.  6 
—203 

P'-i:- 

izi  —  6.09  m  (T^-f  22  a* 

—  18  w« 

—  0.  66  w 

—  18  w« 

—  0.  t6  w 

-  18  m« 

—  0.  66  m 

p/O,  2 
■■^  0,-2 

i:z66.3        — 0.39  m 

f    0.  20 

4-     0.  20  W2 

4-     0.  20W« 

4-  jm^ 

P'2,  2 
^  0.— 2 

ZZ341        — 2  m  0^ 

4-  0. 03  /« 

-f  iw» 
4-    0. 03  w 

4-  lw« 
4-  0. 03  iw 

P'O,  4 
^  0,-2 

zzo.24  m  0^ —  I  m 

+      I  W2 

-j-    0.  02  W 

-f      I  W2 

4-   0. 02  w 

4-      I  W2 

4-    0. 02  m 

p/  3,1 
^  -3,1 

zz— 3.54  m  (7^+8  m  (T* 

—  II  »l« 

—  0.  3  w 

—  II  w« 

—  0. 3w 

—  1 1  w« 

—  0.3  m 

MERCURY  AND  SATURN. 

General  values  of  P. 

Special  values  of  P  and      fo:  — 

1600 

1850 

2100 

po,o 

-■^0,0 

—2.000  82— 4.9558m  (7^+5.1  mo* 

— 55 1.79 

-549. 35 

—546.  93 

P2,0 
^0,0 

3:1.238  95  m— 7.487  w 4- 7 mo* 

4-  1.21551/W 

—834.  1  w« 

4-  1. 215  72m 

—830.  4  w« 

4-  I.2I5  93« 
— 826.  9 

P4,0 

-^0,0 

zz  1.4  w^— 0.03  m 

-h  i.3'«' 
-  3w« 

+  i.3»'« 
—  3»»* 

—    3  m* 

P2,2 
^  0,0 

— 1.872  m—  1 1  m  (T^+o.oi  a* 

-f  1.838/W 

-  I.2WI 

+    1.838  m 
—    I.  2  w 

-f  1.838W 
—    1.2  m 

P0,4 

-■^0,0 

=  1.5  m — 9  w 

—  i.om 

—  LOW 

—  I.OW 

P4,2 

-"^0,0 

ZZ7  m^  — 0.2  7W  (T^ 

^  6w« 
—   0. 02  w 

-1-  6^3 
—    0. 02  m 

4-  6w« 
—    0. 02  m 

P2.4 

^0.0 

ZZ2.3  O.OI 

+    2.  3  w 
—    I  m 

-f  2-3'" 
—    I  m 

4-  2.3OT 
—    I  m 

P-l;! 

—  —  62.83  w/^  +  694.4     (7^— 1.61  m  (7* 

—  60.  66  w2 

-f  76.  70  m"^ 

—  6o.68»f« 
-1-  76.36^9 

—  60.  70 
+  76.  05 

PJ:1 

zz— 47.5  m^  +  0.53  m  a^—  I  w  (7* 

-h  58.8w« 

—  45-9'w« 
4  58.6m« 

-  45- 9 
-h  5«.3'''' 

P-};? 

zr  —  1 58        1.7  m  a^—/\.  m 

— i53»i« 
-|-    0.  19  w 

-153  w'^ 
4"  0. 19W 

-I53i«« 
-f    0.19  m 
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General  values  of  P. 


P3.3   
-1,1   


PI  2.0 
—2,0 


4.0  . 

—2,0  - 

F2,2  . 

—2,0  - 


— O.I  I  m+  I 
6.2 1 6  w    — 6.41  m  (T* 
20     (7" — 0.1 1  m 
9.466  m    — 10.42  7n 
—  378.6     (72+1.28  m 


P  _L1 =— 288  7  m^a^+ 1,00  m 


Special  values  of  P  and  g-^  for — 


1600 

1850 

2100 

-    0.  1 1  m 
4     0.  I  w 

—    0.  1 1  w 

-f    0.  im 

—    0.  1 1  m 

4-    0.  I  m 

4-  19.  46w« 
-I-692.  2 

-\-    19.  28 

-f-689.  I 

4-  19.  II  w3 
4-686.  2  w2 

4-    0.  06 
-|-    2.  I  Pi^ 

-{^    0.  o6w2 

+      2.  I  /«2 

4-  0. 06 

4-    2.  I 

-|-  29.  62  w« 
-j-  I.054W 

4-  29.36^2 

-j-      1.049  m 

4-  29. 19  w'^ 
-j-  I.044W 

—  I.i8w« 

—  41.52^'^ 

—  I.  17 

—  4«.34'w* 

I.i6w« 
—  41.  18  w« 

—    0.  90  w« 

—  0.  89  m'^ 

-  31.5''^" 

—  o.SSm^ 

MERCURY  AND  URANUS. 


General  values  of  P. 


Po.o 
0,0 

P2,0 
0,0 

P2,2 
0.0 

p  1.1 

p  3.1 
^-1.1 

P/  2,0 
—2,0 

P/  2.2 
—2,0 

P'-l:- 


zn  2.0002  — 1.223  m  (T^+ 1.2  m 
ZZ305.61  n?^  —  1.83  m  (7^+  1.8  m  (7* 
=459  ^2 — 2.77^(7^+3  ma^ 
zz  — 7.21  ^2+85 
z=— 5.79  ^2+64  (7^ 
zz  1.529  m  (7^—1.5  m  (7* 
ZZ2.3  m  (7^ — 2.4  m  (7* 
}zz— 0.05  m  (7^+0.2  m  (7* 


(?P 


Special  values  of  P  and  g-- for 


1600 

1850  . 

2100 

-134.  32iw« 

—134. 03  w- 

-133.  77 

4-300. 06  nfl 
—201.  I  w« 

4-300. 08 
—200.  7 

4-300.  10  w« 
—200.  3  w« 

4-451 w« 
—  30»f« 

4-451  i«« 
—  30  w« 

4-451 /w« 
—  30w« 

—    6.  95  w« 
4-  9.4/w« 

—    6.  95  w« 
4-  9.41712 

—    6.  95 
4-  9-4^2 

—  5.6o///« 
4-    7. 1  w2 

~  5.60^2 
4-   7.  iw« 

—  5.6ow« 
4-  l.im^ 

4-   4. 65  w« 
4-168.  ow^ 

4-   4. 63  w« 
4-167. 6  OT« 

4-   4. 6i  w« 
4-167.  3  w« 

4-     6.  9  OT« 

-}-  0. 25  w 

-{-    6. 9»«« 
4-    0.  25  m 

4-    6. 9w« 
4-   0.  25  « 

—  0.  15  w« 

-  5-5'"' 

—  0. 15w« 

-  5  5w« 

4-   0.  i5wJ 

Note. — The  symbol  m  means  .001. 


Digitized  by 


356 


SECULAR  VARIATIONS  OF  THE  ORBITS 
MERCURY  Aia>  NEPTUNK. 


General  values  of  P. 

Special  values  of  P  and  g-^  for — 

1600 

1850 

2100 

po,o 

-■^0,0 

=  2.000—498     a^-\-o.5  m  0^ 

—  60. 60  « ^ 

—  60.  56w« 

—  60.  52 

P2,0 

=  1 24.61  m^—  748     (7^+07  ^  ^ 

-f  121.81  w« 

—  91.  09 

-f  121.  81  w« 
—  9i.o3»f'^ 

4- 121.  81  m  ^ 
—  90.  97 

0,0 

=  187.04     —  1 .1 2  m       i.o  m 

-\-ls2. 82  w« 

—  Ij6. 

4-182.  83  w« 
—136. 1  JW« 

4-182.  84  w« 
— 136.  ow« 

p  1.1 

=—2.01  m^  +  22  0^ 

—  i.93'»' 

—  i.g^m* 

-f  2.7«« 

—  I.93'''- 
4-  2.7^2 

P  3,1 
^-1,1 

=  —  1. 51  tn^+o-o2  m  (T^ 

—  1.43'w* 

4-  2W« 

—  i.43»»' 

4-  2/W« 

P'  2,0 
^  —2,0 

=  623.2     0^ — 0.62  m 

-h  75- 9 'w* 

+  2.33w« 
-h  75-8'^^' 

+  2.33»?« 
4-  75.8'"* 

P'  2,2 

r  _2,o 

=  936.4        — 0.94  ni  0^ 

+    3  5>'''' 
-}-ii4 

+  3.5i«» 
-I-II4OT2 

4-  3.5om^ 

4-114^2 

}=— 12.0     a^+0.04  m  0^ 

-  45 

-  45 

—  45»r» 

—  1 . 4  w« 

VEXUQ  AND  EARTH. 

General  values  of  P. 

Special  values  of  P  and  ^  for — 

1600 

I850 

2100 

po.o 

-^0,0 

=  2:386  — 6.41 71     + 97. 78  (7^—2064  a* 
+  51.3  Ma« 

—  0. 369  89 

—    0.  370  08 

-  0.37037 

P2,0 

=  1.604  28—100.97  o^-\-^ygi  or*— 212  M  (T* 
+  9.0  ]VP  a® 

4-   1. 51942 
-  5.5062 

-!-  1. 519  32 
—  5.5090 

+    I.  519  19 
~  5.5123 

P4,0 

=4.0—922 

4-  3.2 
-  54.56 

+  3.2 

—  54.59 

-f  3.2 
—  54.64 

P2,2 
0,0 

=  25.2—4841 

4-  21.0 
-  286. 5 

4-  21.0 
—286.  6 

4-  21.0 
—286.8 

PO.4 
0,0 

=  9.41  —  1549(72 

-h  8.06 
-  9>.7 

4-  8.06 
—  91.7 

4-  8.06 
—  91  ..8 

P0,6 
-■^0,0 

=7i-[28M]a2 

+  47 

—  1.66M 

+  46 

-  1.66M 

4-  46 
1  —  1.66M 

i 

P2,4 
0,0 

=387  — [140  M] 

+  264 

—   8. 29M 

4-264 

—   8. 29M 

4-264 

—  8.30M 

P  1.1 

=—1-335  76+96.86  (7^- 4 706  0^+209  M  (7^ 

-  1.25443 
+  5.273 

—  1.25433 
+  5-275 

—   1. 254  21 

+   5- 279 
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General  values  of  P. 

Special  values  of  P  and  ^  for— 

1600 

1850 

2100 

P  ?•}   =-9.9+ 2094  <r^— 218  M<f*+ri8Mn<T« 

-  8.2 
+  103.8 

-  8.2 
-f-103.8 

-8.2 
+103.9 

P_lj  =—14.9  +  2708  ff''— 262  Mo* +[2 1  M*]  ff« 

-  12.7 
+  136.0 

—  12.  7 
4-136.0 

-  12.7 
+136. 1 

P  W  =—164 

P  11  =S.7 
P  \\  1=124 

P'  IS  =37.7<T*— 2.03  M<J* -1-94  M<7* 

—  164 

—  164 

—164 

+  5.7 

+  5-7 

+  124 

+  124 

+  124 

+  0.0315 
+     2.  033 

4-  0.0316 
-h   2. 034 

+  0.0316 
+   2. 036 

FJ;J  zz  1549  (T^— 192  M(r* 

+  1.209 
-h  71.8 

4-   1. 211 
4-  71.8 

+     1. 212 
+  7t.8 

1'  }zz— 4o.OQ<T24-7.i7M(r*— isSMo* 

—  40.  66  m 

-  2.598 

—  40.  Tim 

-  2.  599 

—  40.  78  m 

—  2. 600 

P'_l;  J=— 1360  <r^+ 1 76  M  ff* 

—  1 . 056 

—  62.26 

—  1.057 

—  62.  26 

-  I- 059 

—  62.  28 

=i6.o6ff*— 1.21  M<T*+65M<7« 

-f  13.  18  w 
-f  0.834 

+  13-  "9'w 
4-  0.834 

+  13  21 m 
+  0.835 

P'o.-2  =387^^-52  Mo* 

-h  0.299 
+  17.5 

4-  0.299 
4-  17.5 

+  0.299 
+  17.5 

FJ;J  =922<r-i33M(r* 

-f    0. 706 
+  40.8 

4-  0.707 
4-  40.8 

+  0.708 
+  40.8 

P'1;J  =— 262(72+39  M<y* 

—  0. 200 

—  II. 4 

—  0. 200 

-  11.5 

—  0. 200 

-  II  5 

P'J;1  =-557<^'+68M(y* 

-  0.443 

—  26.  5 

—  0.444 

—  26.5 

—  0.445 

—  26.5 

Note — The  symbol  M  means  1000, 
The  symbol  m  means  .001. 

Numbers  in  brackets  have  been  derived  wholly  or  in  part  by  induction  from  the  law  of  progression  of  the  various  series. 
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358  SECULAR  VARIATIONS  OF  THE  ORBITS 


VENUS  AND  MARS. 


General  values  of  P. 

Special  values  of  P  and  for — 

1000 

1850 

2100 

po,o 

ZZ2.129—  1.0940  ^''^  +  3.7  0^ 

—  0.036649 

—  0.036854 

-  0. 037  073 

T>2,0 

zzo.273  50—4.26 

-f-  0.27230 
—  0. 143 

+  0.  272  29 
—  0  144 

-f  0. 272  27 
—  0. 145 

^  0,0 

1.066—40(1^ 

~  1.34 

-U    I  OCC 

-  1.35 

1    ■  •  ^54 
-  1.36 

P0,4 
A  0,0 

1=0.581-17(7^ 

+  0.576 
-  0.57 

-f  0.  576 
-  0.57 

4-  0. 576 
—  0.58 

P2,4 

■■^0,0 

=4.2 

+  4.2 

+  4.2 

-f-  4.2 

PO.6 

-"^O.O 

=  1.4 

4-   I  it 

-r  *•  4 

1       w  a 

T"  *'4 

P  1.1 
^  -1.1 

ZZ-O.I57  38  +  3.46 

-f-     0.  116 

--  0.  1 56  39 
-f  0.  117 

—  0.  156  38 

f  0. 117 

J  J  3,1 
-  -1,1 

=-0.3 

 a  "y 

"•3 

—  0.  3 

—  0.  3 

P  1.3 
■^-1.1 

111-0.651  +24 

  0.  644 

-h  0  .8 

—  0.  644 

4-  0.8 

—  0.  644 
+  0.8 

P  1.5 
^  -1.1 

=  — 2.2 

—  2. 2 

—  2.  2 

P  2,2 
^-2,2 

:=o.i6 

-h  0.  16 

-f-  0. 16 

-f  0.16 

p/  2,0 
^  -2,0 

=  2.3 

0.  6  w 
+  0.08 

0.  7  m 
+  0.08 

-f  0.  7  w 

-f-  0.08 

^  —2,0 

=  17  0^ 

f 

f  0.6 

+  5'« 
-f-  0.6 

^0.6 

P'-l:- 

\  =  -i.Si  a" 

—  0.  5  w 
—61  w 

—  0.  5  w 
—61  m 

—  0.  5  »/ 
—61  m 

P'-l;- 

?ZZ— 12 

-  3-4»» 
—  0.4 

—  3-4^ 

-  0.4 

—  3  -  5 

—  0.4 

P'O,  2 
^  0,-2 

zzo.36 

+  0.  lOI  w 

-f  0.012 

-f  0.  103  /// 

4-  0.012 

-\-  0.  104  m 
-j-  0.012 

P'O,  4 
^  0,-2 

=  2,6  ^2 

f  0.  7w 
+  0.09 

-f-  0. 7  w 
4-  0.09 

-f  0.  7  w 
+  0.09 

Digitized  by 


OF  THE  FOUR  INNER  PLANETS. 
VENUS  AND  JUPITER. 


General  values  of  P. 

Special  values  of  P  and  g-^  for 



1600 

1850 

2100 

po.o 

^  0,0 

2.009  77— 60.148  m          w  <7*—o.oi  a* 

—  2.3451^' 

—    2. 3630 w 



—    2.3816  m 

P2,0 

iri  5 .03  7 1  m — 98. 1 4       -f  1 40  m 
—0.07  0^ 

+  14.  9997 w 
—    3. 8255  m 

+  14.  9992 « 
—  3-8547'^' 

4-  14.9986  m 
—  3.8851/// 

p4,0 
A  0  0 

=  216.5     — 4.9  w<T^+o.03  0^ 

4-214.  6  w« 
—191  fffi 

4-214.  6  w3 

4-214. 6 ///« 
—193'^'' 

P2,2 
-■-0,0 

=  24.533  w —0.190(72 +0.5 

-f  24. 461 w 
—  7-39'« 

-f-  24. 460  w 
—  7.45'» 

4.  24. 459  w 
—  7.50/w 

PO.4 

-'^o.o 

ZZ  19.56  m— 140  m  a^4-0.2  (7* 

—  5-45''' 

—    5.49  w 

-  5-53'w 

po,o 
-'^o.o 

=4^2 

+  4w« 

+  4/«- 

P4.2 
A  0,0 

zz  1.2  0.03 

-f  I.2W 
—     I.  2/W 

-f  1.2m 

—  I.2W 

-|-    I.  2  « 
—  1,2m 

P2,4 

-^0.0 

ZZ34.8  m — 0  2 

4-  34.7"' 
—  %m 

+  34.  7  « 
—  Sm 

+  34- 7  w 

—    8  m 

pO.6 

ZZ24.1  m — 0.2  0^ 

—    8  w 

—    8  m 

—  %m 

P  1.1 

zz  — 2.606  85  m  +  30.31  m  cT^— 82  m 

—2.  595  32 
-f-    I.  1804  w 

—2.  59S  H  w 
4-    I.  1893W 

— 2.  594  96  /// 
4-    I.  1987  m 

P  3,1 
^—1.1 

zz — 2.1 15  m4-  27.7    0^ — 98  m  0^ 

—    2.  104  w 
I.079W 

—    2. 104W 
-|-    1 . 087  m 

—    2.  i04/» 
-|-    1.095  m 

P-1;? 

=1-6.767  wi+83.3  m  (7^—0.27  (7* 

—  6.734W 
-h   3-  243  w 

-  6.734»f 
-f    3. 268W 

—  6.734/// 
4-  3.294/// 

P  5,1 
^-1,1 

=z — 0.06    + 3  m 

—    0.  06  m 
-f-    0.  1 2  w 

—    0,06  m 
4  0. 1 2  w 

—   0.06  m 
-\-    0.  1 2  /// 

p_3.3 

zz  — 5.9  m+0.09 

—  5-9'^' 
+  3.5'« 

—  5.9/// 
-f    3  -  5 

—  5-9« 
-h  3.5'« 

P  1,5 
^-1.1 

zz— o.oi  +0.1  (7^ 

—   0. 01 
-f  4w 

—  0. 01 

4-  4w 

—  0. 01 

—  4  /// 

P  2,2 
2,2 

=0.49  w— 8.6  m 

4-    0.  49  /// 
— 336W 

4-    0.  49  m 
—338 

4-    0.  49  m 
—341  w« 

P  4,2 

■t^— 2.2 

zzo.3om — 7  m 

-|-    0.  30  m 
—  o.2Sm 

4-    0.  30  m 
—    0.  28 

4-    0.  30  m 
—    0.  28  /» 

P  2,4 

^—2,2 

zzi.8  m— 0.04  (7^ 

-f  i.Sm 
—    1. 6m 

4-  l.8w 
—    I.  6  w 

4.  1.8/// 
—    1 . 6  /f/ 

P  3.3 
^-3.3 

zz— 0.08  m 

—  o,oSm 

—    0.  08  w 

—    0. 08  /// 

P'  2,0 
A  —2,0 

zz 78.276  m  (7^-107.4^(7* 

+3. 051  45  w 

30.  25  w« 
+3-  074  67  w 

-f  30.  72/W3 
4-3. 098  97 /w 

P'  4,0 

^  —2,0 

ZZ3.24  7^(7^—2  2  mo^ 

-1-    I  w« 
+  125 

-|-  im"^ 
4-126  »f« 

4-    I  /w« 
+  127  /w« 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
VENUS  AND  JUPITER-Continucd. 


General  values  of  P. 

P 

Special  values  of  P  and  for — 

1600 

• 

1850 

2100 

2,2 
^  —2.0 

=ii39.3m(T^— 305 

-|-    5.  428  m 

-r  54»^ 
-f    5.  468  m 

-h  55/«« 
+  5.512/W 

P'J:J 

=—16.461 1  m  ^^^+63. 57  m  a*" 

—  6.26»f« 
—640. 48^3 

—    6.  36  iw« 

-645.  as*"' 

—    6. 46  iw  * 
—650. 42  w2 

—— 14.9  m       74  m 

—  6w« 
— 58ow« 

—  6i«« 
-584 

—    6  iw* 
—588  /w« 

P'-1;J 

'=—45.1  m 

—  17^3 

—  1. 754'w 

—  17  w« 

—  1.767/// 

—  IT 

—  I.  781  m 

P'O,  2 
^  0,-2 

zz866m^<T^— 5.52  mo* 

-I-329  w» 

+334 

H-  33-90'»' 

-h339'»»» 
-f  34.  i6jw« 

A  0,-2 

i:z4.79  m    — 34  m 

-\-  2m^ 
-f-i86w« 

-h  2W/« 

-|-i87/w« 

-f-  2/W« 
4-189 «« 

P'O.  4 

^  0,-2 

zz3.24m  (T^— 22.2  mo*^ 

-4-     I  W« 

-fi26w* 

-I-    I  w« 
4-127  iw' 

4-128 

P'    3. 1 
^  —3,  1 

=z — 25.9^(7^+78  w(r* 

—  10  w« 

—  \,oim 

—  IO///« 

—  I.OI//i 

-|-  low' 

—  I.OIW 

P'l,  3 
^  1,-3 

=— 0.35  m  (7^+3.3^(7* 

—  14///' 

0  w'-^ 
—  14 ///3 

o/w« 
—  14 

VENUS  AND  SATURN. 


General  values  of  P. 

rfP 

Special  values  of  P  and  ^  -  for — 

1600 

1850 

2100 

po,o 

^0,0 

=  2.002  89—17.438  m  (7^—  i8m<7*— 

■1.4  m  (7* 

—624. 49 

—624.47  W 

—624.  59  nfi 

P2,0 
■»^o,0 

=4-359  53       26.822  m  (72+30.3  WC7* 
—  7  .3  m  (7* 

4-  4.35092W 
—960.  50 

4-  4.  35092/// 
—960. 47  /«« 

—  4- 350  92  #w 
—960.  65  /«« 

P4.0 

^0,0 

zz  1 7.9  m^— 0.37  m  (7^+2  m  <7* 

4-  I7.8»«« 
—  13///* 

4-  i7.8/w« 
—  I3'''' 

4-  I7.8jw« 
—  13'w* 

P2,2 
^0,0 

=  6.7056  m— 43.6  w  (7^+0.05  (7* 

4-    6. 69i6»f 
—  1.560W 

4-  6.6916/// 
—  1.560XV 

4-   6. 6916  M 
—  1.560m 

P0,4 

^0,0 

=  5.514  m— 34.9  m  (72+0.04  (7* 

—    1.249  m 

—  t.24gm 

—    I  249  m 

P2,4 
A  0,0 

=  8.7  m— 0.06  (7* 

4-  8.7W 

—    2.  2»l 

+  Z.lm 
—   2,2  m 

4-  8.7/» 

—     2.  2m 

p  1»1 
^-1.1 

=—412.932  m2+4.6i8m(72— 1 1  m 

(7* 

—41 1.450  »l« 
4-165.  24  «f« 

— 411. 449  m* 
4-165.  24 /w« 

— 41 1. 449  m* 
-4-165.  27  m* 

P  3,1 

=—317.1  m2+3.7m(72 

— 3"5.9'«' 
4-I32IW* 

~3i5.9»»* 
4-132 

4-132 m« 

N  TE.— The  symbol  ///  means  .001. 
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OF  THE  FOUR  INNER  PLANETS. 
VENUS  AND  SATURN— Continued. 


• 

General  values  of  P. 

Special  values  of  P  and  ^  for— 

a  (S 

1600 

1850 

2100 

r_};?   rz— 1.044  m+ 1 1.8  m  o^ 

—  1.040/;/ 

4-423  W2 

—    1. 040/// 

4-423 w« 

—    1 . 040  m 
4-423 

= — 1.9^  +  0.02  (J^ 

-h  o.7« 

—    1. 9w 
4-  0. 7« 

—    1. 9« 
-f  o.7« 

P-2.2  =42  m^— 0.68  m  cr 

4-  42 w« 
—  24. 4/7^'^ 

4-  42/7l« 

-j-  24. 4i»< 

-f-  42  w« 
4-  24.4  m' 

P'J;o  =22.0585  m  (72—24.43  m(r* 

4-      7.  08  W2 

4-789.  93^2 

4-  7-o8w« 
4-789. 9>''«' 

4-    7. 08  m« 
4-790. 05 w» 

P'J;?  =35.0 m  (T^ --47m  (T* 

-|-    1.252  m 

4-  1 1  /««  • 
-j-   1.252  m 

4-  II  »i« 
4-   1. 252W 

F  1:_1=— 2.515  35  w(T2  4-8.7m(r* 

—  0.  81  /«« 

—  89.  94m> 

0.  81  nfi 
—  89.  94 IW « 

-|-    0. 81  m« 
-  89.95m3 

F_};  _? = -  6. 5  m       0.02  (7* 

—  2»l« 

-233 

—  2nfi 
—233  m« 

—  2»l« 

-233^' 

P'S_2   =71  ni^  (72—0.4  m  (7* 

-f      0.  02  W2 

4-  2.55w« 

4-   0. 02  m« 

-f     2.  55  W2 

4-    0. 02  w« 
4-    2.  55  nfl 

P'S;_2  zzo.26m(72— i.6mc7* 

-f    0.  I  w« 
4-  9«2 

-|-    0.  I  W2 
+  9'w' 

4-    0. 1  nfi 
+  9'«' 

VENUS  AND  URANUS. 


1 

1 

General  values  of  P. 

Special  values  of  P  and  for— 

1600 

1850 

2100 

po.o 

^0,0 

 —4.2766  m  (724-4.4  m  (7* 

— 195.  66m« 

—195.43  m* 

— 195.  24/7/« 

1.069  15  m— 6.4549^(724-6.66^(7* 

4-1.065  78  m 
-295.  31  m« 

4-1.  065  79  m 
— 294.  96  m« 

-f  1.065  79  w 
—294.  68  m* 

P2,2 
^  0,0 

1.6137m— 9.87  m(72 

4-   1.6085  m 
— 452m« 

4-   1.6085  m 

—451^' 

-|-    1.6085  m 
—451  m« 

^0,0 

1.34  m— 8.0  m  (72 

-139.  7 

-139. 5 

—139.4  m* 

p  1,1 

—  50.3845  m2 4. 556.46  m2  (72—1.28  m  (7* 

—  50.093»«' 
+  25.49  m* 

—  50.  094  m« 
4-  25.46  m* 

—  50.094  m* 
-f  25.43  m* 

P  3.1 

—38.0 m2 4-423  ^2(72 

—  37.8»«« 
+  19- 3'"' 

4-  19. 3»** 

—  37.8»»« 
4-  19. 3  w* 

P  1,3 
^-1,1 

—  1 2  7  ^24-  1 .40  m  (72 

— I26m« 
-f-  64.  I  m* 

—126  m* 
4-  64.  I  m* 

—  126  m* 
4-  64.  I  m* 

P  2.2 

2.5^2 

+  2.5m« 

+  2.5m* 

4-  2.5m* 

A.  P.— VOL,  V,  PT.  IV- 
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362  SECULAR  VARIATIONS  OF  THE  ORBITS. 


VENUS  AND  URANUS— Continued. 


•  General  values  of  P. 

Special  values  of  P  and  ^  for — 

1600 

1850 

2100 

F  11  zz:  + 5.36  ma^— 5.50  m 

4- 245.  2  IW* 

4-  2.8ow« 
-|-244.9»i« 

+  2.80«2 

4-244,7«» 

PJ;5  z=  +  8.i5m^^ 

+373 

+  4.3'w* 

+373'"* 

-f-  4.3»»" 
+372 

F„};_izz— 303.423           1.02  m.(r* 

—  0.  i6iw« 

-  13.85///* 

—  0.  iSpfi 

—  13- 83^* 

—  0.  l6«vs 

—  13. 821W* 

F_J;_}ii:  — 231  m^a^+o.Som^T* 

—  O.lfffi 

—  1 1  w« 

—     0.  I  OT« 

—  o.ipfi 

PL};_i=:-^  763.75  7)1^  o^-{- 2,60m  (T^ 

—  0. 4  w« 

—  34»»* 

—  0. 4  IW« 

—  34/«« 

—  0. 4  ih' 

—  34'«* 

FS;J  =+4.27^*'^' 

4-    0. 00 
4-    0.  21  /w« 

4-  0. 00  /«« 

4-     0.  21  OT« 

4-    0. 00  »r« 
4-  a  21  w« 

VBNU8  AND  NEPTUNE. 


General  values  of  P. 

Special  values  of  P  and  for — 

1600 

1850 

2100 

PS;S     ZZ2.000  29— 1.7417^(1^+ 1.7 mo* 

—  83-73'w' 

—  84.32/^2 

—  84.92//12 

P?;S     =—435.41  m^— 2.619  ma^ 

4-433.  89 /«a 
—126. 04 

4-433- 89 
—  126.  94 

+433.  89 
— 127.  84w« 

PJ;o  =+654.8  m^— 3.96  m  0^ 

4-  0. 65  /// 

—191  /w« 

-|-  o.6$m 

-|-    0.  65 1» 
— 193'»» 

P_};  1   =  —  1 3 . 1 0     + 1 44  (T^ 

—  I3.02W« 

-J-    6.  92 

—  I3.02JW* 
4-     6.  97  OT« 

—  I3.02W* 

4-  7.o2«« 

FJ:S  =+2.1797^(^2 

4-  I.26/«« 
-i-104. 90w« 

4-  I.28/«« 

4-105. 65/«« 

4-  1.30'w' 
4-106. 40 IW* 

FJ:-}=— 78.75  m  (72+0.26  m  (7* 

—  0. 05  /w« 

—  3-78'»' 

—  0. 05  wf« 

—  3. 81  w« 

—  0. 05  IW» 

-  3.83«« 

P'oiJ  =+711 

-  •   0. 00  w « 
4-    0. 03  /«« 

—   0. 00 
4-    0. 03  m* 

—   0. 00 

-f  a  03  w« 

Note. — The  symbol  m  means  .(X)l. 


Digitized  by 


Googl 


OF  THE  FOUR  INNER  PLANETS. 


EARTH  AND  MARS. 


Traill  AO 

Special  values  of  P  and  ^  for — 

1600 

1850 

2100 

PS"! 

 2  20  I   \A  7  7Cn       -4-1/1  O  (7^  A  1A  (H^ 

—   0. 1 209 

—   0, 1208 

P2,0 
■■-0,0 

—  n  OIQ  820-—.  ifi^l  /I^-L-  TO'JO  /T*—  'J  7  IVl  /i* 

4-  0. 930  266 

  I  171 

4-  0. 930  286 

  1  172 

4-  0. 930  298 

  f    f  •72 

P4,0 
-■^0,0 

  1   0               T  ft  -7  /T^    1     T  '>  \T  /t4 

—          —  1 0^  — p  1  2  jjX  0 

4-   1. 22 
J*  / 

-f     I.  22 

4-  1. 22 

—  7 

■■-0,0 

—  n  2n5^—  TOyiR  rr^-i-fi-?  IVf  /r* 

4-  8.94 
—  12.8 

+  8.94 
—  12.8 

+  8.94 

p0,4 
■■■0,0 

—  X  80A0  160  <T*4-  T  0  M  /y* 

+    3  712 

+  3712 
  111 

+  3.712 

P4.2 
■■•0,0 

— a6 —  1 2  I  M  ry^ 

+  43 

+  43 
J9* 

+  43 

p2,4 
0,0 

—  QO  —  I  Q  6  TVf 

+  85 

+  8s 

— "Jo 

+  85 

—671 

^0,0 

—  1 8  Q  2  —  1  >i  2  IVr  /y^ 

-h  18.0 
 III 

-h  18.0 

  1  IQ 

+  18.0 
— 1 10 

P2.« 

■■-0,0 

+785 

—    0. 6x  M 

+  785 

—   9. 62  M 

+785 

  9. 62  M 

-■■0,0 

—  107  —      2!  TVf  /T^ 

-f  100 

—     1 .  U  j  siv 

-J-IOO 

4-100 

—    1 . 03  m 

p  11 

— — 0.72  2  68 4-  lA  16  (fi  innn  /r*4-  26  2  M/r* 

—  0.71377 

-  0.71379 
+  1.093 

—  0.71380 
+  1.092 

P  ?! 

■■■  — l.l 

—  22c  -J-  yi  2  2  CS^ 

—  3.24 

1      !>•  ft 

—  3-24 
-j-  14. 0 

—  3.24 
+   14.  0 

P  1.3 

-  5-44« 
-r  *°'9 

—  5.449 

-r  9 

-  5.449 
-L   ffi  n 

+  ■<>.  9 

P  ?'? 
■■■  —1,1 

— — 6  a  -I-  t  c  2  IVf  n*^ 

—  60 

+495 

—  60 
+494 

—  60 

+494 

P  J5 

"—  —  AO  A  -J- 8  T  T  IVr  /T^ 

-  38.3 
-I-262. 2 

-  38.3 
4-261.  9 

-38.3 
+261.  8 

P  1,7 

=— 30o+8oM(r^ 

-279 

-f    2. 59M 

—281 

+  2.58M 

—279 

+  2.58M 

P  2.2 
^-2,2 

=  1.95  —  240(12 

+  i.«9 
-  7.8 

+  1.89 
-  7.8 

+  1.89 
—  7.7 

P  4,2 
^-2,2 

=  15  — 3-9Ma2 

+  14 
—126 

+  14 
-126 

+  14 
—126 

P  2.4- 

=  28-6.3  Md^ 

4-  26 
—203.  7 

4-  26 
—203.  5 

4-  26 
—203.4 

P  2.« 

=306— 9oM(y^ 

-f282 

—    2. 91 M 

+285 

—    2.  91  M 

+283 

—  2.91M 

P  3,3 

=_6+5M(y2 

-  5 
+  162 

-  5 
4-161 

5 

4-161 

Note. — The  symbol  M  means  1000, 
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364  SECULAR  VARIATIONS  OF  THE  ORBITS 


EARTH  AND  MARS— Condnucd. 


Geueral  values  of  P. 

d  P 

Special  values  of  P  and  j-^  for — 

1600 

1850 

2100 

FJ;S  =i5.2<72-464<T* 

+  0.00395 
+  0.48 

-f  0.00394 
-h  0.48 

-h  0.00393 
0. 48 

P'_i:5  =36oa^-26M<r* 

-l-  0.0922 
+11.2 

4-  0.0921 
-f  II.  2 

-f  0.0920 
-fii.  2 

P'_l'_l=- 1 7.54  0^+678  a*-2oM<f 

—  0.00454 

-  P. 

—  0.00453 

-  0. 555 

—  0.00452 

-  0. 555 

P'_t_l=-2i8a2+i8M<y* 

-  00557 

-  6.7 

—  0.0556 

-  6.7 

-  0.0555 

-  6.7 

P'_l;J=-304<^'+23M<T* 

—  0.0779 

—  9-4 

-  0. 0777 

-  9.4 

—  0.0776 

—  9.4 

P'J:  J=-407  M  <T^+[538]M  0* 

—  I.  0 
—125 

—  I.O 

-125 

—  1.0 
-125 

P'S:J  =  5  08  a^-  239  <f*+  8  M  <7« 

-|-  0. 001  312 

4-  0. 160 

-f-  0. 001  309 
-j-  0. 160 

-f-  0. 001  308 

4-  0. 160 

F?;J  =i83a2_i6M<T* 

-J-  0.0468 
+  5.6 

-f  0.0467 
+  5-6 

-j-  0.0466 
+  5.6 

P'1!;J  =81  <T2-7Ma* 

-i-  0.0206 
+  2.5 

-f  0.0206 
+  '2.5 

+  0.0206 
+  2.5 

FJ;}  =-i33<^'+9M(r* 

—  0. 0342 

—  4.2 

—  0.0342 

—  4.2 

—  0.0341 

-  4.1 

P'};J  =-50ff^+4M<T* 

—  0.013 

-  1.55 

—  0.013 

-  ».55 

—  0.013 

P"  1.  J_  I  2  M  <T* 

—  0.00008 . 

—  0.020 

—  0.00008 

—  0.020 

—  0.00008 

—  0. 020 

F'tl  =0.16  M<T* 

-i-  0.000  01 1 
4-  0.0027 

-f-  0.000  01 1 
-j-  0.0027 

-1-  0.000  on 
-j-  0. 0027 

EARTH  AND  JUPITER. 


General  values  of  P. 

Special  values  of  P  and  ^  for — 

1600 

1850 

2100 

po.o 

^0,0 

11:2.018  86—  1 18.940m  (r^+0.14  a* 
—0.07  (f 

—2. 750  66  w  • 

—2.  72206  m 

—2. 693  49  m 

P2,0 
^  0,0 

1=29.7346  m—  200.3  m  o^+^SS  m  (T* 
—0.50 

-f  29.  7066 IW 
—   4. 840  m 

-f  29.  7072 IW 
—  ^.789^ 

-J-  29.7078  m 
—  4-739^ 

V>i,o 

^0,0 

z=862  m^—2om  (7^+0.13  0^ 

+859 

—   0. 46  m 

-1-859  m« 
—    0.46  m 

+859 

—    0. 46  m 

P2,2 
-■^0,0 

=  52.33       494  ^  ^^+0.3 

+  52.27'« 
—  11.4W 

+  52.27  m 
—  11.3m 

-1-  52.  27  m 
—  II.  2m 
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OF  THE  FOUR  INNER  PLANETS. 
EARTH  AND  JUPITER— Continued. 


G-eiierail  vailii6S  of  P. 

^  P 

Special  values  of  P  aud^  ^  for — 

1600 

1850 

2100 

p0,4 

0, 0 

11:40.16  m — 33 1  m  o^-^  1,0  0* 

—  7.64  m 

^  7.56/7/ 

—      7.  48  77/ 

p2,4 

0, 0 

=  82.7 m —  I.I  0^ 

4-  82.  6w 

—  25W 

4-  82.  6  w 

—  2$  PI 

4-  82.6/71 

—  25/7/ 

po,« 

—  52.2  m — 0,6  (T^ 

—  14  m 

—  14m 

—  14/7/ 

p  }•} 

—1, 1 

—  —  7.1  iQc  m  +  Sj.o'i  m  (J^ — 0. 

—    7.  0989  w 
-f-    2. 01 15  w 

—    7*  099'  ^' 
4-    1. 9906  w 

-    7.  0993  w 

4-  1.9697/7/ 

p  ?'l 

— — 6.iQ«;  m+Q%'A  w    — 0.41 

—    6. 183W 
4-   2.  158W 

—    6.  183W 
4-  2.136/;/ 

6.183/7/ 

4-  2.113/7/ 

p  }•? 

z= —  1 9. 1  m+0.26    —  1. 00^ 

—  19. 1  w 

4-    6.  oiw 

—  ig.  1  m 
4-    6.  o/w 

—   19.  I  /7/ 

4-  6.0  m 

P  2,2 
^—2,2 

— 1.93  M — 37  m  0 

—   0. 85  m 

+  1-93^ 
—   0. 84  m 

4-  1.93/7* 

—     0.  83  77/ 

p/  2,0 

■L  on 

— 160.69  m  a^— 280  w 

-|-  2i.49w« 

4-  21.05/^2 
4-  3.6770/7/ 

-|-   20.  61/7/2 

4-    3.  6384  m 

p/  4,0 

— 2, 0 

zz  M.7  m    — 0.1 1  0^ 

4.  I.8m« 

4-  1.9/7/* 
-f-313'^'' 

4-  1.9/7*2 
4-309/71* 

p/  2,2 
X  on 

zzxxi  m  0^ — 1.09  (J^ 

-f  44.  S*"' 

-1- 

t  43.  4  w'' 
-f-  7-56w 

4-  42. 5  /7/« 
4-  7-4^^ 

?'_};_ 

{——47.07  m  0^4-206  m 

1 Mil  • 

—  6.  29 

—  1.087W 

—  6.  i6/7/« 

—  1 .  076  /7I 

—  6. 03  77/* 

—  1.064/7/ 

P'J:- 

}  =  —  49   m  a^+0.31 

—   6. 6  /»« 

  I .  I  w 

—  6.  5  w2 

—  1.1/7/ 

—  6.  3  /7/* 

—  I.  I  w 

P'-J:- 

i39ma^+o.7  0^ 

—  iS.Sm* 

—  3. 21W 

—  18.  2/w2 

—  3.18/7/ 

—  17.  8/7/« 

-  3.  i5« 

^  0,-2 

ZZ3.45  m    — 24  W 

-f-    0. 46  fffi 
-f  79. 6/«« 

+  0.45/7/8 

4-  78.  8/7/« 

4-      0.  44  /7/* 

4-  78.0/7/2 

p/2,  2 
^  0,-2 

zz20.8ma*^— 0.17  a*^ 

4-  2.8»f« 

-j-48oOT« 

4-  2.7/7I« 

+475 

4-  2.7/7/* 
4-470/71* 

^  0,-2 

z=  13.7  m  (7^— 0.1 1  <x* 

-f  i.8f«« 
4-316  • 

4-  1.8/7/* 
+313 '^'^ 

4-  1.8/7/* 

+309/7/4 

p/  8,1 
^  -3,1 

zz  — 79mcT^+o.3i 

—  iim^ 

—  1.83W 

—  ii///« 

—  I.  81  77/ 

—  II  /7/* 

—  1.79/7/ 

P'l,  8 
^  1,-3 

zz — 2.0  m  ^ 

—  0.  27 

—  46 

—  0.  27  ///« 

—  46///* 

—  0.  27  W* 

—  46/7/* 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
EARTH  AND  SATURN. 


General  values  of  P. 

Special  values  of  P  and  j-^  for— 

1600 

1850 

-  - 

2100 

—  —    - 

po.o 

^0,0 

   — 

2.005  53""33-66i  m  ^^^+36  m  0^—  ^.2ma^ 

-1.469  13  w 

—  I.  463  91  m 

—1.458  35  w 

P2,0 

=z84i5  28m— 52.970^^2+65.8 wo* 
—  29  m  a* 

4-8.  39001  m 
—    2. 31IW 

4-8.  390  19  w 
—    2.  302  m 

4-8.  390  38  w 
—    2.  294  m 

P4.0 

11:67.2  w^—  1.4  m 

-f  66.  5  w« 
—    0. 06  w 

-h  66.  5  w« 
—    0.06  m 

4-  66.  5w« 
—    0. 06  w 

P2,2 
A  0,0 

zz  13.243  m  — 92.4  w  (7^+0.15  tr* 

-f-  13.  199  w 
—    4.  03  w 

+  I3«99w 
—    4. 02  m 

4-  13. 199 

—    4. 00  m 

PO.4 

^0,0 

zz  10.76  /w  — 71.2  m  cT^+o.io  0^ 

-     3.  IIW 

—    3.  low 

—    3  -  09  ''^ 

p2,4 

^0,0 

zz  1 7.7  m— 0.13 

-f-  17.6  m 

—    6  m 

4-  iy.6m 

—    6  w 

4-  17  .  6  w 

—    6  m 

P0,6 
^  0,0 

zzi2.9m — 0.08  cT^ 

~  3^ 

-  3^ 

—  3'« 

p  1,1 
* -1.1 

zz—  i.ioi  23  IW+  1 2.51  m 

—  1. 095  26m 
-h547w« 

— 1.095  30  w 

—1.095  35 
4--542W2 

P  3,1 
^  -1,1 

—  —  863.6^2+  10.51  ma^ 

-858. 6  w« 
-|-    0.  46  m 

—858.6^8 
4-  0. 46  m 

— 858.6 
4"  0. 46  /w 

p  1.3 
^  -l.l 

iz  — 2.812  m  +  33. 1  ma^ 

—    2.  796  m 
-h  I.44W 

—  2.7g6m 

4-  1.44W 

—    2.  796  m 
4-  1.44OT 

zz —  2.3  ///+0.04  0^ 

—    2.  3  w 
f    2  w 

—  2.3m 

4-    2  m 

—  2.3OT 

4-  2m 

1>  1,5 
*  -1.1 

zz  — 5.0  ///+0.07 

—    5.  ow 

-f  3w 

—  5.0/// 

—  5.OW 
+  3'« 

P  2,2 
i  -2,2 

zzo.16  m  —  3  m  (T^ 

-f-    0.  16  w 
—    0. 1  w 

4-    0.  l6w 
—    0.  I  w 

4-    0.  i6w 
—    0.  I  w 

p'  2,0 
*  —2,0 

zz 43.0469  w?     —  5 1.98  w 

-f  20.  53w« 
-\-  1.878W 

4-  20.  38  m* 
4-  1.872W 

4-    20.  24  IT/' 

4-  1.864W 

p/  2,2 
^  —2,0 

ZZ71.26  m  (T^ —  1 19.4  m 

4-  34.  ow^ 
f  3-1"'" 

4-  33'0''» 
4-  3-*o''' 

+  33-  5 
-f-  3.09''' 

P'-l:- 

}zz  — 6.801  7           24.73  ^  ^ 

-  3.24w« 
—296 

—    3.  22  m'^ 
—295  w3 

-f    3.  20  /«« 
— 294  w« 

P   3,  1 
^-1,  -1 

z=  —  5.690  m  <7^+24m 

—  2.  7  w« 

—  0.  25  w 

—  2.  7  w« 

—  0.  25  w 

~    2.  7  w« 
—    0.  25  m 

Jzz —  1  7.922  m  a^+70.9  m  (7* 

—  8.  5  W2 

—  0.  78  m 

—  8.5«« 

—  0.  78  w 

—  8.  5  /w« 

—  0.  78  m 

p/O,  2 
^  0.— 2 

zz  268.80     a^—  1 .63 1  m 

-f    0.  13  w« 
-j-  12  w« 

4-    0. 13»i« 

4-  I2W« 

4-    0.  I3w« 
-f  12 

p/2,  2 
^    0,  -2 

zz  1.424  m  ^^  —  9.3  m  0* 

4-    0.  7  w* 
-l-   0.06  m 

4-   0.  7  « « 
4-   0.06  m 

4-    0.  7  w« 
-j-    0.06  m 

TV  3,1 

^  —3,1 

= —  10.35  m  o^-\-  27  m 

—  4-9^' 

—  0.  45  m 

—  4.9'w' 

—  0.  45  m 

—  4.9W2 

—  0.  45  m 

Note. — The  symbol  ///  means  .001. 
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OF  THE  FOUR  INNER  PLANETS.  367 


EARTH  AND  URANUS 


General  values  of  P. 

Special  values  of  P  and  ^  -  for— ^ 

1600 

2100 

po,o 

^0,0 

— 

2.001  36  —  8.1936^(7^-1-8.3^0^ 

-109.  65 

—  no.  45 

-ili.33/;/2 

P2,0 
^0,0 

— 

2.048  42  m—  1 2.438  m  cT^-f  13.1  m 

-1-2. 047  86  w 
— 166. 4»i« 

f  2. 047  86  m 
—  167.  7  /w2 

4  2. 047  85  /// 
— 169.  o/zz-J 

P2,2 

— 

3.109  m  — 19.3  m 

4-       108  m 
— 258w« 

-j-    3.  108/// 
—260  /7/2 

+    3.  108  /// 

—262  /7/2 

P0,4 

^0,0 

2.574  m— 16  m<T^ 

—  0.21/7/ 

—    0.  21  /;/ 

—    0.  22  m 

p  1.1 
^  —1.1 

— 

—  133.429  m^-f- 1.479  m 

—'33-  36^2 
-f-  20///* 

— '33-  36 

-|-  20  w« 

—'33-  36  w'^ 

4    20 ///2 

P  3.1 
^-1,1 

— 100. 1         11  WlO**' 

— 100.  I 

-\-    0. 01  m 

— 100.  I 
-\-  o.oim 

— 100.  I  /;/* 
+    0. 01  /// 

P  1,3 
^  -1.1 

— 

—  335.3^' 

-335.  3 

— 335-3  w« 

-335.  3 

P  2,2 
^—2,2 

9.2 

-|-    9.  2  ///« 

-f    9.  2  IW« 

4    9.  2  /;/« 

P'  2,0 
^  -2,0 

10.300  m  0 

-f  461 

+  137.  8  w2 

+  468 

+  138.8/7/2 

4475'w' 
4140.0///^ 

P'  2,2 
^  -2,0 

15.85^(72 

-f    0.  7  w2 
-j-  0.21m 

+   0.  7  tffi 
4-  o.2\m 

4  0. 7  /y/2 

4-    0.  21  m 

^'-\:- 

—  806.311       (T^-f  2.745 

—  10. 8/w2 

—  36 ///••» 

—  10.  9  /«« 

—  36  m'' 

-  I  1 .  0  ///2 

P'-l:- 

3  

1  — 

—  2.1 

—  0.  I  /w« 

—  0. 03  /// 

—  o.im^ 

—  0. 03  /// 

—  0.  I  /W« 

—  0.  03  /w 

p/o.  2 
^  0,-2 

-|-    0. 00  w« 
-j-   0,2  m 

+    0.  00  m'' 
4-    0.  2 

4    0. 00  /«« 
4-    0.  2 

KARTH  AND  NEPTUNE. 


General  values  of  P. 

d  P 

Special  values  of  P  and  ^  ^  for — 

1600 

1850 

2100 

po,o 

^0.0 

=  2.000  56  — 3.3320m  (T^ 

—  105.  II  /7/« 

—103.  73 

—  102.  34  /W^ 

p2,0 
A^O.O 

=  833.024  m-  — 5.023  m  0^ 

4831.775'^'' 

4831.807  /W2 

—156/^/2 

+831.841  ///« 
—  154/7/2 

P2,2 

■t^o.o 

zz  1.255^=7.6^(1^ 

+  I.254W 
—    0.2  m 

+  1.254/;/ 

—    0.  2  m 

+  1.254/// 
—     0.  2  W 

P0,4 

-■^0.0 

zz — 1.044  m 

p  1,1 

zi— 34.662  m^-l-382.6  m^ 

—  34.  57 

+  l2/7/« 

-  34.  57 

+  I2/7I« 

-  34.  57 

+  I2/7f2 
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368  SECULAR  VARIATIONS  OF  THE  ORBITS 


EARTH  AND  NEPTUNE— Continued. 


Genenil  values  of  P. 

d  P 

Special  values  of  P  and  for — 

• 

1600 

1850 

2100 

PJ;1   =-26.1 1 

—  26.  1 1 

—  26.  II  /W2 

—  26. 1 1  /»« 

P_};?   =— 86.83  m* 

—  86.83w« 

—  86.83/7/* 

—  86.83/7/« 

-}-  I.52/W* 

P'J;!!  =4.1746  mo' 

-f  i.04w« 
-f  132/7/2 

-|-  I.OI/7/« 

4-  0. 98  /w« 

-}-I28  /w« 

P'_i:_}=- 208.58  m*<7* 

—  0.  05  w« 

—  6.6w« 

—  0.  05  »i« 

—  6.  5  /7/* 

—  0.  05  /w« 

—  6. 4  ///« 

P'SiJ  =  2.605  W^ff* 

-|-    0.  00  /«« 
-h  o.oS/w* 

-f  o.oo/w* 
-I-    0. 08  /w« 

-j-    0. 00  w2 
4-    0. 08  /»« 

MARS  AND  JUPITER. 


General  values  of  P. 

dP 

Special  values  of  P  and  ^  ^  for — 

1600 

1850 

2100 

poo 

=  +  2.045  08  —  304.50^(7^+0.51  a* 
-0.58  0' 

A  0,0 

—  7. 5624  /// 

—    7.  6229  /w 

—    7. 6867  m 

P2,0 
^0.0 

=  76.1 262  m— 659.5  m  ^2+2. 10  <7*— 5.5  (7* 

-f-  76.  0245  IW 
—  16.  37I/W 

-|-  76.0229/7/ 
—  16.503/// 

4-  76.0211  /7/ 
—  16.  641 m 

P4.0 
^0,0 

=  5.95       0.18  (7^+  1.6  C7* 

-  4.5»* 

—    4. 6/7/ 

4-  5.92/7/ 
—    4,6  m 

P2,2 
^  0,0 

=  164.9^—2.42  (7^+16(7* 

+  164.  5 IW 
—  60.0/7/ 

-j- 164.  5  m 
—  60.  $/w 

4-164.5/7/ 
—  61.0/7/ 

PO.4 

=  114.5^—1.36^7^ 

'^O.O 

-  33- 8  w 

-  34.  I  w 

—  34.  4*" 

P6,0 
^0,0 

=0.56  m 

-|-   0. 56/w 

4-     0.  56  171 

4-  0.56/71 

P4,2 

^0,0 

=  46^—2  (7^ 

4-46/71 
—  0.05 

4-46/7/ 
—  0.05 

4-  46« 
—   0. 05 

P2,4 

■^0.0 

=339  m— 8(7^ 

+338 
—   0. 20 

-1-338 
—   0. 20 

+338 
—   0. 20 

PO.6 
^  0,0 

=  171  m— 3  (7^ 

—   0. 07 

—  0.07 

—  0.07 

p  1.1 

=—27.5608^+389.7^(7^—1.71  (7* 

—27.  5007  m 
■j-  9.672/71 

—27. 4997  m 
4-  9.748/7/ 

-27.4987/7/ 
4-    9.  831  /// 

PJ:1 

= — 29.23  m+o.6i  (7^ — 5  (7* 

—  29.  14  m 
+  15.  I /w 

—  29.  14  m 
4-  iS-3'« 

—  29.  14  w 
-h  »5-4w 
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MABS  AND  JUPrTER— Continued. 


Oeneral  values  of  P. 

(iP 

Special  values  of  P  and  g-^  for — 

1600 

1850 

2100 

P  1.3 
^-1,1 

zz— Si.9m+  1.46  (T* 

—  81.  7  w 

-f  36.  2  W 

—  81.  Tjh 
-h  36.  5  »i 

—  81.  7  m 
-f  36.8m 

P  5,1 
^—1,1 

=  —  4.9  m 

—  4. 9  w 

—  4.9W 

—  4.9W 

P  3,3 
^-1,1 

zr— 0.12 

—     0.  12 

—    0.  12 

—   0.  12 

P  1,6 
^-1,1 

-_o.i7  +  4(r^ 

-     0.  17 
-{-     0.  10 

—    0.  17 
-f    0.  10 

—   0.  17 
-j-    0.  10 

P  2,2 
^  -2.2 

z=  1 2.7  m— 0.30(1^ 

-f  12.  7  W 

—  7.4/w 

-f  12.  7  w 

-  r  s'w 

-f  12.  7  w 
—  7.6w 

P  4,2 

2,2 

=  12.2  m— 0.5 

-|-   12.  I 
-—  I2W 

-)-  1 2.  I  w 

—  13'W 

-f  12.  I  w 
—  13W 

P  2,4 

^—2,2 

+  SS^ 
-37^ 

+  55« 
-  SS'^^ 

+  55w 
-  38*^' 

p  3,3 
J^— 3,3 

=—54^ 

- 

-  5.4W 

—  5.4W 

P'  2,0 

^  —2,0 

=1:458.1  ma^— i.36<T* 

-\-  70. 68»f« 
+  ii.3S'w 

-1-  7I.83W* 
+  11.47W 

4-  73-03w« 
-|-  II.  56/;/ 

P'  4.0 

^  -2,0 

zz  1 1 1  m  a*—  1 .3  (7* 

4-  17, 1  w« 
-f  2.74W 

-f  2.77W 

+  2.79m 

2,2 
^  -2,0 

=  1.36(72 

+209 

+  34.  i^w 

4-217  w, 

4-  34.4'w 

P'-l:- 

Jzz  — 208.7  m  (T^+ 1.26  (T* 

—  32.  21 

—  5. 176W 

-h  32.73'w' 
—  5-2I7W 

—  33-29/w« 

—  5.261m 

P'J;- 

}  =  — 325  m  (72  +  3.5  (7* 

—  49-9w« 

—  8. 05  m 

-  5o.7/w« 

—  8. 131W 

—  51.6ms 

—  8.18  m 

P'-l:- 

izz—  775  m  (72+6.9  (7* 

—  I20W« 

—  19.  21  w 

—  19.  36W 

—  I24m3 

—  19.  52  m 

"P'O,  2 
^  0,-2 

=  23.8  m  (72—0.22  (7* 

-f  3.67w« 
+590 

+  3.73»«' 
+595 

4-    3.  Sow' 
4-6oo»/« 

P'2,  2 
^  0,-2 

zz  1 8 1  w  (72 

-}-  28.o/w« 

-f  28.4w« 
-f  4-54'» 

H-  28.9  m* 
-f  4.57W 

P'O,  4 
A  0,-2 

zz  1 1 1  m  (72 

4-  17. 1 
-I-  2.y6m 

+  I7.4w« 
4-    2. 78W 

4-  17. 7 
4-  2.80m 

P'  3,1 
^  -3,1 

zz— 424  w  (72 

—  65.  5/7l« 

—  10. 5  M 

—  66.4«« 

—  10.  6  m 

—  67.  6m2 

—  to.  7  m 

p/1,  3 
^1,-3 

zz  — 27  m(72+o.4  (7* 

—  4.  2  IW* 

—  0.66  m 

-  4.3'w* 

—  0.  67 IW 

—  4.3m2 

—  0. 68  m 

Note. — The  symbol  m  means  .001. 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
MARS  AND  SATURN. 


General  values  of  P. 


PJ;J     =z 2.0129— 80.348  m  <y^+95  mo^— 32  m  a* 
20.087 1  m—  1 34.64  m  (7^  +  2 1 3  w^  (7* 
389  w^— 8.8  m  (T^+0.05 
33.66  m—  280  m  (r^+0.8 
26.47^—198^^2 

2.2^  —  0.05^2 

49.6  7W  — 0.6 

—  3-997  89^  +  47.34^(72— 134  m 

—  3.326  m+45.8  m    —  1 79  m  (7^ 

—  10.505  m+ 134  m  (72—0.47  (7* 
—0.14^  +  4^(72 

—  9.6m+o.i6  (72 

—  2om+o.3  (72 
883  m2—  i6m  (72 
0.55  m—  12  w  (72 
3.3  7»— 0.06  (72 
— 0.18  m 

105.942  m  a^—  1 58.90  m  (7* 
5.947^(72— 43.4  7»  (7* 
198.62  m  (7^—513  m  (7* 

—  25.666  m  (72+103.7^(7^ 

—  24.60  w  (72+  136  m  (7* 


P2,0 
0,0 

Pi.O 
0,0 

P2,2 
0,0 

P0.4 
0,0 

^0,0 

0,0 
P  1.1 

PJ:! 

P1.3 
-1.1 

P5.1 
-1.1 

P3,3 
-1,1 

P1.5 
-1,1 


p  2.2 


2,2   


P4.2 
-2,2 


P2,4 
-2,2 

P3.3 
-3,3 

PI  2,0 
-2,0 


P'  4,0 
-2,0 


P'  2,2  . 
-2.0  - 

Fl,  1- 
-l.-l- 

P'  3.  1. 
-1,-1- 


Special  values  of  P  and  j-^  for — 


1600 

1850 

2100 



—3.  310  98  w 

— 3.  312  24  w 

-3-3»3  58'» 

-f  20. 0299  w 
—  5-546w 

-|-  20.  0298 

-  5-54«'« 

4-  20.0297  m 
-   S  SSiw 

+385  w« 
—  0.35W 

+385  w« 

—  0.35  m 

+385 

—   0. 35  w 

+  33-55'« 
-  ii.SS'w 

4-  33- 5 
—  11.53'w 

4-  33-55'^' 
—  11.54/7/ 

—  8.2W 

—  S.2m 

—    .8.  2»l 

-|-  2.2m 
—    2.  I  w 

4-    2.  2  w 
—  2.1m 

4-  2. 21W 

—    2.  I  IW 

-h  49*  3  ^ 
—  25W 

4"  49.  3  fn 
—  2Sm 

4"  49.  3  fn 
—  25  w 

— 3. 977  77  w 
-J-  1.949W 

— 3.977  76/;/ 
-(-  1.9SOW 

— 3. 977  74  w 
4-    1 . 950  m 

—    3.  306  m 
-f  i.88w 

—    3.  306  m 
4-  i.88w 

—    3.  306  m 
-\-  l.HSm 

—  10.  448  m 
+  SSfn 

—  10.  448  PI 
4-  5-5''' 

—  10  448 /iri 
+  5.5^ 

—    0.  14  w 
-f    0.  2  w 

—    0.  14  w 

4-    0.  2  w 

—    0.14  m 

-j-    0.  2  w 

—    9.  5 

—  9. 5  w 

-f  6w 

—    9. 5/w 
4-  6»i 

—  20W 
4-  o.oi 

—  20  w 

4-  0. 01 

—  20W 

-h  O.OI 

-1-876  tffi 
—    0.  6  w 

+876  w« 

—    0.  6  w 

-1-876 /«« 
—   0. 6w 

+   0. 55 
—    0. 5 IW 

4-   0.  55  m 
4-  0.5^' 

4-   0.  55  « 
4-  o.Sm 

4-  3-3^* 
—    2  /w 

4-  3.3W 
—  2  fft 

+  3-3^ 
—   2  fft 

—    0.  i8m 

—    0.  18  m 

—   0.  i8»f 

4-  45.04IW' 
-h  4.364W 

4-  45.07^2 
4-  4.366W 

4-  45. 10  fffl 
4-  4.368/w 

-h  2.5W« 

4-  0. 24  m 

4-  2.Sm* 
4-    0. 24W 

-|-    0.  24  m 

-f-  84.4w« 
-I-    8.  2  m 

4-  84. 5w« 
4-    8.  2  w 

+  84.5«« 

-|-     8.  2« 

—  10. 9w« 

—  1. 0551  w 

—  10.9^2 

—  1.0555/// 

—  10.  gm^ 

—  1. 0559  w 

—  low* 

—  I.OIW 

—  10 ///2 

—  1. 01/// 

—  IOOT« 

—  I.OI/W 
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OF  THE  FOUR  INNER  PLANETS. 
MARS  AND  SATURN— Continued. 


General  valaes  of  P. 

Special  values  of  P  and  ^^for — 

1600 

1850 

2100 

F_l:_?=-  72.3  m  0^+348  m  a* 

—  0. 03  /// 
--  2.97W 

—  0. 03  w 

—  2.  97  »t 

—  0. 03 IW 

—  2.97W 

^0,-2  =.1.5562  mo^— 10.3  ma* 

-f  o.66»i« 
4-  64»i« 

-f    0.  66  w« 

—   0.  66  « « 
-}-  64  w« 

VIJ  =8.89  ma^ 

+  3.8/w« 
+  0.37W 

+  3-8'w« 

+  o.37'w 

P'S:J  =5-9 

-f  3/;/2 
-|-    0.  24  m 

-f-    0.  24  w 

-|-    0. 24  m 

P'J;}  =— 41.4m 

—  17.  6^2 

—  1 .  70  w 

—  17.  6»i« 

—  i,yom 

—  17.  6w« 

—  1. 70W 

MARS  AND  URANUS. 


Geueral  values  of  P. 

^  p 

Special  values  of  P  and  ^  for — 

1600 

1850 

2100 

po,o 

1=2.003  17— I9.i52n«  a^+2om<T^ 

-403.  73 

—  399.  21  w2 

-394.91  w« 

P2.0 

=4.787  95  m—  29.529  m  0^ 

-1-4.  784  67  m 
—623 

-1-4.  784  74  w 
—61 6/7/2 

-f  4.  784  81  m 
— 6o9w3 

P4,0 

=  21.6  m^— 045  m  0^ 

4-  2l.5»f« 
—    0.  01  m 

+  2I.5W4 

—    0.  OIW 

-h  2i.5w« 
—    0. 01  m 

P2,2 
^  0,0 

—  7.383  w— 48.4  m  0^ 

+  7-329^ 

—  LOW 

+  7..330W 

—  I.OW 

4-  7.332"' 

—  \,om 

^0,0 

=  6.062  we  — 38.5  m  0^ 

—   0. 8/» 

—   0.  8  w 

—    0.  8  w 

^  0,0 

=0.1 1  m 

+    0.  1 1  w 

-f-    0. 1 1  IW 

4-    0.  1 1  w 

P2.4 
^0,0 

=9.61  m 

-|-    9.  61  m 

-f    9.  61  w 

4-    9. 61  m 

p  1,1 

=— 474.990^2+5.321  md^ 

—474. 40  w« 

-flI2.  19  W« 

—474. 41  w« 
4- 1 10. 94  w« 

-474.42w« 
4-109.  Uftfi 

P  8,1 
^-1.1 

=— 365  5  ^w'+4.26m(r2 

— 365.0  W« 
-|-  90»i« 

— 365.0  w« 
-1-  89w« 

—365. 0  w« 
4-  88  w« 

P  1,3 
^-1  1 

=— 1.201  m+i3.7m<T2 

—  I.200W 

-f-    0.  29  w 

—    1. 200m 
-|-    0.  29  m 

—  I.200f» 
4-     0.  29  171 

P  3.3 
J^-1.1 

=— 0.94  m 

—   0. 94  m 

—    0.  94  w 

—   0. 94  m 

P  1,5 
^-1,1 

=—2.1  m 

—     2.  I  W 

2.  I  w 

—    2.  I  /« 

»  Note. — The  symbol  ///  means  .001. 
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SECULAR  VARIATIONS  OF  THE  ORBITS 
MARS  AND  URANUS— Continued. 


General  values  of  P. 

d  P 

Special  values  of  P  and  ,    for — 

da 

1600 

1850 

2100 

P  2,2 
^-2,2 

ZZ50.1 

-\-  50.  I  w« 

-f  50.  I  w« 

4-  50.  I  w« 

P  4,2 

^—2,2 

-|-  27 

-I-  27 

4-  27 w2 

P  2,4 

zzo.18  m 

-f-   0. 18/W 

0.  i8/« 

4-    0.  18  iw 

p/  2,0 
^  —2,0 

zz  24.26  m  0^ — 26  m  (T^ 

-f    2.  7ow« 
4-511. 

f    2.  64 
4-505.  7 

4-  2.58m« 
4-500.  3 

P'  4,0 
^  —2.0 

zz  309     a^— 1 .9  w 

-}-    0.  03  w« 
-}-  6/w« 

-f    0. 03  w« 
4-  6»fa 

4-    0.  03 
4-  6w> 

p/  2.2 
A  _2,0 

=  38.53  m  a^— 0.05  0^ 

4-  4.3»»' 

_|_gl2 

4-  ^.2nfi 

-f    4.  I  »i« 

P'-l;- 

izz— 2.897  63  w  (72+10.144  m<7^ 

—  0.  32  /«« 

—  6i.o»»« 

—  0.  31  w« 

—  6o.3»»« 

—  0.  31 

—  59-7w« 

p/  3. 
^  -1,- 

1                      />     ^  T    4    /Ml    /t2      I              f  /t4 

izz*"  2.3 1 4     ^   1  9*^  //*  u 

—  0.  3  w« 

—  0. 05  w 

—  0.  3  /w« 

—  0^0$  m 

—    0.  3  w« 
-    0. 05  m 

P'-i:- 

J=— 7.47  w(f2+o.03  0^ 

—  I  w« 

—  I56w« 

—  I 
-155  W« 

—  im^ 
-153^- 

p/O,  2 
^  0,-2 

zz 84.25     (T^— 0.51  m  0^ 
zzo.45  m<J^  . 

—    0. 01 

—    0. 01  /W« 
4  l.7;/f^ 

—    0.  01  m- 
4-  1.7^2 

P'2,  2 
A  0,-2 

-f-    0. 05 

4-    0. 05  w« 

4-  9w« 

+    0. 05  w« 
4-  9w2 

p/  3,1 
A  _3,1 

zz— 4.34 m       10 mo* 

—  0.  5 

—  91  w« 

~    0.  5  m:^ 
—  90  w« 

—  0. 5  w2 

—  89#7/« 

MARS  AND  NEPTUNE. 


General  values  of  P. 

d  P 

Special  values  of  P  and  ,  for — 

d  (X 

1600 

1850 

2100 

po,o 

^0,0 

ZZ2.00I  29  — 7.75 7^(7*^+ 8.0  IW<J* 

—321.  15  w« 

—321.  65i»« 

—322.  21  nfi 

P2,0 
^0.0 

ZZ  1.939  30  m—  1 1.77  m 

+   t.934  25w 
—487.8^2 

+  1.93423W 
— 488.6  w« 

4-  I.9342IW 
—489.  3  «« 

P4,0 

-^^0,0 

=3-53^' 

4-  3.53'w' 

+  3-53'»' 

+  3-53«' 

p2,2 
^  0,0 

ZZ2.941  m 

4-    2.  941  m 

-j-  2.941m 

4-    2.  941  m 

P0,4 
^0,0 

zz  2.436  m 

p  1,1 

zz— 122.930^2+ 1.362  m 

—  122.35  w« 
4-  56.44^2 

—  122.  35  W2 

4-  56.53^' 

— 122.  34  «« 
4-  56.63«5 

Note. — The  symbol  tn  means  .001. 
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OF  THE  FOUR  INNER  PLANETS. 
MARS  AND  NEPTUNE— Continued. 


General  valaes  of  P. 

Special  valaes  of  P  and  ^—  for — 

da 

1000 

1850 

2100 

PJ;i  =— 93-16 

—  93. 16  w« 

—  93.  16 

—  93. 16  m* 

P_i.3   =— 308.8 

—308. 8 

—308.  8  OT« 

—308. 8  w« 

P-ll  =8.23 

+  8.23w« 

+  8.23^w« 

-f  8.23»i2 

P'-lo  =9.74^  ma' 

-f    4.  i8w« 
+403. 95  w« 

-|-    4.  20  »»« 

+  404.  59 

4-    4.  21  m» 
4-405.  28  «i« 

F'_ll  =14.97  ma' 

-i-620. 4  »i« 

1-621.5  w« 

4-  6m2 
4-622. 4  «f« 

F-}:-l=-742.585»»'<^' 

—  0.  32 

—  30.  77 

—  0. 32 

—  3o.82»f« 

—  0.  32  OT« 

—  30.87ot« 

P'J:J=-57i-7»i'<^' 

—  0.  2  w« 

-  23-7'«« 

—  0. 2  «i« 

—  23.7»/2 

—  0.  2  »i» 

—  23.  7 

F_l:J=-i.8795»»<^' 

—  o.8w« 

-  77.9'w» 

—  o.8w« 

—  78.0W' 

—  o.Sfffi 

—  yS.2m^ 

P'S;J  =i4.ism'a' 

-f-   0. 01  w« 
+  o.59«« 

-|-   0. 01  w« 
4-   0. 59 

4-  0.  OI 
4-    0.  59  m« 

P'lJ  =7 1.69  m' a' 

+   0. 03  w« 
-1-  3-o»»' 

4-   0. 03  w« 
-1-  3.im^ 

4-    0.  03  w« 
4-  3-2W2 

P' J; }  =  —  1 .094 1  m  a' 

—  0.  5  w« 

-  45. 3  ^^'^ 

—  0.  5  OT« 

—  45- 4 

—  0.  5 

-  45. 5 

§  10. 

CONCLUDED  RESULTS  FOR  THE  THREE  FUNDAMENTAL  EPOCHS. 

The  results  of  the  preceding  investigation  are  shown  in  the  following  tables. 
Such  points  connected  with  the  results  as  will  facilitate  their  interpretation  and  use 
may  be  recapitulated. 

The  syrabol  D^e  represents  the  secular  variation  of  the  eccentricity,  and  e  tt^ 
represents  the  product  of  the  secular  motion  of  the  perihelion  into  the  eccentricity. 
The  unit  of  time  in  all  cases  is  a  Julian  century,  and  the  eccentricity,  which  appears 
as  a  factor,  is  that  for  each  separate  epoch.  Both  are  computed  from  formulae  (16), 
page  332.  Hence  the  motion  of  the  perihelion  is  measured  along  the  plane  of  the 
orbit  itself,  without  reference  to  any  other  plane  of  reference. 

The  quantities  i  and  sin  i  0  may  be  taken  to  represent  the  instantaneous 
motion  of  the  plane  of  the  orbit  around  two  lines  situated  in  it,  one  being  the  ascend- 
ing node;  the  other  a  line  emanating  from  the  Sun  at  right  angles  to  the  node,  in 
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a  longitude  90°  greater  than  tliat  of  the  node.  As  the  numbers  are  given  the  node  is, 
in  each  case,  that  upon  the  ecliptic  of  1850.  These  two  motions  may  be  compounded 
into  the  single  motion  defined  in  §  7,  namely,  a  rotation  around  a  certain  line  in  the 
plane  of  the  orbit.  The  result  of  this  composition  is  given  in  the  tables  of  values  of 
K  and  L,  which  are  computed  independently  from  the  theory  of  §  7.  Since  the  axis  on 
which  the  plane  turns  is  different  for  the  action  of  the  different  planets,  no  use  could 
be  made  of  the  separate  values  of  h  and  L  for  the  separate  planets.  The  action  of 
each  planet  is  therefore  resolved  into  the  two  components,  k  sin  L  and  n  cos  L.  The 
final  value  of  h  derived  from  the  sum  is  given  at  the  bottom  of  the  left-hand  table, 
and  the  position  of  the  axis  of  rotation  is  defined  by  the  quantity  L,  given  at  the 
bottom  of  the  right-hand  table.  Here  the  point  Q  is  so  situated  in  the  plane  of  the 
orbit  as  to  be  as  far  from  the  node  as  the  equinox  of  1850  is  from  the  node,  and  L  is 
the  value  of  v  for  this  special  case.  In  each  case  the  node  on  the  fixed  ecliptic  of 
1850  is  adopted- 
It  follows  that  the  quantities  given  should  be  connected  by  the  relations: 

Deiir  ^cos  (L— 0) 

sin  i  Dfc  0ZZ  ;^  sin  (L — &) 

6  being  the  longitude  of  the  node  on  the  ecliptic  of  1850,  already  given  on  p.  338. 

In  the  case  of  the  Earth  the  motion  for  the  extreme  epochs  is  refeired  to  the  assumed 
nodes  given  on  p.  338  and  not  to  the  node  as  computed  from  the  motion,  which  may 
be  slightly  different  But  for  1850  the  motion  is  referred  to  the  computed  axis  of 
rotation,  which  is  in  longitude  173^  35'.  13''. 

To  find  the  secular  variations  of  i  and  9  for  the  extreme  dates  as  referred  to  tlie 
fixed  ecliptic  of  those  dates,  we  may  still  use  the  formula  (a)  only  correcting  L — 0  for 
the  motion  of  the  ecHptic  during  the  interval  from  1850.  This  correction  may  be  com- 
puted by  mechanical  integration  from  the  equation 

AXL-  e)  =  J  ^'  cosec  I  sin  (JJ'  -e)dt 

which  is  derived  from  the  equations  of  p.  336. 

The  results  all  rest  on  the  values  of  the  masses  given  on  p.  337,  It  does  not  seem 
necessary  to  develop  the  formulae  further  until  definite  corrections  to  these  masses  are 
derived. 

The  degree  of  precision  aimed  at  in  the  numerical  work  has  been  that  of  o".oi 
per  century  in  the  sum  of  the  theoretical  results.  This  required  that  the  individual 
action  of  the  several  planets  should  be  correct  to  very  nearly  o''.ooi,  and,  owing  to 
the  large  number  of  small  terms  which  came  in,  most  of  the  separate  quantities  were 
computed  to  yet  one  more  place  of  decimals.  In  printing,  however,  the  fourth  decimal 
of  seconds  has  in  most  cases  been  dropped. 
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THE  MASS  OF  JUPITER  AND  THE  ORBIT  OF  POLYHYMNIA. 


I. 

INTRODUCTORY  NOTE. 

As  far  back  as  1872  the  author  pointed  out  the  great  suitability  of  the  planet 
Polyhymnia  (33)  for  determining  the  mass  of  Jupiter,  showing  that  the  perturbations 
produced  by  the  latter  planet  in  the  geocentric  longitude  of  the  other  would  probably 
amount  to  two  or  three  degrees.  It  was  therefore  to  be  expected  that  a  mass  of  Jupiter 
could  thus  be  derived  which  would  be  more  accurate  than  that  attainable  by  other 
methods.  A  subsequent  examination  of  the  relative  motions  of  the  two  bodies  showed 
that  remarkably  favorable  conjunctions  occurred  in  1859  and  1883,  Polyhymnia  being 
in  each  case  within  a  few  degrees  of  its  aphelion.  It  was  therefore  to  be  expected 
that  observations  made  from  the  discovery  of  the  planet  in  1854  up  to  1888  would 
furnish  all  necessary  data  for  the  purpose  in  question. 

In  1885  an  arrangement  was  made  with  Mr.  G.  C.  Comstock,  now  professor  of 
astronomy  in  the  University  of  Wisconsin,  to  compute  the  special  perturbations  from 
the  time  of  discovery  until  1888,  and  subsequently  to  do  most  of  the  numerical  work 
required  in  the  discussion  of  the  observations  and  the  formations  of  the  coefficients  of 
condition  up  to  1 884. 

Although  this  work  was  executed  with  the  skill  and  precision  of  a  master  in  the 
subject,  it  was  subsequently  found  advisable  to  form  more  normal  places  than  had  first 
been  used,  and  to  construct  the  equations  in  a  somewhat  different  way,  as  well  as  to 
carry  the  work  on  through  1888.  In  this  reconstruction,  involving  the  formation  of 
geocentric  places  with  changed  data,  the  remaking  of  the  comparison  between  theory 
and  observation,  and  the  construction  of  new  equations  of  condition,  the  author  was 
aided  by  Dr.  Nobert  Herz,  who  worked  with  him  during  a  considerable  part  of  1893. 
Although  Dr.  Herz  did  not  remain  to  complete  the  work,  he  left  it  in  such  a  shape 
that  the  author  had  no  difficulty  in  carrying  it  to  a  conclusion. 

Quite  likely  no  method  of  determining  the  mass  of  Jupiter  better  than  that 
aflfbrded  by  the  perturbations  of  the  planet  now  in  question  will  soon  be  discovered. 
With  improved  places  of  the  fixed  stars,  and  a  more  careful  and  rigorous  examination 
of  the  observations  hitherto  made,  it  will  doubtless  be  found  possible  to  improve  the 
work  here  presented.  The  author  is  conscious  that  many  defects  may  be  found  in  its 
execution,  and  he  publishes  it  with  the  hope  that  even  should  it  not  stand  unchanged 
as  a  permanent  discussion  of  the  subject,  it  will  facilitate  the  work  of  the  future 
investigator. 

A  very  serious  drawback  is  the  paucity  of  observations  at  several  critical  opposi- 
tions when  they  would  hav^e  been  of  great  value  for  the  purpose  in  question. 
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11. 


ON  THE  DETERMINATION  OF  THE  MASS  OF  JUPITER  BY  OBSERVATIONS  OF 


The  fact  has  long  been  recognized,  that  the  perturbations  of  the  small  planets 
by  Jupiter  afford  a  valuable  method  of  determining  the  mass  of  the  latter  planet. 
Such  a  determination  has,  therefore,  formed  a  part  of  many  discussions  on  the  orbits  of 
those  bodies.  It  is  obvious  that  there  is  a  great  difference  in  the  accuracy  with  wliich 
the  determination  can  be  made  by  different  planets.  A  large  eccentricity  of  the  orbit 
is  advantageous,  for  three  reasons :  The  greater  the  eccentricity,  the  nearer  the  planet 
may  approach  to  J upiter  when  at  aphelion,  and  the  nearer  it  may  approach  to  the 
Earth  when  in  perihelion.  Moreover,  the  largest  perturbations  are  those  of  the  mean 
longitude,  and  these  are  magnified  in  the  true  longitude  when  the  planet  is  near  its 
perihelion — that  is,  in  case  of  an  opposition  nearest  to  the  Earth.  A  small  inclination 
to  the  orbit  of  Jupiter  is  also  a  favorable  circumstance. 

Tlie  period  over  which  observations  extend  is  also  an  important  consideration. 
Only  by  observations  extending  through  a  number  of  revolutions  can  the  perturbations 
be  completely  separated  from  corrections  to  the  elements;  and  a  period  of  many  years 
must  sometimes  elapse  before  the  favorable  conditions  for  the  determination  occur. 
Moreover,  the  number  of  tlie  known  planets  has  now  become  so  great,  that  the  observa- 
tions upon  any  one  are  scattered  and  unsystematic.  It  follows  that  we  must  look 
mainly  to  the  older  ones  for  the  attainment  of  the  object  in  question. 

Among  the  older  small  planets  whose  orbits  are  well  situated  must  be  mentioned 
Themis.  A  determination  of  the  mass  of  Jupiter  from  the  motions  of  this  planet  was 
made  by  Krueger,  with  results  which  appear  very  satisfactory. 

But  the  planet  whose  orbit  best  fulfills  the  required  conditions  is  Polyhymnia.  Its 
orbit  is  the  most  eccentric  of  any  discovered  up  to  1873,  least;  so  eccentric,  in  fact, 
that  its  greatest  distance  from  the  Sun  is  double  its  least  distance.  The  inclination  of 
its  orbit  to  that  of  Jupiter  is  only  about  two  degrees.  On  the  whole,  it  seems  to  fulfill 
the  required  conditions  much  better  than  any  other  small  planet  yet  known. 

It  is  now  of  interest  to  inquire  at  what  times  favorable  circumstances  will  occur. 
What  is  wanted  is  a  conjunction  with  Jupiter  near  aphelion.  To  show  the  law  of 
recun-ence  of  conjunctions  of  this  class,  I  have  prepared  the  following  table,  extending 
from  the  discovery  of  the  planet  in  1854  t^^^  year  1934.  The  first  column  gives 
the  year  and  hundi'edtli  at  which  the  planet  passed  its  aphelion ;  the  second,  the  longi- 
tude of  the  aphelion.  Both  of  these  columns  have  been  obtained  on  the  supposition 
that  an  approximate  mean  of  the  changes  of  the  elements  between  1855  ^^^d  1888  gave 
a  value  of  the  secular  variation  which  continued  uniformly  through  subsequent  years. 
The  error  of  this  hypothesis  may  be  two  or  three  degrees,  but  is  not  important  for  our 
present  purpose.  The  third  column  contains  the  mean  longitude  of  Jupiter  at  the 
time  when  Polyhymnia  reached  its  aphelion.  The  next  column  gives  the  difference 
of  these  longitudes.  The  mean  longitude  of  Jupiter  has  been  taken,  instead  of  the 
true  longitude,  so  as  to  show  more  clearly  the  law  of  progression.  Near  the  aphelion 
of  Polyhymnia  the  equation  of  the  center  of  Jupiter  is  not  far  from  -f  5°  ;  by  adding 
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this  quantity  to  the  small  values  of  we  shall  approximate  a  little  nearer  to  tlie 
true  value. 

Table  to  show  the  aphelion  conjunctions  of  Polyhymnia  with  Jupiter ,  and  its  passages  through  the 

perihelion. 
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It  will  be  noticed  that  the  time  of  five  revolutions  of  Polyhymnia  coiTesponds 
closely  to  that  of  two  revolutions  of  Jupiter.  Consequently,  at  the  end  of  twenty- 
four  years  the  two  bodies  will  return  nearly  to  their  original  positions,  and  a  favorable 
aphelion  conjunction  at  any  time  will  be  followed  by  a  close  approach  to  another  at 
the  end  of  that  period.  We  thus  see  that  an  extremely  favorable  aphelion  conjunction 
occurred  in  1861,  and  another,  a  little  less  favorable,  at  the  beginning  of  1886.  From 
this  point  onward  the  deviation  fi-om  commensurability  is  such  that  no  other  conjunc- 
tion equally  favorable  with  these  two  will  occur  until  the  year  1968.  We  must, 
therefore,  regard  the  observations  made  between  the  time  of  the  discovery  of  the 
planet  and  1888  as  of  the  most  precious  character. 

But  the  approach  of  the  planet  to  the  Earth  must  also  be  considered.  The  colunm 
perihelion"  shows  the  time  of  each  passage  of  the  planet  through  its  perihelion  first 
following  that  through  aphelion.  The  passage  will  be  favorable  for  observation 
according  as  the  Earth  is  at  this  time  nearly  in  the  ^ame  longitude  as  the  planet. 
This  depends  upon  the  fraction  of  the  year,  since  the  earth  passes  the  required  point 
near  0.60  of  each  year. 
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The  last  column  shows  the  fraction  of  the  year  which  has  elapsed  between  the 
passage  of  the  Earth  and  that  of  the  planet  through  the  perihelion  of  the  latter.  It 
will  be  seen  from  this  that  the  favorable  passages  occur  in  cycles  of  seven  revolutions 
of  the  planet,  or  thirty-four  years.  The  most  favorable  yet  observed  was  that  of  1883, 
which  occurred  just  before  the  favorable  conjunction  with  Jupiter  in  1886.  The 
conjunction  of  1968  will  be  particularly  imfavorable  for  the  determination  of  the  per- 
turbation by  observations  from  the  Earth.  Altogether,  therefore,  we  may  say  that 
it  is  not  until  near  the  close  of  the  twentieth  century  that  so  favorable  an  opportunity 
can  again  be  found  for  attacking  the  problem  now  in  hand. 

It  is  noteworthy  that  a  similar  state  of  things  exists  in  the  case  of  Themis.  The 
conjunction  with  Jupiter  in  1854  was  near  aphehon;  so  was  that  of  1866.  Not  until 
near  the  middle  of  the  twentieth  centmy  will  the  two  planets  come  so  near  each  other 
as  on  these  two  occasions.  We  must  therefore  regard  it  as  fortunate  that  Kbuegeb 
could  command  the  data  he  did  for  his  work. 

III. 

STATEMENT  AND  DISCUSSION  OF  ADOPTED  METHODS. 

The  great  extent  of  the  present  work,  the  necessity  for  a  high  degree  of  theoret- 
ical accuracy  in  its  execution,  the  difficulty  of  fulfilling  this  condition  when  even  the 
adopted  methods  had  frequently  to  be  determined  by  tentative  processes,  and  the  time 
through  which  the  work  has  extended,  have  all  resulted  in  a  lack  of  continuity  in  its 
prosecution.  An  attempt  to  publish  it  in  a  perfectly  homogeneous  form  would  result 
in  its  not  being  published  as  it  was  actually  done,  and  would,  I  conceive,  detract  from 
its  value.  I  have  therefore  deemed  it  best  to  preface  the  results  with  such  a  history 
of  the  work  as  .will  best  enable  it  to  be  utilized  for  any  further  researches  in  the  same 
direction.    The  necessary  subdivisions  of  the  work  are  as  follows: 

I.  The  derivation  of  osculating  elements,  especially  the  mean  motion  at  some 
mean  epoch,  so  accurate  that,  when  the  perturbations  are  added,  an  ephemeris  very 
close  to  the  truth  could  be  prepared  for  the  entire  thirty-four  years  of  observation. 

II.  The  computation  of  the  perturbations  through  the  whole  period  with  all  nec- 
essary precision. 

III.  The  computation  of  ephemerides  or  geocentric  places  from  the  theory  thus 
obtained,  at  or  near  the  times  of  opposition. 

IV.  The  discussion  or  correction  of  observations,  including  the  derivation  of 
star-places. 

V.  The  formation  and  solution  of  the  equations  of  condition,  to  which  the  com- 
parison of  theory  and  observation  would  give  rise. 

VI.  The  general  discussion  of  results. 

It  is  hardly  necessary  to  say  that  no  existing  elements  were  accurate  enough  for 
the  purpose.  Indeed,  the  magnitude  of  the  perturbations  leads  to  a  lack  of  rigor  in 
the  use  of  elliptic  elements,  which  can  be  made  harmless  only  by  having  the  adopted 
elements  very  near  the  truth.  The  following  considerations  will  show  the  nature  of 
the  difficulty. 
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Let  a,  6,  c,  etc.,  represent  the  elements  adopted  for  any  one  epoch.  If,  as  we 
may,  we  regard  these  elements  as  the  fundamental  data  of  the  problem,  to  be  cor- 
rected by  observations  in  the  usual  way,  then  the  place  of  the  planet  throughout  the 
whole  period  of  observation  must  be  regarded  as  a  function  of  these  elements.  Fol- 
lowing the  usual  method,  which  is  accurate  enough  in  all  ordinary  cases,  we  regard 
the  coordinates  of  a  planet  at  any  subsequent  time  as  formed  of  two  paiis,  an  elliptic 
value  given  by  the  elements,  a,  6,  c,  etc.,  and  a  perturbation  due  to  the  action  of  the 
planets.  These  perturbations  are  commonly  treated  as  known  quantities  which  do  not 
change  with  the  elements,  and  the  differential  coefficients  for  coiTecting  the  elements 
are  formed  on  this  supposition.  But,  as  a  matter  of  fact,  the  perturbations  are  functions 
of  the  elements,  and  the  rigorous  values  of  the  differential  coefficients  of  the  coordi- 
nates with  respect  to  the  elements  a,  6,  c,  etc.,  can  be  obtained  only  by  finding  the 
differentials  of  the  perturbations  of  each  coordinate  with  respect  to  each  of  the  six 
elements.  We  should  thus  have  eighteen  combinations  in  all,  the  computation  of 
which  would  be  quite  impracticable. 

In  the  actual  work,  perturbations  of  the  elements  were  used  instead  of  those  of  the 
coordinates.  When  this  system  is  adopted,  osculating  elements,  Gq,  bo,  Cq,  . . .  which  I 
shall  call  zero  elements,  are  adopted  for  a  certain  epoch.  From  theiu  the  varying 
elements  a,  ft,  c  . . .  are  computed  for  all  subsequent  epochs.  Thus  the  latter  elements 
become  functions  of  the  zero  elements.  If  small  corrections,  Suq,  <5fto,  Scq,  ...  be  applied 
to  the  latter,  the  corresponding  corrections  of  the  actual  elements  at  any  date  are 
given  by  the  equation 

^      da      ,  dajsj   ,  dttj.  , 
Sa=—dao+^Sbo+  .-Sco+    .    .  . 
dUo        dbo  dCo 

On  the  usual  system  we  have  implicitly  to  suppose 

da         da     da  ,  x 

—  =i',  =-j-z=:  ...  ZZO  (a) 
daQ         dbo  dCo 

As  a  matter  of  fact,  however,  this  supposition  is  not  rigorous,  because  each  element  is 
a  function  of  all  the  zero  elements,  except  at  the  date  of  osculation.  The  result  is 
that  the  small  corrections  Sao,  Sbo,  ...  to  the  zero  elements  will  not  be  rigorously 
those  to  be  applied  to  the  elements  at  any  other  epoch. 

The  computation  of  the  rigorous  derivatives  of  any  coordinate  v  with  respect  to 
the  zero  elements  would  be  obtained  from  equations  of  the  form 

dv  dv  da  .dv  db  ^ 

da^    da  duo    db  dao 

The  rigorous  computation  of  the  required  derivatives  would  be  in  any  case  a  very 
laborious  process.  Two  methods  might  be  adopted.  One  would  involve  the  expres- 
sion of  the  general  values  of  the  osculating  elements  in  terms  of  the  zero  elements. 
The  differentiation  could  then  be  immediately  performed.  Many  terms  would,  how- 
ever, have  to  be  computed  to  obtain  a  fairly  approximate  result.  Another  method 
would  be  to  compute  not  only  the  perturbations  of  the  six  elements  themselves,  but 
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to  find,  by  finite  integration,  the  sum  of  all  of  the  derivatives  of  their  unit  variations 
as  to  each  of  the  separate  elements  which  entered  into  them.  This  would  require  the 
approximate  summation  of  36  diff'erent  mechanical  quadratures. 

A  careful  examination  of  the  numbers  which  enter  into  the  theory  leads  me  to 
believe  that  during  the  thirty-four  years  over  which  the  present  investigation  extends, 
the  error  in  the  coefficients  arising  from  the  adoption  of  the  hypotheses  (a)  would  not 
amount  to  more  than  two  or  three  per  cent  of  their  true  values  in  consequence  of  the 
perturbations.  Instead  therefore  of  attempting  to  compute  rigorous  differential 
coefficients,  I  have  sought  to  compute  the  perturbations  with  elements  so  nearly 
accurate  that  this  amount  of  error  would  be  unimportant  in  the  final  result.  How  far 
I  have  succeeded  the  future  must  show. 

The  determination  of  the  first  values  of  the  elements  being  only  provisional,  no 
details  of  the  work  are  necessary.  A  rough  correction  to  Schubert's  elements  was  first 
obtained  by  comparing  the  ephemerides  of  the  Astronomisckes  Jahrhuch  with  obser- 
vations. The  epoch  chosen  for  the  comparison  was  1873,  July  1 7.0,  Berlin  mean  time. 
With  osculating  elements  thus  approximately  derived  for  this  epoch,  approximate  per- 
turbations by  Jupiter  and  Saturn  were  computed  for  the  years  1868  to  1878,  and  a 
new  set  of  elements  derived,  which  were  considered  sufficiently  accurate  to  be  used  as 
provisional  elements.    These  were  known  in  the  work  as  elements  III. 

The  next  question  which  arose  was  the  best  method  of  computing  the  definitive 
perturbations,  especially  those  by  Jupiter  and  Saturn.  The  computation  of  general 
perturbations  by  these  planets  was  of  course  not  to  be  thought  of,  and  s})ecial  pertur- 
bations had  therefore  to  be  adopted.  Among  the  astronomers  whom  I  consulted  on 
the  subject  there  was  a  general  consensus  of  opinion  that  the  special  perturbations  of 
the  elements  were  those  which  it  was,  on  the  whole,  most  convenient  to  use. 

A  troublesome  question  now  arises  as  to  whether  the  perturbations  by  other 
planets  than  these  three,  especially  by  the  Earth  and  Uranus,  might  not  be  sensible  in 
the  course  of  the  thirty-four  years'  observation.  It  was  difficult  to  decide  this  question 
otherwise  than  by  actual  trial.  In  the  case  of  the  P^arth,  a  new  difficulty  arises  from 
the  fact  that  the  usual  forty-day  interval  between  the  epochs  of  the  computation  of 
the  disturbing  force  is  too  long,  and  when  we  shorten  it,  not  only  is  the  labor  greatly 
increased,  but  the  liability  to  an  accumulation  of  small  accidental  errors  must  increase. 
This  difficulty  we  must  regard  as  almost  fatal  to  the  accurate  construction  of  a  theory 
of  any  planet  by  special  perturbations  which  shall  hold  good  through  a  great  number 
of  revolutions,  unless,  indeed,  the  individual  computations  are  made  with  a  high  degree 
of  precision.  It  was  therefore  deemed  best  to  compute  the  general  perturbations  of 
the  planet  by  the  Eailh  to  quantities  of  the  first  order  as  to  the  masses.  In  order  to 
make  the  work  con-espond  in  principle  as  closely  as  possible  to  the  other  portions, 
perturbations  of  the  elements  were  chosen.  One  reason  for  choosing  them  was  that 
their  computation  was  somewhat  simpler  than  those  of  the  coordinates  themselves  in 
the  case  of  an  eccentricity  so  great  as  that  of  the  asteroid  in  question.  It  was,  how- 
ever, well  understood  that  the  perturbations  of  the  elements  thus  obtained  would  be 
much  larger  than  the  actual  perturbations  of  the  coordinates.  The  introduction  of  the 
Earth  perturbations,  which  was  not  made  until  after  the  others  had  been  computed. 
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necessitated  changes  in  some  of  the  elliptic  elements,  the  introduction  of  which  was 
productive  of  some  additional  complication  in  the  work,  though  not  of  any  error. 
With  these  changes  the  elements  are  called  IV. 

With  the  perturbations  by  the  four  planets  just  mentioned,  the  project  of  com- 
puting the  perturbations  by  Uranus  being  for  the  moment  abandoned,  Mr.  Comstock 
computed  such  geocentric  places  of  the  planet  as  were  necessary  for  the  formation  of 
normal  places,  and  the  comparison  of  the  elements  with  obsei'vation.  In  order  to 
obtain  normal  places,  however,  it  was  not  deemed  necessary  to  compute  a  complete 
ephemeris  from  the  provisional  elements.  In  most  cases  the  published  comparison 
of  observations  with  existing  ephemerides  was  deemed  sufficient.  Proceeding  in  the 
usual  way,  the  mean  correction  during  an  opposition  was  considered  as  applicable  to 
the  ephemeris  at  the  mean  of  the  times  of  observation,  and  the  normal  place  derived 
accordingly.  In  the  case  of  the  first  opposition  the  observations  extended  tlu'ough 
so  long  a  period  that  two  normal  places  were  formed.  The  coefficients  of  the  equa- 
tions of  condition  were  also  computed,  and  the  whole  work  thus  made  complete  up 
to  the  year  1885.  As  it  was  essential  to  its  completeness  that  the  observ^ations  up  to 
1888  should  be  included,  it  was  necessary  to  lay  it  aside  until  after  that  year  had 
passed. 

In  1893,  on  taking  up  the  work  for  examination,  review,  and  completion,  umch 
reconstruction  was  found  necessary.  The  special  perturbations  were  found  to  have 
been  computed  with  the  greatest  precision,  so.  that  no  alteration  whatever  was  neces- 
sary in  them.  In  most  other  points,  however,  revision  was  necessary.  At  most  of  the 
0[)positions  the  position  of  the  planet  and  the  relation  of  its  geocentric  coordinates 
to  its  elements  changed  so  largely  that  a  single  normal  place  did  not  appear  sufficient. 
It  was  therefore  necessary  to  completely  reconstruct  the  comparison  with  ob.ser\  ation 
so  as  to  form  new  normal  places. 

The  question  whether  the  general  perturbations  by  the  Earth  were  computed 
with  sufficient  rigor,  and  whether  those  by  Uranus  were  insensible,  also  arose.  To 
test  this  question,  I  adopted  a  plan  by  which  a  great  saving  of  labor  could  be  made 
in  computing  the  special  perturbations,  when  the  variations  of  the  elements  of  the 
planet  were  not  rigorously  taken  account  of.  The  principle  of  this  method  is  as  fol- 
lows :  Instead  of  computing  the  disturbing  forces  for  epochs  equidistant  by  an  inte- 
gral number  of  days,  the  time  of  one  anomalistic  revolution  of  the  asteroid  was 
divided  into  a  certain  number  of  equal  parts.  For  the  action  of  Uranus  the  number 
of  parts  was  36,  and  for  the  action  of  the  Eailh  72  were  chosen.  This  amounted  to 
choosing  as  epochs  those  at  which  the  mean  anomaly  of  the  planet  was,  respectively, 
0°,  5°,  10^,  etc.  With  these  values  of  the  mean  anomaly,  the  values  of  all  the  quan- 
tities which  depended  upon  the  position  of  the  distiu-bing  planet  were  computed  once 
for  all.  To  each  of  these  values  would  correspond  7  positions  of  the  disturbing 
planet,  because  the  asteroid  had  made  about  7  revolutions  during  the  period  of  observa- 
tion. The  computation  of  the  disturbing  forces  for  these  seven  epochs  being  made, 
the  variations  of  the  elements  were  computed,  with  a  common  value  for  each  of  the 
quantities  depending  only  on  the  asteroid.  The  differential  variations  thus  obtained 
were  then  computed  and  summed  in  the  usual  way. 
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IV. 

SYSTEMS  OF  PROVISIONAL  ELEMENTS. 

As  already  stated,  rough  corrections  to  Shubert's  elements  were  first  derived  by 
comparing  the  ephemerides  of  the  Astrommische  Jahrbuch  with  observations.  These 
elements  were  as  follows  : 

Ulements  II  of  Polyhymnia. 
Epoch,  1873.    July,  17,0.    Berlin  Mean  Time. 

Mean  Long. 

Long.  Per.  7r  =  ^/^2    20    25.8  ^  Mean  Eq.  1870.0 

Long.  Node. 
Inclination. 
Angle  of  ecc. 
Mean  motion. 
Log.  mean  dist.  log  azz 

With  these  preliminary  elements  the  approximate  perturbations  by  Jupiter  and 
Saturn  were  computed  from  1868  to  1878,  and  ephemerides  thus  computed  compared 
with  observations  and  corrected  in  the  usual  way.    Thus  elements  III  were  derived. 

Elements  III  of  Polyhymnia, 

o  /  // 

Lz=3i8  53  26.9 
;rzz342  19  56.4 
Q=  9  2  44.9 
i=  I  56  20.0 
(p=  19  52  54.7 
M=  732''.7947i 

With  these  elements  definitive  perturbations  by  Jupiter,  Saturn,  and  Mars  were 
computed.  The  addition  of  the  general  perturbations  by  the  earth  made  necessary  a 
further  slight  correction  to  all  the  elements  except  the  node  and  inclination.  The 
result  of  this  correction  is  seen  in  Elements  IV,  the  epoch  being  the  same  as  before. 

Elements  IV  of  Polyhymnia, 

o  /  // 

L  =  3i8  53  28.03 
;rn342  20  2.04 
0,=  9  2  44.90 
izz  I  56  20.00 
(p=  19  52  49.45 
M=  732''.8i640 

These  elements  were  used  by  Mr.  Comstock  in  the  computation  of  ephemerides, 
and  their  com])arison  with  observation,  which  were  intended  to  give  the  definitive 
values  of  the  absolute  terms  of  the  equations  of  condition.    But  in  1 893  it  was  found 
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that  slight  corrections  to  the  elements  might  be  made  which  would  result  in  the 
absolute  terms  being  markedly  smaller.  The  final  provisional  elements  adopted  for 
correction  by  comparison  with  observations  are  the  following : 

Elements  V  of  Polyhymnia. 

o  /  // 

Lzzais  53  30,0 

Mz=336  33  22.5 
;r=342  20  7.5 
<p=  19  •  52  54.2 
Q=  9  2  44.9 
i=  I  56  20.0 
M=  732".8i75o 


RESULTS  FOR  THE  ELEMENTS  OF  POLYHYMOTA. 

In  order  not  to  interrupt  the  continuity  of  the  discussion  by  inserting  the  large 
mass  of  material  on  which  it  is  based,  this  material  has  been  given  in  tabular  form  at 
the  end  of  the  present  paper. 

Referring  to  the  explanation  of  the  tables  for  a  detailed  statement  of  the  quanti- 
ties in  each  table,  it  will  suffice  here  to  say,  in  a  general  way,  that  the  first  four  tables 
contain  the  numerical  data  for  determining  the  perturbations  at  any  time  between  the 
date  of  discovery,  in  1854,  and  the  date  of  the  last  observations  used,  near  the 
end  of  1888. 

In  Table  V  the  perturbations  derived  from  the  first  four  tables  are  applied  to 
elements  V,  to  obtain  the  osculating  elements  at  the  required  dates  of  comparison 
between  theory  and  observation.    This  work  is  given  in  Table  V. 

From  these  various  systems  of  elements  geocentric  places  are  computed,  and 
shown  in  Table  VI. 

Table.  VII  shows  the  mean  corrections  given  by  observations  to  the  geocentric 
places  of  Table  VI. 

In  Table  VIII  these  geocentric  places  form  the  absolute  terms  of  certain  equa- 
tions of  condition  between  the  corrections  to  the  elements. 

In  Table  IX  these  equations  are  modified,  so  as  to  obtain  equations  of  condition 
in  the  form  best  adapted  for  numerical  solution. 

The  equations  of  condition  thus  formed  give  rise  to  the  following  system  of 
normal  equations : 

// 

55 1.70;+ 2 24.5  2^+ 1 77.0  ^—440.5  M—  62.8         2.6  W+  45.o<=+337.8 

2245  +347-3  +2I9-I  —197-0  —  15-1  —    6.3  +175.3  =—127-8 

177.0  +219.1  +630.8  —1 19.6  —  26.9  +    4.6  +117.8  31—503.9 

—440.5  —197.0  —1 19.6  +426.4  +  39.5  —    3.2  —  20.3  =3—398.6 

—  62.8  —  15.1  —  26.9  +  39.5  + 1 12.4  —  27.3  —  12.9  =  +  245.5 

2.6  —    6.3  +    4.6  —    3.2  —  27.3  + 1 14.9  —    2.7  =—179.6 

45-0  +175-3  +117-8  —  20.3  —  12.9  —    2.7  +317.3  =—771.1 
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The  solution  of  these  equations  gives  the  following  values  and  weights  of  the 
unknowns,  and  of  the  corresponding  corrections  to  Elements  V : 

//  // 

a:zz+o.5895;    w=  86.9  <JLo=+  0.5895^0.34 

I/  — +0.9061;  148.1  lOOO(S>ui:z+  0.7182^0.66 

^=1—0.7671;      "    474.3  <J9>  =—  0.7671^0.15 

z^zz— 0.4439;  67.5  <J;r  iz—  0.8878^0.80 

t;=+2.035i;  96,6  tfQ  =  +  60.15  ±1.00 

«^zz— 1.0840;  107.6  6i=—  1.0840^0.31 

— 2.6848;  206.6  5^  =—  o.537o±o.o6 

These  corrections  being  applied  to  Elements  V  give  the  definitive  elements  of 
the  epoch  1873,  July  17.0,  Berlin,  referred  to  the  ecliptic  and  equinox  of  1870.0.  If 
strictly  osculating  elements  are  required,  a  modification  is  to  be  made,  arising  from  the 
fact  that  the  pertm-bations  by  the  Earth  were  not  taken  so  as  to  vanish  at  the  above 
fundamental  epoch.  The  corrections  for  reduction  to  osculating  elements  consist 
simply  of  the  perturbations  produced  by  the  Earth  at  tlie  epoch,  which  are  given  in 
Table  V.   With  this  modification,  the  definitive  Elements  VI  are  formed  as  follows : 


Elements  V. 

®  Pert. 

Corr.  per  Obs. 

Elements  VI  . 

0        /  // 

ri 

//  // 

0        /  // 

L 

318     53  30.0 

+  1.27 

+   0.59  ±  0.34 

318    53  31-86 

71 

342     20  7.5 

—  6.60 

—   0.89  ±  0.80 

342    20     0.0 1 

19    52  54-2 

+  2.33 

—  o.77±  0.15 

19    52  5576 

9      2  44.9 

0.00 

+60.2  ±10.0 

9     3  45-1 

i 

I    56  20.0 

0.00 

—  i.o8±  0.31 

I    56  18.92 

M 

732".8i75o 

—  0.02496 

+     72±  6 

732"-79326 

Epoch,  1873,  July  17.0,  Berlin;  ecliptic  and  equinox  of  1870.0. 

For  the  convenience  of  future  investigators,  we  shall  next  reduce  these  definitive 
Elements  VI  to  the  epoch  1888,  November  8.0,  Berlin  mean  time.  This  reduction  is 
eff^ected  by  applying  to  Elements  VI  the  perturbations  from  the  fundamental  epoch  to 
the  epoch  of  reduction,  together  with  Struve's  precession  and  the  efiect  of  the  motion 
of  the  ecliptic,  from  1870.0  until  1888.0.  The  perturbations  employed  in  the  reduction 
should  be  those  resulting  from  the  definitive  mass  of  Jupiter.  The  necessary  correc- 
tion is  given  below  as  5  n . 

Reduction  of  Elements  VI  to  1888 j  Nov,  8.0,  Berlin  noon. 

h  'rr  <p  Q  i  fi 

o       /        //  o       /  o       /        //  o       /        //  o       /  // 

El.  VI                17   22     4. 56  342   20     o.  01  19  52   55. 76  9     3   45. 1  I   56   18. 92  732. 79326 

U>^,$            -  2    29   57.67  +49    21.95  —24    18.65  —  5    26.5  —I    22.27  —  3-48587 

g                             -1.60  +  325  +0.03  -j-  .00006 

0                     +  2    14. 03  H- 15. 92  —  o.  64  -f-     .  00202 

-  4-57  -f  1-50  —0.74  —  0.2  —  0.04  —  .00177 

Prec.  to  1888.  o           15     4-  7o  15     4-  70  ^3   58. 3  -f  8.  18 


15     9    19.45      343    24    47.33      19   28   35.76      9    12    16.7      I    55     4.79  729.30770 

The  ecliptic  and  equinox  are  those  of  1 888.0. 
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VI. 

INVESTIGATION  OF  THE  MASS  OF  JUPITER. 

The  first  question  we  have  to  consider  is  that  of  the  comparative  accuracy  of  the 
two  methods  of  determining  this  mass — ^by  the  motions  of  the  satelHtes  and  by  the  per- 
turbations of  other  bodies.  Respecting  the  general  method  of  determining  the  mass 
of  a  planet  from  measures  of  the  mean  distance  of  a  satellite,  it  is  to  be  remarked  that, 
other  conditions  being  equal,  the  greater  the  mass  the  less  the  degree  of  accuracy  with 
which  the  detennination  can  be  made.  Although  in  the  case  of  Jupiter  other  con- 
ditions are  not  equal,  yet  a  little  examination  will  show  that  no  determination  founded 
on  measures  of  the  satellite  can  be  entirely  satisfactory.  The  main  source  of  error  in 
these  measures  has  not  received  due  consideration.  Every  observation  for  the  angu- 
lar distance  of  two  neighboring  bodies  requires  for  its  expression  in  arc  that  the 
value  in  arc  of  some  unit  on  the  measuring  scale  shall  be  known.  In  observations 
with  the  filar  micrometer  the  required  factor  is  that  of  one  revolution  of  the  microm- 
eter. In  the  case  of  heliometer  observations,  the  required  factor  is  the  angular  value 
of  the  unit  of  the  scale  by  which  the  distance  of  the  two  parts  of  the  objective 
are  read.  Experience  shows  that  neither  of  these  detemiinations  can  be  made  with 
entire  precision.  A  remarkable  instance  of  this  is  seen  in  the  discrepancy  between 
the  mass  of  Saturn  found  by  the  measures  made  by  Professor  Hall  and  myself  with 
the  Washington  equatorial,  and  the  other  good  determinations  made  in  various  ways, 
including  those  by  H.  Struve  with  the  Pulkowa  equatorial.  It  would  seem  that  the 
discrepancy  must  be  attributed  to  the  determination  of  the  value  of  the  micrometer 
screw  in  the  Washington  instrument;  yet  this  determination  was  made  by  methods 
which  would  seem  best  calculated  to  give  an  accurate  result.  I  have  especially  in 
view  in  this  connection  the  method  employed  by  Professor  Holden,  of  measuring  the 
diflferences  of  declination  between  a  row  of  stars  taken  chainwise,  the  extremes  of  the 
series  being  two  well-known  stars.  In  micrometer  measures  it  is  quite  likely  that  the 
necessary  obliquity  of  vision,  in  case  the  pointing  on  the  two  objects  is  made  simulta- 
neously, may  be  a  source  of  error.  The  fact  with  which  we  have  to  deal  is  that  a  very 
important  systematic  error  seems  to  have  crept  in,  which  would  never  have  been 
known  but  by  the  erroneous  results  to  which  it  led. 

Measures  with  the  heliometer  are  undoubtedly  free  from  some  sources  of  error 
that  might  affect  those  made  with  the  filar  micrometer — those  arising  from  obliquity 
of  the  rays  passing  through  the  eye  piece,  for  example;  yet  the  heliometer,  as  com- 
monly used,  is  subject  to  a  possible  source  of  systematic  error  which  has  not  received 
the  consideration  which  it  deserves.  A  definite  angular  value  can  not  be  assigned  to 
the  scale  of  the  heliometer,  except  by  assuming  a  definite  point  as  the  stellar  focus. 
We  might  go  further  and  say  that  it  presupposes  that  the  rays  through  each  half  of 
the  objective  come  to  a  definite  focus  on  the  retina  of  the  eye  of  the  observer,  the 
lenses  of  the  eye  being  so  adjusted  by  accommodation  that  this  condition  shall  be 
exactlv  fulfilled.  Now  rays  of  different  colors  necessarily  come  to  different  foci 
through  defects  of  achromatism,  both  in  the  glasses  of  the  objective  and  in  the  eye  of 
the  observer.    The  result  of  this  is  that  the  scale  of  the  heliometer  has  a  different 
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value  for  each  ray  of  the  spectrum  that  comes  to  a  different  focus.    Moreover  the 
mean  value  for  all  the  rays  is  not  any  determinable  quantity,  but  depends  on  the 
'  setting  of  the  ocular,  or  the  accommodation  of  the  observer's  eye,  at  the  moment 
of  observation. 

Altogether  I  should  think  that  we  can  not  prudently  rely  upon  a  final  result  of  a 
heliometer  measure  being  absolutely  correct  within  the  six-thousandth  part.  Now  a 
proportionate  error  of  this  sort  is  increased  threefold  in  the  mass  of  a  planet.  I  con- 
ceive, therefore,  that  we  can  not  rely  upon  any  heliometer  measure  giving  a  result  for 
the  mass  of  Jupiter  of  which  the  denominator  will  not  be  subject  to  an  error  of  half  a 
unit,  or  more. 

Yet  another  method  of  measuring  the  distance  between  the  satellites,  or  between 
one  satellite  and  the  planet,  is  available,  namely,  the  method  of  transits.  This  was 
employed  by  Airy  in  his  determination  of  the  mass  of  Jupiter  at  Cambridge.  The 
weakness  of  this  method  is  that  it  may  be  affected  by  personal  equations  in  estimating 
the  respective  times  of  transit  of  the  limb  of  the  planet  and  of  the  satellite  over  the 
thread.  It  is  true  that  this  error,  considered  as  a  rigorous  and  constant  quantity, 
should  be  nearly  eliminated  between  observations  of  the  satellite  made  at  opposite 
elongations.  But  I  hardly  think  that  we  could  practically  count  on  the  elimination 
being  complete. 

The  method  of  making  measures  between  the  satellites  inter  se  through  a  number 
of  revolutions  of  each,  and  thus  independently  determining  the  orbit  of  each,  which 
has  been  applied  with  so  much  success  by  Hermann  Struve  at  Pulkowa,  is  free  from 
some  of  these  objections.  Yet  if  the  heliometer  is  employed  for  this  purpose  it  must 
still  be  affected  by  whatever  uncertainty  may  inhere  in  the  value  of  the  scale. 

The  importance  of  the  possible  error  thus  arising  may  be  seen  by  reflecting  that 
a  change  of  half  a  unit  in  the  denominator  expressing  the  mass  of  Jupiter  corresponds 
to  the  addition  to  the  planet  of  a  mass  more  than  half  as  large  again  as  the  entire  mass 
of  Mars. 

Bessel's  mass  of  Jupiter,  determined  with  the  Kiinigsberg  heliometer,  has  been 
very  carefully  examined  and  corrected  by  Schur.  He  finds  a  correction  to  the  value 
of  the  unit  of  Bessel's  scale,  the  result  of  which  is  to  add  nearly  a  unit  to  the  denom- 
inator expressing  the  mass  of  Jupiter.  As  the  action  of  Jupiter  on  other  bodies  seems 
to  show  very  clearly  that  Bessel's  denominator  is  already  too  large,  this  result  shows 
the  micertainty  of  the  method. 

Just  after  Schur's  investigation,  appeared  that  of  Dr.  Kempf.*  The  original 
observations  here  discussed  are  those  made  by  Dr.  Vogel  during  the  years  1868- 1870, 
but  he  has  also  rediscussed  a  number  of  previous  determinations,  including  those  of 
Bessel  and  Airy.  The  following  four  principal  values  of  the  reciprocal  of  the  mass, 
found  by  measures  of  the  satellites,  is  taken  from  this  paper  (page  125)  : 

Bessel  (Schur),  from  heliometer  measures  1 048.6 29  i o.  1 34 

Schur   1047.232  ±0.246 

Airy    1047.641  ±0.488 

Vogel   1047.767  ±0.3 10 

*Publicationen  des  Astrophysikalischen  Observatoriums  zu  Potsdam,  dritter  Band.    Potsdam,  1883. 
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In  view  of  the  uncertainty  which  inheres  in  the  heliometer  scale,  I  consider  that 
the  indiscriminate  mean  of  these  results  is  more  likely  to  be  correct  than  a  weighted 
mean.  This  indiscriminate  mean  is  about  1047.82,  agreeing  very  closely  with  Bessel's  • 
original  determination,  which  has  been  a  classic  in  astronomy.  At  the  same  time,  for 
reasons  already  given,  I  think  we  must  assign  to  this  result  a  mean  error  of  several 
tenths  of  a  unit. 

The  mass  of  Jupiter  has  been  determined  from  the  action  which  it  exerts  both 
upon  planets  and  upon  comets.  The  use  of  some  comets  for  the  purpose  of  determin- 
ing the  mass  in  question  has  the  great  advantage  that  the  perturbations  are  sometimes 
much  greater  than  in  the  case  of  any  one  planet.  But  this  advantage  is  compensated 
by  the  possible  source  of  uncertainty  in  the  constitution  of  a  comet.  Were  the  latter 
a  well-defined,  spherical,  solid  body,  no  uncertainty  would  arise  from  its  constitution. 
As  a  matter  of  fact,  however,  it  is  not  certain  that  even  the  nucleus  of  a  telescopic 
comet,  when  there  is  one,  can  be  considered  as  a  well-defined  spherical  body.  It  is 
not  even  certain  that  most  of  the  telescopic  comets  are  more  than  clouds  of  what  Pro- 
fessor Newton  has  called  meteoroids— discrete  particles  of  varying  and  uncertain  size. 
It  might  be  claimed  that  the  very  fact  that  the  parts  of  the  comet  keep  together  mili- 
tates against  tliis  view,  since  such  a  cloud  would  speedily  be  dissipated  by  the  unequal 
action  of  distm'bing  planets,  and  even  of  the  Sun,  upon  various  parts  of  its  mass.  If 
we  admit  this,  we  have  to  admit  the  corresponding  fact  that  the  action  of  a  planet,  such 
as  Jupiter,  upon  difierent  parts  of  the  comet  at  any  one  moment  will  be  very  different, 
and  we  can  not  be  sure  that  the  nucleus,  or  other  point  on  which  observations  are 
made,  corresponds  to  the  mean  of  all  the  actions  of  Jupiter  upon  the  several  parts. 
These  considerations  are  supported  by  the  generally  erratic  movement  of  comets,  and 
by  the  ill  agreement  of  their  ephemerides  with  observations.  There  is,  however,  one 
recent  determination  in  which  the  conditions  seem  to  be  so  exceptionally  good  as  to 
merit  a  special  consideration. 

Mass  of  Jupiter,  as  derived  by  Von  Haerdtlfrom  motions  of  Winnecke^s  comet. — This 
investigation  is  contained  in  two  memoirs,  published  in  the  Denkschrifien  of  the  Vienna 
Academy  of  Sciences,  Vols.  55  and  56,  Vienna,  1 889.  From  these  papers  it  would  seem 
that  the  perturbations  produced  by  Jupiter  in  the  motion  of  the  comet  in  question 
amount,  if  the  elements  are  not  first  adjusted  for  perturbations,  to  more  than  twenty 
degrees  in  the  mean  anomaly,  and  more  than  a  quadrant  in  the  geocentric  place. 
Even  after  an  adjustment  the  perturbations  would  amount,  it  would  seem,  to  several 
degrees  in  the  geocentric  place.    The  result  derived  in  the  first  memoir  is 

i:mzzi047.  1752^0.0136* 

In  deriving  this  result,  the  perturbations  by  the  Earth  and  Mars  were  computed 
with  the  old  values  of  the  masses  of  those  planets — that  of  the  earth  being  too  small 
by  about  one-twelfth,  and  that  of  Mars  too  large  by  about  one-eighth.  The  correction 
of  the  equations  of  condition  from  the  source  is,  however,  a  comparatively  simple 
matter,  and  is  imdertaken  in  the  second  memoir.    The  result  is 

i:m=ii047.  1758^0.0210 

*  First  paper,  page  299. 
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SO  that  the  mass  is  not  appreciably  altered,  though  the  probable  error  is  increased. 
The  latter  circumstance  seems  to  indicate  that  the  representation  of  the  observations 
is  not  so  good  when  the  correct  masses  are  adopted. 

I  have  not  been  able  to  give  Dr.  von  Haebdtl's  work  the  critical  examination 
which  it  merits,  but  it  impresses  one  as  being  executed  with  great  numerical  accu- 
racy. Still,  several  possible  soiu-ces  of  minute  error  are  to  be  considered.  The 
rigorous  perturbations  from  1858  to  1886  were  computed  with  the  mass  of  Jupiter 
I  :  1047.54,  and  the  reduction  to  the  final  provisional  mass  i :  1047. 1752  seems  to  have 
been  made  by  increasing  all  the  perturbations  computed  with  the  former  mass,  in  the 
ratio  of  one  of  these  quantities  to  the  other.  The  error  arising  from  such  an  assumed 
proportionality  of  the  perturbations  to  the  masses  might  not  be  inconsiderable;  its 
uncertainty  can  not  be  estimated  with  precision,  but  I  think  it  might  well  amount  to  as 
much  as  one-tenth  of  the  correction.  We  might  therefore  assign  to  the  reciprocal  of 
the  mass  a  possible  error  of  ±0.03  from  this  cause  alone. 

In  view  of  the  very  large  systematic  errors  by  which  the  observations  of  faint 
comets  are  always  aflPected,  arising  from  the  impossibility  of  seeing  any  definite  point 
which  is  known  .to  coincide  with  the  center  of  gravity  of  the  comet,  and  of  the  erratic 
way  in  which  these  bodies  always  seem  to  vary  from  the  ephemerides,  it  is  impossible 
to  regai'd  the  small  mean  error  assigned  to  this  value  as  complete.  At  the  same  time, 
in  view  of  the  magnitude  of  the  perturbations,  and  of  the  satisfactory  way  in  ^hich 
the  normal  places  are  represented,  this  result  would  actually  seem  entitled  to  greater 
weight  than  any  other,  that  from  Polyhymnia  excepted,  notwithstanding  the  uncer 
tainties  just  alluded  to. 

Mass  of  Jupiter  from  its  action  on  Saturn, — Mr.  George  W.  Hill  has  worked  up 
the  observations  of  Saturn  from  1 7  5 1  until  the  present  time.  An  abstract  of  this  work 
will  be  found  in  the  introduction  to  his  tables  of  that  planet  The  masses  of  Jupiter 
and  Uranus  were  determined  from  the  observations  of  Saturn.    For  Jupiter  the  result  is 

I :  mzz  1047.378 ±0.1 2 1 

As  the  observations  of  Satm-n  show  systematic,  though  small  deviations  from 
theory,  the  possible  error  of  this  determination  must  be  considered  as  somewhat 
greater  than  would  follow  from  the  probable  error  here  assigned. 

Mass  of  Jupiter  from  its  action  on  Payees  comst. — In  Holler's  well-known  discus- 
sion of  the  motions  of  Faye's  comet,  he  derived  the  mass  of  Jupiter, 

1 : 1047.88 

Although  the  observations  are  fairly  well  represented,  there  are  still,  as  is  usual  in 
such  cases,  marks  of  systematic  eiTor.  In  the  paper  already  alluded  to.  Von  Haerdtl 
has  subjected  Holler's  results  to  a  careful  examination,  with  a  view  of  determining 
whether  the  motions  of  this  comet  are  reconcilable  with  the  mass  which  he  himself 
has  deduced.  The  result  is  given  on  page  303  of  this  paper.  The  increased  mass 
leads  to  quite  large  systematic  errors,  especially  during  the  apparition  of  1865-66, 
when  the  errors  are  almost  always  negative,  and  amount  at  the  maximum  to  18".  I 
do  not  think  this  result  at  all  conclusive  against  the  larger  mass.    It  simply  proves  the 
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correctness  of  the  remark  already  made,  that  we  should  not  expect  the  motion  of  that 
part  of  the  comet  which  observers  actually  determine  the  position  of  to  be  coincident 
with  the  mean  of  all  the  parts  on  which  the  Sun  and  planets  may  act.  Von  Haerdtl 
also  suggests  that  his  omission  of  the  eflPect  of  the  changed  mass  of  Jupiter  on  the 
inchnation  and  node  of  the  comet  may  have  increased  the  discrepancy. 

Kriiger's  investigation  of  the  motion  of  Themis. — I  have  remarked  in  the  early  part 
of  this  paper  that  the  planet  Themis  is  one  of  those  which  are  well  adapted  to  deter- 
mine the  mass  of  Jupiter,  and  have  alluded  to  Professor  KrOger's  work  on  that 
subject.  The  final  result  of  his  investigation  is  found  in  the  Astronomische  Nach- 
richtenj  Band  81,  S.  331-336,  The  observations  extend  from  1853  to  1870,  between 
which  times  sixteen  normal  places  are  formed.  The  final  result  for  the  mass  of 
Jupiter  is 

I  :  1047.538zto.192 

There  are  a  number  of  other  well-known  determinations,  which  may  be  passed 
over  quite  rapidly.  The  exhaustive  researches  on  the  motion  of  Encke's  comet,  made 
first  by  Encke,  and  then  continued  by  Von  Asten  and  Backlund  at  Pulkowa,  do  not 
seem  well  calculated  to  give  a  good  mass  of  Jupiter.  The  irregular  though  persistent 
acceleration  to  which  the  comet  seems  to  be  subject  would  alone  be  fatal  to  an  accu- 
rate determination. 

Hansen,  in  his  tables  of  Egeria,  found  the  reciprocal  of  the  mass  to  be 

io5i.i2±o.8i 

Quite  apart  from  the  large  value  of  this  denominator  the  result  must  be  subject 
to  doubt  from  the  subsequent  deviations  of  Hansen's  tables  of  Egeria  from  observa 
tion.    This  deviation  shows  that  something  must  be  wrong  in  the  theory  on  which 
they  are  founded,  and  leads  us  to  omit  this  determination  from  those  which  may  safely 
be  utilized  in  determining  the  value  of  the  mass. 

Becker,  from  the  motion  of  Amphitrite,  found 

1047.371t1.31 

The  value  thus  reached  is  very  close  to  that  which  we  must  conceive  to  be  the  most 
probable,  but  the  very  large  probable  error  renders  it  unnecessary  to  introduce  the 
result. 

Another  result  quoted  by  Kempf  is  that  of  Dubjago,  from  the  motions  of  Diana. 
The  result  is 

1045.25  ±0.46 

It  seems  hardly  necessary  to  consider  this  value  further. 

On  the  whole,  I  think  that  the  most  probable  value  of  the  mass  of  Jupiter  will  be 
obtained  from  the  following  determinations,  by  assigning  weights  as  I  do  below.  As 
IS  usual  in  such  cases,  these  weights  can  not  be  determined  by  any  numerical  process, 
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but  only  by  a  general  judgment  of  the  character  of  the  several  results.  The  probable 
error  arising  from  the  uncertainty  of  such  judgments  must  be  included  among  the 
possible  unavoidable  sources  of  error. 

From  all  observations  upon  the  satellites     ....  1047.82  wt  i 

Moller's  investigation  of  Faye's  comet   1047.79  i 

Kruger's  investigation  of  the  motion  of  Themis   .    .  1047.54  5 

Hill's  investigation  of  the  motion  of  Saturn     .    .    .  1047.38  7 

Preceding  investigation  of  the  motion  of  Polyhymnia  1047.34  20 

Von  Haerdtl's  investigation  of  Winnecke's  comet    .  1047.17  10 

General  mean  1047.35 ±0.065 

The  mean  error  ±.065  is  that  derived  from  the  discordance  of  the  results  inter  se^ 
and  not  from  the  probable  errors  assigned  to  the  separate  results. 

Had  we  used  the  latter  probable  errors,  the  result  would,  of  course,  have  been 
much  smaller,  but  entirely  illusory. 

The  fact  that  when  the  values  are  an-anged  in  the  order  of  magnitude,  the  result  to 
which  the  smallest  probable  error  was  assigned  by  the  original  investigator  stands  at  one 
end  of  the  series,  shows  that  the  value  to  be  finally  deduced  must  depend  very  largely 
on  the  relative  weight  which  we  assign  to  the  result  in  question.  According  as  we 
assign  a  greater  weight  to  Von  Haerdtl's  result  we  shall  get  a  smaller  denominator  in 
the  expression  for  the  mass.  A  clearer  view  of  the  relation  of  the  mass  finally  derived 
to  the  weights  assigned  to  the  diff'erent  methods  will  be  gained  if  we  begin  by  consid- 
ering the  results  that  might  be  obtained  from  the  action  of  Jupiter  upon  the  three 
planets.  By  one  extreme  method  of  treatment  we  should  take  the  indiscriminate 
mean  of  these  three  results,  which  would  give 

I :  mzz  1047.42 

At  the  other  extreme  we  should  have  the  result  derived  by  assigning  weights  as  they 
result  from  the  probable  errors  given  by  the  three  investigations.  Numbers  sufficiently 
near  for  the  weights  would  then  be  as  follows  : 

Themis,  weight  2 

Saturn,  ''5 
Polyhymnia,  80 

These  weights  would  give 

I  :mz=  1047.347 

The  general  principles  of  the  theory  of  probabilities,  and  the  fact  that  every 
method  must  be  considered  as  subject  to  constant  errors  peculiar  to  itself,  leads  us  to 
assign  a  system  of  weights  intermediate  between  the  two  systems  given  above. 
Taking  the  intermediate  system,  which  I  consider  the  most  probable,  namely,  that 
given  above,  the  result  is 

Mzzi047.38zb.05 
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From  these  three  intennediate  values  which  result  from  the  action  on  planets,  we 
have  on  one  side  the  results  from  measures  of  the  satellites  and  from  Faye's  comet, 
and  on  the  other  side  the  result  from  Winnecke's  comet. 

Quite  possibly  I  have  erred  in  giving  to  the  latter  result  only  ten  times  the  weight 
assigned  to  each  of  the  first  two  results.  Possibly,  also,  the  results  from  planets 
are  not  subject  to  constant  errors  peculiar  to  each,  as  I  have  supposed ;  certainly  the 
three  results  do  not  differ  more  widely  than  one  would  expect  them  to  from  their 
probable  errors.  Excepting,  however,  for  the  doubt  which  must  depend  upon  the 
weight  to  be  assigned  to  Von  Haerdtl's  result,  I  do  not  conceive  that  any  reassign- 
ment of  weights  would  greatly  change  the  result  1047.35. 

It  is  however  to  be  noticed  that  the  mean  en-or  which  we  assign  to  this  result  is 
much  larger  than  that  which  would  result  from  having  considered  the  small  planets 
alone.  In  other  words,  we  have  increased  the  seeming  uncertainty  of  the  result  by 
adding  to  the  data  on  which  it  depends.  This  however  arises  from  the  fact  just  men- 
tioned, that  the  three  results  from  the  planets  agree  as  well  as  one  would  expect  from 
their  probable  errors,  and  therefore  better  than  the  relative  weights  which  I  have 
assigned  would  presuppose.  Were  it  allowable  in  so  small  a  number  of  results  to 
change  the  weights  assigned  a  priori  on  account  of  discrepancies  in  the  extreme  of  the 
series,  then  we  should  assign  less  relative  weights  to  the  results  from  the  two  comets, 
and  thereby  reach  a  smaller  probable  error  for  the  original  result.  In  other  words, 
the  larger  })robable  error  assigned  to  the  final  result  depends  upon  the  very  fact  that 
Von  Haekdtl  by  so  excellent  an  investigation  as  he  made  u})on  Winnecke's  comet 
obtained  a  result  with  so  small  a  probable  error,  and  yet  deviating  widely  from  what 
would  otherwise  be  the  most  likely  result.  This  legitimately  increases  uncertainty  as 
to  the  final  value  which  should  be  adopted  for  the  mass.  On  the  whole,  I  consider 
that  the  mass  of  Jupiter 

I  :  1047.35  ±0.065 

is  the  one  that,  from  a  sane  and  well-weighed  consideration  of  all  the  results,  we  should 
consider  the  most  probable,  and  that  the  mean  error  here  assigned,  corresponding  to  a 
probable  error  ±0.045,  "^^y  have  a  sound  basis  in  a  sane  expectation. 
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APPENDIX. 

EXHIBIT  OF  MATERIALS  AND  RESULTS  IN  TABULAR  FORM. 

Table  I  gives  the  summation  of  the  differential  variations  of  the  perturbations  by 
Jupiter.  The  formulae  employed  were  those  of  Oppolzer,  as  given  in  his  Lehrhuch 
zur  Bahnbestimmung  der  Cometen  und  Planeten,  Vol.  II. 

The  dates  given  in  the  first  column  of  the  table  are  those  for  which  the  differential 
variations  were  computed.  The  unit  interval  is  the  usual  one  of  40  days.  A  double 
summation  being  necessary  for  the  mean  motion,  the  numbers  of  this  double  summation 
will  correspond  to  the  dates  themselves.  In  the  case  of  all  the  other  elements  the 
summations  correspond  to  the  dates  half  way  between  those  of  computation.  Hence, 
for  perspicuity  the  lines  are  broken  so  as  to  show  where  the  summed  numbers  fall 
in.  The  diff'erential  variations  for  40  days  may  be  found  by  taking  the  difference 
between  any  two  consecutive  numbers. 

The  computations  were  made  for  Berlin  noon  of  the  dates  in  the  first  column,  and 
the  adopted  mass  of  Jupiter  is 

1^1047.879 

Table  II  contains  the  summation  of  the  perturbations  by  Saturn  and  Mai's,  made 
in  the  same  way  as  in  the  case  of  Jupiter.  Those  by  Jupiter  are  summed  separately, 
in  order  that  they  may  be  available  for  computing  the  coefficients  for  correcting  the 
mass  of  Jupiter  in  the  equations  of  condition. 

The  adopted  masses  are 

Saturn;  i-f-3501.6 
Mars ;      i  -r-  3  093  500 

Table  III  contains  the  summation  of  the  perturbations  by  Uranus  for  the  principal 
epochs  at  or  near  the  dates  of  the  normal  places.  The  method  of  computation  has  been 
ah'eady  described  on  page  389.  I  have  deemed  it  unnecessary  to  give  the  summation 
in  full,  believing  that  the  numbers  given  for  the  dates  of  the  normal  places  will  answer 
every  pui-pose  of  examination  and  control. 

Table  IV  contains  the  summation  of  the  perturbations  of  the  mean  longitude, 
the  longitude  of  the  perihelion,  and  the  eccentricity,  produced  by  the  Earth. 

The  action  of  Uranus  and  the  Earth  on  the  inclination  and  node  has  been  omitted, 
as  probably  too  small  to  affect  the  results  of  the  present  investigation. 

From  the  summations  in  these  four  tables,  the  perturbations  of  the  elements  at  any 
moment  are  determined  by  well-known  formulae. 

Table  V.  In  this  table  is  given,  with  great  fullness,  the  computation  of  osculating 
elements  for  dates  near  those  of  the  normal  places,  as  derived  from  the  perturbations 
given  in  the  four  preceding  tables.  The  computations  were  originally  made  for  an 
unnecessary  number  of  dates,  in  order  to  obtain  the  greatest  number  of  points  of 
comparison  between  the  new  computations  and  the  older  ones  previously  described. 
The  difficulty  of  selecting  the  particular  set  of  elements  necessary  to  be  published  has 
led  to  the  inclusion  of  all  computed. 


Digitized  by 


explanation' OF  TABLES. 


It  will  be  noticed  that  the  computations  are  made  sometimes  for  Greenwich  noon 
and  sometimes  for  Greenwich  midnight.  The  computations  of  each  element  are 
aiTanged  in  seven  numbered  lines.  Line  (i)  contains  only  the  value  of  L  found  by- 
carrying  the  original  mean  longitude  forward,  to  the  date  with  the  undisturbed  mean 
motion.  It  will  be  noted  that  this  motion  is  not  the  osculating  motion  at  the  epoch, 
this  motion  being  corrected  for  the  mean  effect  of  the  Earth's  perturbations  during 
the  thirty-four  years  of  observation  in  a  way  to  be  explained  presently. 

Line  (2)  contains  the  perturbations  by  Jupiter,  Saturn,  and  Mars  derived  from 
the  numbei-s  given  in  Tables  I  and  II.  The  reduction  from  the  finite  integrals  given 
in  these  tables  to  the  integrated  perturbations  at  the  date,  are  made  by  the  well-known 
formulae  found  in  Vol.  II  of  Oppolzer's  Lehrbuch  and  in  Watson's  Theoretical 
Astronomy. 

It  will  be  noticed  that  the  same  values  of  these  pertiu-bations  are  generally  used 
for  several  dates  in  succession.  This  course  was  deemed  allowable  for  the  reason  that, 
by  a  well-known  property  of  osculating  elements,  they  give  not  only  the  rigorous 
place  of  the  planet,  but  its  rigorous  motion.  Consequently  the  deviations  in  the  posi- 
tion of  the  planet  due  to  changes  in  the  osculating  elements  are,  for  dates  near  those  of 
osculation,  of  the  second  order,  and  may  therefore  be  regarded  as  evanescent. 

Line  (3)  contains  the  perturbations  by  Uranus  and  line  (4)  those  by  the  Earth,  as 
determined  from  Tables  III  and  IV.  The  latter  perturbations  are  not,  however,  those 
found  directly  from  Table  IV,  a  modification  being  made  to  bring  them  as  nearly  as 
possible  into  accord  with  the  general  perturbations  which  had  been  used  in  first  carry- 
ing through  the  investigation.    The  modification  consists  in  applying  to  L  the  correction 

+  i''.27— o''.024963<, 

t  being  the  time,  in  days,  from  the  epoch  1873,  July  17.  So  far  as  the  result  is  con- 
cerned, it  is  a  matter  of  indifference  whether  we  apply  this  correction  to  the  perturba- 
tions themselves,  or  apply  to  the  elliptic  elements  the  corrections 

(SLozz+i".27 

xJ/iiz  — O  .024963 

to  reduce  them  to  their  osculating  values.  The  number  in  question  was,  however, 
applied  to  the  perturbations  rather  thaii  the  elements,  in  order  to  make  the  change 
from  one  system  to  the  other  as  small  as  possible. 

A  comparison  of  the  perturbations  of  the  mean  longitude  throughout  the  period 
of  computation  makes  evident  the  equation  of  long  period  in  the  action  of  the  Earth 
on  Polyhymnia,  having  as  its  argument 

and  having  a  coefficient  of  about  3''.  The  existence  of  this  term  renders  the  action 
of  the  Earth  of  fundamental  importance  in  the  discussion  of  the  motions  of  the  planet 
and  the  derivation  of  results  from  them. 
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Line  (5)  gives  the  precession,  including  the  effect  of  motion  of  the  ecHptic,  from 
the  fundamental  epoch  1870.0  to  the  beginning  of  the  year  of  computation.  This 
precession  is  throughout  that  of  Struve  and  Peters. 

Line  (6)  contains  the  precession  from  the  beginning  of  the  year  to  the  date, 
together  with  the  nutation  at  the  date. 

The  sum  of  the  six  quantities  thus  formed,  the  value  of  each  Element  V  being 
understood  as  if  given  in  line  (i),  gives  the  osculating  elements  found  in  line  (7). 

Table  VL  From  the  osculating  elements  in  Table  V  geocentnc  places  of  the 
planet  are  computed  for  the  dates  shown  in  the  table,  with  the  results  there  given. 
For  the  sake  of  uniformity  the  rectangular  coordinates  of  the  Sun  are,  throughout, 
those  from  Leverrier's  tables,  the  numbei's  given  in  the  British  Nautical  Almatmc 
being  used  after  the  introduction  of  those  tables  in  1864.  I  may  remark  that  the 
computations  of  the  osculating  elements  given  in  Table  V  were  made  in  duplicate 
by  two  different  computers,  one  of  them  Dr.  Herz,  and  in  slightly  diflferent  ways. 
In  computing  the  geocentric  places  Dr.  Herz  used  the  osculating  elements  com- 
puted by  himself,  while  those  given  in  Table  V  are  those  of  the  other  computer. 
As,  liowever,  the  two  sets  diflfer  by  only  insignificant  amounts,  generally  only  a  few 
hundredths  of  a  second,  I  have  not  thought  it  necessary  to  take  an)'  account  of  this 
difference. 

The  geocentric  places  as  given  are  geometric  places  uncorrected  for  aberration. 

Table  VII  contains  the  mean  corrections  to  the  provisional  ephemerides  as  given 
by  observations.  It  was  not  generally  deemed  necessary  to  form  a  complete  ephem- 
eris  from  Elements  V.  The  positions  given  by  observation  were  first  compared  with 
such  ephemeris  as  happened  to  be  available.  This  was  in  some  cases  that  of  the 
Astronomisches  Jahrbueh,  in  some  cases  an  ephemeris  found  in  the  Astronomische 
Nachrichten,  and  in  others  an  ephemeris  computed  by  Professor  Comstock  from 
Elements  IV.  In  some  cases  the  ephemeris  was  computed  from  the  definitive  Elements 
V.  To  the  mean  corrections  thus  found  from  observation  were  applied  the  differences 
between  the  two  ephemerides. 

In  order  to  make  the  results  of  observations  as  homogeneous  as  possible.  Professor 
Comstock  entered  upon  a  careful  determination  of  the  positions  of  the  various  compar- 
ison stars,  and  corrected  tlie  pubHshed  results  of  observation  accordingly.  Notwith- 
standing the  care  with  which  this  work  was  done,  it  can  not,  in  view  of  the  better 
material  likely  to  be  available  for  determining  the  positions  of  faint  stars,  be  regarded 
as  definitive.  I  have  therefore  deemed  it  unnecessary  to  print  the  rather  voluminous 
mass  of  material  necessary  to  show  the  result  of  each  separate  observation. 

Tables  VIII  and  IX  give  the  equations  of  condition  in  tw^o  forms,  the  unknowns 
of  the  one  being  the  corrections  of  the  elements,  those  of  the  other  convenient  func- 
tions of  those  corrections  cliosen  to  facilitate  the  solution. 
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Date. 

2JLi 



// 

>, 

// 

// 

// 



// 



// 

1854,  Aug. 

26 

r 0053-  051 

  25.  6082 

4-3269. 048 

5'*5'  4"3 

 COCO 

5259.  277 

-t-30.  /oo 

1 149. 009 

1  Oct. 

5 

-f-ou^o.  043 

-X-tlll  Toft 

n^3'*73*  79" 

5'*4.  752 

 COylft  Olyl 

5240.  934 

4-30-  755 

1140.  037 

Nov. 

14 

  »>»7    It  AC 

27.  7245 

-^1011  eft*? 
1^3-^77'  5"7 

  522.  816 

5230-  023 

1  Q 

4-30.  700 

1 

r  T  yl  7  ft7R 
[I47.  070 

Dec. 

24 

—  29.5218 

1  o^*^*  '-'3*-' 

  C  OC%  A  8ft 

 COOO    oft 7 

5209.  203 

4-  in  ftftn 

4. 

146.  164 

1855,  Feb. 

2 

i^7944'  404 

-    31.  5405 

4.1281  o6i 

510. 

 CT8^  ftT7 

-4-7r>  ftiQ 
-j-^u.  019 

1 

IXAA  Oil 
1144.  237 

Mar. 

14 

^7912.  924 

33- 0504 

-(-3.^00.  ou^ 

—  510.  047 

—  ciftrt  rw^7 
— 5  lOU.  UU7 

4-  30.  589 

[I42.  097 

Apr. 

23 

-1-7079.  ^DO 

-l-fyiR  ftRi 

30'  7975 

—  5 '5'  "20 

— 5133'  '95 

+  30-  571 

[139.  944 

June 

2 

.  7°43'  4"9 

iftft 

1  3^/5'  3"" 

5*5'  3**^ 

—  CTr»c  78r) 

-4— 7<"»  cft/1 

1  3"*  5'-'4 

r I  77  oft7 

'  ^37"  9°3 

July 

12 

+7805. 560 

39*  9"39 

-I-327U.  737 

5^5'  733 

507®.  211 

4-30.  505 

4. 

'130.  3^1 

Aug. 

21 

^7705. 

41.  9440 

4-i2ft/i  88q 

—  cift  878 
510.  0/0 

^u^u.  023 

4-30-  570 

1 

^135- 113 

Sept. 

30 

<    7723-  05 i 

—  43*  04 

1    ■I  OCT  I 

^^3257•  921 

—  5^^'  720 

—  5023.  070 

+30-  575 

1 134-  459 

Nov. 

9 

1  /"/9* 

—  45.6506 

1  3'*49*  93*-' 

521.  231 

4997-  577 

4-30-  570 

^34-  405 

Dec. 

19 

/"34' 

  Al  lftfi/l 

47-  3"94 

—  524"  37® 

— 4972.  005 

4-30-  507 

1 

^134-  975 

1856,  Jan. 

28 

4-7586.  789 

—  4^*  99^^ 

1  •}  o-j  r  oftc 

—  520.  127 

■"4947-  543 

4-30*  544 

1130.  loi 

Mar. 

8 

T^7o37«  79^ 

-L-'7/lS'7 

r/4"/«  •'04 

zP'  5374. 

-t-3220.  775 

—  532.  444 

—4924.  079 

4-30-  503 

-r 

f  137-  927 

Apr. 

17 

5  *  •  9°93 

1  3'*'-'9'  "3^ 

~  537-  292 

 49UI.  005 

4-30.  440 

4- 

[140.  213 

May 

27 

1  7435'  '*"5 

53' 3553 

T-3*97'  9*4 

—  542.  032 

 ylfifirk  Roft 

—  4^^^*  02D 

+30-  351 

1 

4- 

1 142.  935 

July 

6 

+7381.  910 

54*  0372 

-4-7  i8c  '7nft 
-1-3105.  7U0 

 A  Rft  f  Ar\ 

—  4^"^.  240 

+30-  235 

1 

4- 

1 145-  993 

Aug. 

15 

-^-7327.  273 

55'  0305 

Sept. 

1  3^73- 

—  554-  61 1 

—  4543.  13b 

4-30.  090 

1 

4- 

[149.  270 

24 

+  7271.437 

+  7214.  483 

  eft  OCylC 

50.  9545 

-f-3100.  1  13 

561.  152 

-4020.  5"9 

+  29.  915 

1 

[  152.  639 

Nov. 

3 

Dec. 

57-  992" 

_1_  niA(\  Stt 

^3*4"'  '^7* 

—  567.  989 

—  401  I,  001 

4-29.  710 

1 

-r 

^55-  9«o 

13 

4-7156.  491 

1857,  Jan. 

50.  9493 

^3*33-  422 

~  575-  003 

4790.  395 

4-29.  476 

1 

'  159-  1 19 

22 

_1_  "TOO*?    C  /I  "7 

-1-7097.  54-j 

Mar. 

—  59*  ^20 1 

-{-3119.  030 

—  502.  309 

A^Qfi  Qrft 

4-29.  215 

tibi.  957 

3 

r  7"37-  7^0 

Apr. 

4-6977.095 

—  00.  0214 

-f-3100.  155 

—  509.  D02 

—4776. 921 

+  28.  930 

4- 

^  164.  3531 

12 

ftr 

^i-  3333 

-t-3092.  459 

—  597-  052 

-|-20.  025 

1 

"T 

rrftft  iftft 
1 1 00.  1  oO 

May 

22 

+6915.  762 

July 

^6853.803 

  ftr  oc5^ 

1  3w"* 

—  004.  4'  ^ 

— 47"^*  020 

-Loft 

T-20.  303 

1 

4- 

^  io7-  350 

I 

Aug. 

^6791.309 

  fto  AC\l9i 

0^.  493" 

i^3^5'  234 

—  oi I.  071 

 >i»7cft  RftR 

— 475"*  000 

4-27.  970 

1 

-r 

[I07.  753 

10 

Sept. 

+  6728.  376 

  02.  932^ 

^3"5*'  022 

ft  T  $2  Tft*? 

—  010.  7^7 

4753-  059 

-f  27.  632 

4-^ 

[167.  326 

.9 

-  6-;.  2678 

4-^0';8.  622 

—  62s.  6d2 

— 4.7^0.  A21 

4-27  2QA. 

4-] 

[166. 022 

Oct. 

^9 

t  6665.  108 

-  63. 4898 

4-3025.  698 

—  632.246 

—4748.  737 

4-26.964 

4- 

[163.  820 

Dec. 

8 

r- 6601.  618 

1858,  Jan. 

4-6538.031 

-  63. 5867 

+3013.  117 

—  638.547 

—4747.  736 

-h26.  647 

4- 

ti6o.  729 

1 

17 

Feb. 

26 

4-6474.  488 

-  63. 5432 

+3000.  957 

—  644.528 

—4747.  109 

+  26.  350 

+^ 

[156.  788 

Apr. 

+6411.  147 

~  63.3413 

-h2989.  303 

—  650.  197 

—4746.  520 

4-26.080 

+ 

[152. 072 

7 

May 

+6348.  188 

—  62.9588 

4-2978.  255 

-  655.595 

—4745.  609 

4-25.  843 

4- 

[  146.  692 

17 

—  62. 3702 

+2967.  930 

—  660.  798 

—4744. 023 

+  25.644 

+^ 

[140.797 
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Date. 

- 

// 

// 

// 

// 

// 

// 

// 

lO^Oj  J  Ullc  *0 

^^ozo^,  010 

-  61.5471 

4-2958.  461 

 AIAT  AC.O 

474'.  45-* 

-l-oc  /iRR 
400 

— U  T  I  7yl  C7>l 

*  *34.  574 

Aug.  5 

-  60.  4607 

4-2950.  005 

 ylT7T  ^y^T 

_i_2C  17R 
T^O.  3/" 

^TTOR  lACk 

Sept.  14 

-f  6163.  810 

+  2942.  739 

-  59.0871 

676  6IQ 

7  .  9 

 /I  T  7  *>  TOC 

4732.  705 

~r25.  3ID 

4—  J  122  084 

Oct.  24 

-I-01U4.  7^3 

-  57.4179 

4-2936.  854 

554 

4720.  754 

-i-OC  700 
-t-25.  300 

i-  T  T  7TO 

■f-  1 1 10.  3/2 

uec.  3 

— i— firiyi*?  7r>c 

  ftRa  r%A  1 

-  55.4777 

+  2932.  542 

 /1TOO   A\  A 

47  2u.  414 

— l-oc  70^ 

+  T T  II.  41 1 

1059,  J**"* 

— 1— CftfkT  J^O*? 

"95.  907 

-4-oc  7R/I 
^'*5.  3"4 

-  53.3484:  +2929.979 

4714.  5*7 

-1—  T  f  OT  yITT 
-t-1107.  477 

e  . 

— l-COiR    /I  TO 

—  51.  1928  i  +2929.  289 

  TOO  fmc 

70-^.  995 

 Anfv\  Rto 

— 4 /^-'9. 

4-25.  401 

1    T  xr\A  TCT 

1  I  *"4.  757 

Apr  2 

-r^oo/.  ^ou 

—  49.  2585 

4  2930.516 

 .    TOO    7  C  7 

7^.  353 

 A  *JtSp%  7/17 

4700.  343 

4-OC  C7R 
^•*5.  53° 

_i_  T  T07  OTO 

I^'Iay  1 2 

-  47.8445 

+2933.  579 

7*4-  210 

 /I  TOO  Rtc 

4702.  075 

~r25.  595 

1    T  TOO  TOT 

1  HJ2.  /9/ 

June  21 

-  47.2412 

4-2938.  220 

 Af^^  T07 

4090.  793 

-t-25.  012 

It  TOO  Rofi 

Tulv   a  I 

-  47.  6763 

-f2943.  962 

  7TT  Jjfk 

 A^Aa  ^C7 

4004.  053 

— UOC  C77 

1  -^5.  573 

—I-  T  TOO  AfsO 

Sept.  9 

0"90' 

-  49.  2984 

4^2950.073 

  7 1 C  TO>1 

— /l/^/>7  C\\f\ 

~^4'^^2.  94^ 

—1-  0  C    A  70 

v^O'  47" 

-)-  1  1  0^4 

Oct.  19 

i^0"40' 

-  52.  1891 

+2955.  553 

  7 1 T  iRq 

/II.  309 

 AfsoSK  f\00 

-4-OC  70C 

^-^5-  3"5 

-I-  TOoft  OC/I 
-f-  1090.  054 

Nov.  28 

-4-ccQi  780 
\ooyo'  /"^ 

-  56.3843 

+  2959.  136 

  706  70^ 

— /1C7Q  282 

-l-OC  OQI 

4-1087.  184 

lOvAJ)  Jail.  y 

— 1-CC77  70ft 

—  61.8912 

4-2959.  279 

  701.  842 

4513-  ^43 

— (-  OA   Rc  1 

-t-24.  054 

— L-  TOT 0  IOC 
-)~  IO/2.  495 

Feb.  16  • 

-l-Cyl7C  CDC 

1  5475'  S'-'o 

—  68.  6950 

+  2954.  162 

  Aqt  cSc 

"9/.  5'-'5 

— 44^*^'  9^ 

-t-24.  033 

4— TOCO    /i  To 

"t-  1U5U.  47U 

T^at*  27 

-  76.7574 

4-2941.685 

  f\C%A    f\A  0 

 /170C  oco 

430"  95" 

-4- Oyl  /I7R 

i    T  0  T  0    7  ^1 0 
1    1019.  749 

ay 

^533^-  "53 

—  86.0087 

4-2919.  479 

—  fydl  ^00 
093.  DU9 

 /I  007  TTO 

4203.  772 

— UOvl  AC1 

—1—    OTO    7  TT 

r  979.3*7 

June  15 

-  96.3358 

-|-  2884.  940 

—  694.911 

+  24.  619 

-■4  QoR  707 

juiy 

-I-  C  T  1  7  7oR 

—107.  5689 

4  2835. 327 

  f^cA  7C7 

'-»9°.  ioi 

 7000  Rfio 

4-25.  048 

+  868.  222 

ocpt.  3 

-t-5040.  139 

—119.  4637 

-2767.  913 

  70C   Ovl  0 

705.  049 

 3725.  904 

+  25.  791 

1       Too  OTO 
-f-    799.  219 

-I-492U.  0/5 

—131.6924 

4  2680.  202 

  T  T  7    7  CO 

7*3.  35-^ 

— 3533.  2o2 

4-ofi  R7C 

4—    TO>l  TOT 
724.  197 

Nov.  22 

4-/17SX  q8i 
-t-4700.  903 

-143.  8369 

4-2570.  241 

  722.  811 

 IIO'J  T70 

^28.  286 

4-  6yi6  8«;zl 
-f-  U4U.  0^4 

tR^t    Tan  i 

1  4"4o'  ■*^4'-' 

—155.  3991 

4^2436.984 

  772  i8«; 

/3'*.  *"5 

 7  T  TO  0^7 

-4-OQ  OC7 

^'*9.  953 

4-  c  T  T  Rto 

.Feb.  10 

-i-AARci  7/17 

-t-4409.  /4/ 

— 165.  8246 

4-2280. 660 

  T70  QTO 

739.  9*" 

 o5l8/i  A70 

^  7  T   n  A  T 

'  3*.  741 

4-    cO/i  7RR 

5"4-  3*^" 

T^ar  22 

T^43'*3'  y-^-^ 

  T/1j1  ofjf^ 

—  744.  200 

-i-  7  7  yt^^O 

—174.  5453 

4-2103.099 

 O^C7  ACV^ 

2053.  49" 

4-   /1 10  70 T 
449.  3-** 

JWLay  I 

1    A  1  A(\  777 

-t-4149.  377 

+  1907. 833 

4-7 4  880 

— 181.  0405 

  Ty17  f%\K. 

 OA iR  Q70 

4-  yi  in  AACi 

Tune  10 

4-7Q/vS  127 

-t-3900.  33/ 

—184.  9019 

+  1699.986 

  776  684 

—2182.  985 

-i-ic  760 

+  389.606 

July  20 

+3783.  435 

—185.  8902 

4-1485. 872 

—  722.  81"^ 

— IQ47.  012 

-t-  386.  328 

Aug.  29 

+3597.  545 

—183.  9697 

+35.  256 

4-1272. 341 

—  702.  100 

—  I7I2.  215 

^  397.809 

Oct.  8 

+3413-  575 

—179.3084 

4-1066. 041 

—  675. 405 

—  1479.  632 

+33.  722 

-  419.530 

Nov.  17 

4-3234.  267 

— 172.  2480 

-h  872.  753 

—  644.  200 

—1250.  399 

+31.415 

^  446.  186 

Dec.  27 

^3062. 019 

—163.  2514 

f  696.905 

—  610.331 

—  1025.881 

+  28.  501 

+  472.  648 

1862,  Feb.  5 

+2898.  768 

-152.  8387 

+  541.370 

—  575. 730 

—  807.  703 

+  25.  195 

+  494.  754 

Mar.  17 

+2745.  929 

—  597.  666 

+  509.  780 

—141.  5312 

4-  407.475 

-  542. 173 

+  21.  723 
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Table  1. — Summation  of  Perturbations  by  Jupiter — Continued. 


Date. 

2JLi 

-   

— 



// 

// 

// 

// 

// 

1002,  /v,pr. 

4-2604.  398 

+  2474.  588 

— 129.  8092 

-f 

295.  244 

—  511.  119 

— 

397. 641 

+  18.  293 

4- 

516. 508 

June 

5 

—  118.0855 

+  203.680 

—  453.  022 

— 

209.403 

+  15.  074 

+ 

515.033 

July 

15 

+  2356.  503 

t2.  185 

—  106.  6943 

-f 

131.088 

—  460.321 

— 

34.518 

-f 

4- 

506. 425 

Aug. 

24 

+  2249.809 

-      441.  470 

125.  761 

9.698 

—  95.8917 

-f 

75. 360 

+ 

+ 

+ 

492. 332 

Oct. 

3 

+  2153.917 

-  85.  8638 

-f 

34.  208 

  427.  042 

270.  533 

7.640 

+ 

474. 634 

Nov. 

1 2 

+  2068.053 

—  76.  7391 

H- 

5. 327 

-       416.  723 

399.  230 

6.  004 

+ 

455. 175 

Dec. 

22 

^1991.314 

-  68.5998 

— 

13. 485 

  410.  055 

+ 

511.  616 

+ 

4.  758 

4- 

435. 581 

1003,  Jan. 

31 

+ 1922.  7T4 

3-  854 

417. 164 

-  61.4944 

— 

24.  272 

—  400.  453 

607.  741 

4- 

+ 

iVlar. 

1 2 

f 1861.  220 

—  55.  4486 

— 

28.881 

Ar\e  ten 
—    405.  259 

687.917 

4- 

3.  237 

+ 

400. 882 

April 

2T 

+  1805.  771 

  405.  702 

2.847 

387-  346 

-  50.4715 

28. 952 

-f 

752.  705 

4- 

JVlay 

3^ 

^1755.  299 

2.  628 

—  46.  5613 

— 

25. 924 

  407.  225 

+ 

802.934 

4- 

+ 

376. 845 

July 

10 

+  1708.  738 

-  43.  7081 

— 

21, 042 

Q 

—   400.  903 

-h 

839.  722 

+ 

2.  526 

'  + 

369. 391 

Aug. 

+  1665.030 

15. 367 

  4^0.  070 

864.576 

364.  759 

—  41.8896 

— 

4- 

-f 

2.495 

+ 

oepi. 

oft 

2o 

+  1623.  130 

879. 468 

362.  532 

—  41.0629 

— 

9.  773 

—  410. 113 

+ 

4- 

2.  497 

Nov. 

7 

+ 1582.  067 

1 

-  4T.  1496 

— 

4.950 

~  408.544 

886.855 

4- 

2.501 

+ 

362.  146 1 

Dec, 

+  1540.917 

.  1 

—  42.0153 



1.398 

—  405. 208 

4- 

889.  541 

-f 

2.  485 

+ 

362.  941 1 

rfi.A.A  Tom 

1004,  Jan. 

20 

+  1498.  902 

2.438 

-  43  .4600 

4- 

0.576 

-  400.327 

-f 

890.  250 

4- 

-f 

364.  227  i 

IVIar. 

0 

+  1455.  442 

-  45. 2305 

-f 

0.  842 

-  394.  479 

+ 

890.995 

+ 

2.  357 

+ 

365. 361 1 

Apr. 

15 

+  1410.  212 

1 

-  47.0742 

— 

0.603 

-  388.  362 

f- 

892.  589 

4- 

2.  247 

365.  824 

JVlay 

25 

-I-1363.  138 

1 

-  48. 7830 

— 

3.  651  I  -  382.  544 

-f 

894.  778 

4- 

2.  118 

+ 

365.  262 

Till  V 

Juiy 

4 

+  1314-  355 

1.980 

1 

—  50. 2293 

— 

8.  134 

-  377.  295 

896.  745 

+ 

363.4921 

Aug. 

13 

+  1264.  126 

13.  848 

1 

—  51.3594 

— 

—  372.610 

4- 

897.  682 

+ 

1.846 

+ 

360.  474 

oept. 

22 

+  121 2.  767 

-  368.318 

—  52. 1 701 

— 

20.584 

4- 

897. 075 

-h 

I.  724 

+ 

356.  263 

Nov, 

I 

+  1160.597 

-  52. 6853 



28.  135 

-  364. 190 

+ 

894.  760 

H- 

I,  621 

4- 

350.  984 

Dec. 

1 1 

4-1107.  912 

1 

—  52. 9389 

36.  330 

-  360. 007 ;  + 

890.  837 

+ 

1.544 

+ 

344. 79^ ; 

tQAp  Ton 

1005,  J  an. 

20 

4-1054.  973 

1 

337.860 

—  52. 9663 

45. 015 

-  355. 588 

+ 

885.  581 

+ 

1.495 

4- 

iViar. 

I 

+  1002. 007 

—  52, 8002 

54.065 

—  350. 797 

4- 

879.  357 

1.478 

4- 

330.366^ 

Apr. 

10 

T  949-207 

-  52. 4683 

63.  377 

—  345.547 

4- 

872.  564 

1.493 

+ 

322. 491 

May 

20 

+  896.  739 

-  339. 785 

865.  603 

—  51.9941 

72.  870 

-h 

+ 

1.539 

+ 

314. 412 

June 

29 

+  844.745 

—  51.3962 

82.  471 

-  333.487 

4- 

858. 856 

I.  616 

-h 

306. 271 

Aug. 

8 

-b  793.349 

—  50. 6899 

92.  125 

—  326. 661 

4- 

852.  676 

I,  722 

4- 

298,  224 

Sept. 

17 

+  742.659 

-  49. 8874 

loi.  784 

—  319. 330 

-h 

847.  383 

1.854 

+ 

290. 410 

Oct, 

27 

+  692.772 

-  48,  9977 

III.  408 

—  311.530 

4: 

843.  256 

+ 

2. 010 

4- 

282, 946 

Dec. 

6 

-h  643.774 

—  48.0282 

120.  959 

—  303. 316 

4- 

840.  542 

2,  186 

275.  937 

1866,  Jan. 

-T  595.746 

—  46,  9844 

130.  403 

—  294. 746 

4- 

839.  451 

2.  378 

269. 471 
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PERTURBATIONS  OF  POLYHYMNIA. 
Table  L— Summation  of  Perturbations  by  Jupiter — Continued. 


Date. 



2  J/ 

// 

// 

// 

// 

// 

// 

1866,  Feb. 

24 

540.  70^ 

502.  892 

AC  RAnn 
45.  0099 

—   139.  705 

— 

285.  888 

-p    040.  100 

4-  2.  501 

+ 

263. 615 

Apr. 

5 

4_ 

44*  0070 

—    140.  {532 

— 

276.  813 

-\-    042.  012 

+  2.  792 

+ 

258. 422 

May 

15 

"f~ 

458.  204 

414. 

43-  4392 

157.  747 

— 

267.  597 

-T  047.510 

4~  3-  000 

+ 

253. 923 

June 

24 

j_ 

42.  1257 

—  loo.  ^10 

— 

258.  323 

^  P54.  300 

4-   3.  2I0 

250. 131 

Aug. 

3 

4_ 

372.  639 

249.068 

40.  7473 

—  174.  7»4 

— 

T-   003.  390 

+    3.  424 

+ 

247. 039 

Sept. 

12 

_l_ 

39-  3^^ 

— 

239.  914 

-\-    074.  030 

4-  3.  020 

244, 622 

Oct. 

22 

292.  588 

Dec. 

37.  7955 

—  190.  474 

— 

230.  943 

-f-   000.  009 

4-  3.  ?X)2 

+ 

242. 836 

I 

1 

254.  793 

1867,  Jan. 

218.  572 

30.  XZIZ 

—  197.  005 

— 

222.  237 

1     rir\i  not 
^    903.  72 A 

~r  3.  9^7 

+ 

241. 619 

10 

Feb. 

183.  991 

1A  c5^9 
34.  5<50i3 

—  204.  399 

— ' 

213.  879 

^  921.  477 

+  4-  112 

+ 

240. 894 

19 

32.  0740 

—  210.  552 

— 

205.  947 

-|-  941.  266 

+  4.  235 

+ 

240. 572 

Mar. 

31 

1 

-f- 

151.  117 

31.  lOIO 

—  216.  073 

— 

198.  520 

r  962. 972 

+  4-334 

+ 

240. 551 

May 

10 

_!_ 

r 

120. 015 

June 

29.  2050 

  220.  091 

— 

191.  673 

i  AAA 

-r  9^-  444 

+  4.  409 

+ 

240. 721 

19 

90.  750 

27.  3674 

'*'^4'  93" 

— 

185.  477 

^~ix}\.x>  4y^ 

—I-    A  Af^ 
-f-   4.  4OU 

4- 

240. 970 

July 

29 

63.  383 

25.  4140 

5 

— 

180. 001 

-f-  1037.  072 

-f-  4.  400 

241. 186 

Sept. 

7 

_L 

37.968 

—  230.  334 

— 

175.  304 

-(-1065.  293 

^  4-  495 

241.  264 

Oct. 

17 

1 

14.  552 

21.  3^59 

—  231.  530 

— 

171.430 

+  1093.  390 

-4-  A  aRc 
^  4.  4*^5 

+ 

241. 115 

Nov. 

26 

6.834 

19.  3479 

~"  231.  037 

— 

168.  410 

-^1121.  700 

[          4.  402 

+ 

240. 672 

1868,  Jan. 

5 

26.  182 

17.  3300 

"  230. 

— 

166.  238 

+  II49.  641 

+  4-  430 

+ 

239. 901 

Feb. 

14 

43-519 

15.  4049 

—  zzo,  ^09 

— 

164.  854 

+  1176.484 

1         A  ti 

"T  4.  39^ 

+ 

238. 816 

Mar. 

25 

58.  924 

13.  0321 

—  224.  793 

- 

164.  no 

-f-I20I.  327 

4-  4-  305 

+ 

23^.  490 

May 

4 

72.  556 

12.  1305 

—  220.  144 

— 

163.718  +1223. 077 

T-  4.  343 

4- 

236. 073 

June 

13 

84.  692 

July 

1 1.  0902 

-  214.519 

— 

163. 178 

4-1240.507 

+  4.332 

+ 

234.809 

23 

95.  782  i 

lo.  7304 

—  ^vJO.  ^7^ 

— 

161.682 

+  1252.  410 

1        A  lit 

4-  4-  331 

+ 

234.040 

Sept. 

I 

106.  518 

Oct. 

I  !•  3940 

—     202.  041 

— 

158. 061 

f  1257.  957 

+  4.  330 

234. 191 

II 

117.  912 

13.  4208 

~~     196.  916 

— 

150.  881 

—  1257.  264 

4~  4-  305 

+ 

235. 679 

Nov. 

20 

131.333 

17*  Oc>4i 

—  194*  ol  I 

— • 

138. 858 

+  1251.815 

+  4-  212 

238. 681 

Dec. 

30 

148.417 

—  197.  570 

121.  981 

4-1243.812 

4-  3-  9^ 

242. 621 

1869,  Feb. 

8 

170.  645 

27.  9059 

—  200.  477 

102. 420 

f 1233.  333 

~h  3-  545 

+ 

245. 578 

Mar. 

20 

198.  61 1 

Apr. 

32. 5981 

-  228.686 

84.494 

+  1215.059 

+  2.861 

4_ 

244. 157 

29 

231.  209 

34. 4020 

—  256.  155 

72.  158 

+  1180.000 

+  1.996 

235. 016 

June 

8 

265.  611 

32. 7810 

-  285.563 

66.  237 

+1123.  352 

+   I.  lOI 

+ 

217. 304 

July 

18 

298.  392 

28. 4925 

64.  470 

-  311.313 

+  1049.  271 

+  0.327 

+ 

193. 279 

Aug. 

27 

326.  884 

22.  8219 

-  330.  136 

64.  226 

+  967.063 

—  0.  249 

4- 

166. 501 

Oct. 

6 

349.  706 

16.  8280 

-  341.349 

63.  821 

+  885.312 

—  0.  621 

+ 

139.994 

Nov. 

15 

366.  534 

II.  I3I4 

—  345.  722 

62.643 

^-  809. 032 

—  0.  823 

+ 

115. 504 
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Table  I. — Summation  of  Perturbations  by  Jupiter — Oontinued. 


Date. 

2JL. 

// 

ft 

// 

1869,  I>ec.  25 

377.  665 

740. 606 

a  097 

6. 0094 

344-  492 

oo.  090 

1 

-r 

1 

4- 

ftftrk 
93.  059 

1870,  Feb. 

3 

383.  674 

I.  541 1 

33^.  099 

50.  100 

1 

0.  881 

4^ 

75*  391 

Mar. 

15 

305.  215 

O2o.  097 

0.  000 

59- 

+ 

2.  2914 

329.  975 

55-  395 

1 

4- 

1 

4- 

Apt, 

24 

382.  924 

502.  490 

47.  090 

5-  5405 

310.  540 

52. 521 

1 

4- 

1 

4^ 

June 

3 

377-  377 

0.  500 

30.  715 

1 

-r 

0.  2919 

305.  240 

49.  716 

4^ 

542.  633 

1 

4^ 

July 

13 

369.085 

47*  ooo 

507.  528 

28.  401 

4- 

IO-5945 

290.  569 

1 

4- 

0. 434 

1 

4~ 

Aug. 

22 

358. 490 

44*  022 

47".  300 

21.  030 

1 

12.  "5136 

274.  557 

1 

4- 

0.  303 

1 

4^ 

Oct. 

I 

345-  970 

1 

14. 1000 

250.  497 

42.  387 

1 

4^ 

448.  205 

0.  180 

4^ 

lo.  740 

Nov. 

10 

331.  876 

422.  628 

1 

T" 

15-  3903 

241.  039 

40.  355 

0.  071 

_L_ 

4^ 

12.  052 

Dec. 

20 

316.  480 

1 

-7- 

4370 

224.  5^ 

30.  490 

_l_ 

399.  009 

0,  026 

_L_ 

4^ 

9'  950 

1871,  Jan. 

29 

300.042 

30.  700 

4^ 

1 

4^ 

7.  041 

1 

-f- 

17-  2539 

207.  244 

4" 

377.  134 

0,  109 

Mar. 

10 

282.  788 

.1 

-r 

17. 5079 

190. 01 1 

35.  185 

4- 

356.  515 

0.  177 

4_ 

Apr. 

19 

264.  920 

33.665 

33^.  974 

4^ 

1 

-T- 

lo-  2995 

172.  923 

4- 

0.  230 

1 

5'  372 

May 

29 

240.  D20 

310.  320 

0.  209 

4'  750 

1 

10.  5^2 

156. 090 

32.  201 

4- 

1 

1 

4^ 

July 

8 

228.  056 

4.  410 

1 

+ 

10.  6747 

139.  617 

30.  771 

4- 

300.  429 

1 

4^ 

0.  295 

1 

4^ 

Aug. 

17 

209.  381 

29.  362 

283.  170 

1 

-r 

10.  O4OO 

123.  001 

4- 

0.  309 

4.  270 

Sept. 

26 

190.  740 

200.  453 

1 

lo.  47^^ 

100.  130 

27.969 

4- 

1 

0.  312 

1 

4^ 

4.  244 

Nov. 

5 

172.  270 

+ 

10.  lOoO 

93"  310 

26.  593 

-f 

250.  185 

1 

4^ 

0.  305 

1 

4^ 

Dec. 

15 

154.  102 

1 

17-  7307 

79*  226 

25.  241 

4- 

234-  274 

1 

4^ 

0.  290 

1 

y<  loft 
4.  320 

1872,  Jan. 

24 

136.  363 

2I0.  0I4 

I. 
4^ 

17.  i»45 

05.  953 

23.  920  + 

1 

4.  345 

Mar. 

4 

119.  179 

-r 

lo.  5000 

53.  584 

22.  635 

-f 

203.  092 

4- 

0.  240 

4- 

4.  297 

Apr. 

13 

102.  672 

4.  150 

-f- 

15-  7058 

42.  199 

21.388 

4- 

107.  573 

1 

4^ 

0.  2OO 

1 

4^ 

May 

23 

00.  9^^ 

1 

4" 

+ 

14.  7^^0" 

31.  001 

20.  173 

+ 

171.  912 

0.  173 

1 

4- 

3.  910 

July 

2 

72.  185 

18.  970 

155.  904 

rk  Tift 
0.  130 

'y    e  aH 

3-  540 

13- 7314 

22.  705 

4- 

1 

4^ 

1 

4^ 

Aug. 

II 

58.  454 

17.  746 

1 

4- 

1 

4- 

-h 

12.  5570 

14.  745 

4- 

139.  590 

0.  104 

3. 079 

Sept. 

20 

45-  897 

122.  Oo2 

1 

-r 

II.  2582 

0.  009 

16.  448 

-h 

1 

4- 

0.  073 

1 

4- 

2.  522 

Oct. 

30 

34-  039 

105.  187 

+ 

4- 

f 

9. 8385 

— 

2.  732 

- 

15.005 

4- 

0.047 

I.  912 

Dec. 

9 

24.  800 

-f 

8.  3055 

I.  215 

13.  336 

4- 

87.  147 

4- 

0.  026 

4- 

1.295 

1873,  Jan. 

18 

16.  495 

68.  733 

0.  726 

6.  6747 

3.  740 

11.359 

+ 

4- 

0.  012 

4- 

Feb. 

27 

9.  820 

+ 

4.  9725 

4.836 

9.005 

4- 

50.  257 

4- 

0.  004 

+ 

0.  265 

Apr. 

8 

4.848 

4.  528 

6.  258 

32.  208 

+ 

3.  2420 

+ 

4- 

0.  001 

0.032 

May 

18 

•  1.606 

1.5498 

4- 

2.  887 

3.186 

15. 210 

4- 

0.  001 

0.  127 

June 

27. 

- 

0.056 

0.  OIOI 

0.  042 

0. 008 

0.  089 

0.  000 

0. 008 

Aug. 

6 

0.  066 

0.  296 

1. 3175 

_ 

3.815 

2.  980 

13.  248 

0  004 

Sept. 

1.383 

2.  2418 

8.429 

0.  016 

5-  279 

24.  334 

0.  709 
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Table  I. — Summation  of  Perturbations  by  Jupiter — Continued. 




2JL. 

2^2 

-  - 

// 

// 

// 

// 

// 

// 

1873,  Oct. 

25 

3-  025 

2.  6745 

6.498 

4- 

— 

13.499 

+ 

—      34.  Ill 

—  0. 037 

I.  115 

Dec. 

4 

6.  300 

2.  5600 

— 

18.698 

4- 

6.480 

-  43.876 

—  0.  OOo 

1 

4- 

1-373 

1874,  Jan. 

13 

0.  069 

I.  9561 

— 

23.698 

4- 

5. 365 

—      54.  951 

—  0.  107 

4- 

1.348 

Feb. 

22 

10.  825 

0.  9290 

— 

28. 196 

4- 

3. 533 

—    68.  155 

—  0.  152 

1 

4- 

0.  936 

Apr. 

3 

II-  754 

-f 

0.  3956 

— 

31.  935 

1.  422 

-  83.655 

—  0. 199 

1 

0.077 

May 

^3 

11.358 

I.  9064 

0.608 

4- 

— 

34  713 

— 

—  101.  127 

—  0. 245 

1.243 

June 

22 

9- 452 

36.  391 

—  120.016 

—  0.  285 

4- 

3-5135 

— 

— 

2. 323 

2.999 

Aug. 

I 

5.  939 

  0.  3IO 

4- 

5-  1504 

— 

36.888 

— 

3.607 

—  139.743 

5«  130 

Sept. 

10 

0.  789 

—  159-813 

+ 

6.  7712 

— 

36.  164 

— 

4.  429 

—  0.341 

7.  592 

Oct. 

20 

5.  982 

8.  3452 

— 

34-  216 

— 

4.805 

—  179.849 

—   0.  352 

10.  280 

Nov. 

29 

-(- 

14. 327 

4.  781 

+ 

9-  8524 

31-063 

— 

—  199.592 

—  0.352 

13.  121 

1875,  Jan. 

Q 

24.  179 

  210.  070 

16. 039 

4- 

II.  2799 

— 

26.741 

— 

4.  41 1 

—   0.  340 

Feb. 

17 

+ 

35.  459 

lo.  900 

4- 

12.  6199 

— 

21.  295 

— 

3-  752 

—  237.613 

  0.317 

Mar. 

29 

48.  079 

13.  8670 

— 

14.  782 

— 

2.  854 

—  255.769 

  0.  204 

21.  821 

May 

8 

-h 

61.  946 

7.  262 

1.764 

!  + 

15.0179 

— 

— 

—  273.342 

  0.  242 

24.  554 

June 

17 

-f- 

76.964 

16. 0701 

—  290.356 

-h 

-f 

I.  202 

— 

0.520 

—    0.  193 

27.  129 

July 

27 

4- 

93.  034 

  300.  040 

  0.  138 

17. 021 1 

4- 

10.544 

4- 

0.  842 

29.494 

Sept. 

5 

-f 

110.055 

17. 8685 

4- 

20.  699 

4- 

2.  292 

—  322.865 

—  0.079 

31.  617 

Oct. 

15 

+ 

127.  923 

-h 

18.6096 

4- 

31.600 

4- 

3.  797 

—  338.464 

  0.  019 

33.  472 

Nov. 

24 

146.  533 

43.  180 

—   353.  708 

+ 

19.  2401 

4- 

4- 

5. 326 

-|~    0.  040 

35.040 

1876,  Jan. 

3 

1 

165.  773 

19-  7555 

+ 

55. 371 

4- 

6.848 

—  368.  675 

-{-    0.  096 

36.  308 

Feb. 

12 

185.  528 

20.  1495 

4- 

68. 103 

4- 

8.328 

—  383.  457 

4"  0. 146 

37. 275 

Mar. 

23 

+ 

205.  678 

-h  0.  i»7 

+ 

20.  4143 

4- 

81.306 

4- 

9.  728 

—  398.  ibo 

37-  947 

May 

2 

226.  092 

4- 

20.  5405 

4- 

94.903 

4- 

11.008 

—  412.  948 

4-  0. 216 

38.  344 

June 

1 1 

4- 

246.  633 

-h 

20.  5160 

4- 

108.  814 

4- 

12.  127 

—  427.979 

-f-  0.  230 

38.498 

July 

21 

-f- 

267.  149 

20.  3258 

38. 457 

4- 

4- 

122.  950 

4- 

13.041 

—  443.483 

-|-  0.  225 

Aug. 

30 

1 

287.  475 

19-.9516 

38.  291 

-h 

4- 

137.212 

4- 

13.  705 

—  459.  741 

4-  0. 197 

Oct. 

9 

307.  427 

-h 

19.  3713 

4- 

151.483 

4- 

14.080 

—  477. 096 

4-  0. 143 

38.093 

Nov. 

18 

326.  798 

4- 

4-  165.626 

4- 

14.  126 

495'  979 

4_  o  0^8 
yj,  vj^o 

37.  9°5 

Dec. 

28 

345. 355 

4- 

17.  4769 

4- 

179. 472 

4- 

13.  819 

—  516.910 

—  0.061 

38.  126 

1877,  Feb. 

6 

362.  832 

4- 

16.  0899 

4- 

192.  8x1 

4- 

13- 150 

—  540.512 

—  0.  218 

38.  715 

Mar. 

18 

378.  922 

+ 

14.  3487 

4-  205.373 

4- 

12. 133 

-  567-  528 

—  0.416 

40.003 

Apr. 

27 

+ 

393.  271 

12.  1983 

4- 

216. 810 

4- 

10.  815 

~  598.811 

—  0.  657 

42.  299 

June 

6 

4- 

405. 469 

9-  5777 

4-  226.670 

4- 

9.  288 

—  635.  310 

—  0.941 

45.  978 

July 

16 

+ 

415-047 

6.  4244 

—  678.  005 

f 

234.  359 

4- 

7.703 

—  1.265 

51.490 
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Date. 

"A* 

2JLi 



// 



// 

// 

// 

// 



// 

1877,  Aug.  25 

1 

421.471 

0.  200 

—   I.  02I 

2.  OOOi 

1 

239*  114 

—  727-  757 

59. 342 

Oct.  4 

I 

-j- 

424.  159 

239.  900 

_1_ 

5.  227 

  tRc  r»Tr» 

  T  00c 

995 

1C\  C\1A 
70.  074 

rsov.  13 

-f- 

422. 

0.  4750 

4_ 

1 

oic  Rio 

_L 

\^ 

4*  77/ 

  R/4Q  OAI 

049.  247 

2.  303 

9kA  TC7 

04.  »53 

Dec.  23 

1 

-1 

4  ID.  043 

4*  073 

II-  5334 

1 

225.  005 

1 

  otR  \f\'> 

—    9'^*  ^D2 

2.  009 

loi.  757 

jQifO    T?oK  T 

1 

404* 

4*  *^ol 

16.  21 18 

208.  726 

  oR^  1AA 

900.  744 

  2,  922 

TOO  ITT 

377 

_ 

Mar.  13 

1 

300.  290 

3.  uou 

19.  5272 

_i_ 

186.  076 

_l_ 

 I  r\A  1    n  AO 

*^7'  34-^ 

3'  013 

X  AA  iRr» 
144.  300 

Apr.  22 

1 

-r 

300.  771 

100.  037 

2.  893 

20.  3075 

  IU92.  320 

—  2.  941 

tf%A  RtI 
104.  013 

June  I 

1 

348.  404 

10.  2157 

130-  <^32 

14.  091 

 T  T  T  0    ^  00 

—  I  119.  329 

—   2.  742 

tRti  co/^ 

A  00.  59D 

July  II 

1 , 

330.  100 

31.  U90 

*3'  705 •* 

_L_ 

*  ^33'  403 

276 

90.  7 

Aug.  20 

1 

~r 

31b.  403 

0.  0034 

J- 061 
14. 

a9K  111 
40.  311 

_J_ 

 J 142  227 

2.  295 

194.  757 

oepi.  29 

1 

307.  740 

4.  2702 

_|_ 

112.  766 

008 

49- 

  2.  161 

19D.  113 

rNov.  0 

1 

303.  402 

19^.  173 

I-  3147 

115-  750 

72.  445 

 T  T  CO    00 "7 

—  II  52.  923 

—  2.  094 

Dec.  18 

302.  147 

1 

-T 

0,  I0O9 

120.  93" 

78.  053 

TTCT  RcA 
 II5I.  O5D 

To/\  rv^ 

0  T 

io79»  J^o.  27 

1 

302.  320 

126.  867 

80.  671 

u.  4""5 

4. 

 IT  A  A  fslO 

2.  075 

190.  045 

Mnr  A. 
iviar.  0° 

_L_ 

302.  790 

_4_ 

13^.  o.^z 

OA*  593 

 T  T  1  T    yt  CC 

**3^'  455 

  2,  087 

190.  303 

A 

Apr.  1 7 

_l_ 

302.  668 

1.  3^01 

4_ 

TIT 

^37* "03 

oi-  033 

 J  J  081 

2.  U99 

tqA  RiC 
190.  035 

JVlay  27 

1 

301. 340 

02.  005 

2.  9190 

1 

141.  D57 

—  iv-i9*-'»  7^^ 

* 

197*  2oI 

July  6 

1 

290.  421 

  2.  108 

4*  7519 

144.  405 

02.  777 

— 1005.  45° 

197.  515 

_l_ 

293.  009 

14D.  CX>5 

9^A  TC^ 
04.  150 

0.  7242 

1 

— 1030. 329 

—  2,  107 

197.  370 

c 

oept.  24 

1 

200.  945 

86.349 

0.  yooo 

_4_ 

14D«  4^^ 

— loio.  141 

2.  07 

19".  737 

XT 

isov.  3 

Z  fO.  1  /O 

10.  0332 

1 

145.  0D5 

Ro  /ITT 
09.  41  1 

—  9"i'  5"^ 

2 

* 

195.  511 

Dec.  13 

207.  345 

143-  751 

93-  352 

953- 120 

—  2.  124 

193.  050 

lOOU,  J<ill. 

1 

254*  452 

140.  790 

90.  152 

■ 

14*  9252 

_L 

925.  274 

2.  151 

191.  145 

JVlar.  2 

239-  527 

ID.  9177 

1 

13D.  003 

I03'  775 

RoR  -t/^*? 
—  590  307 

—  2.  190 

tRR  rtTR 
100.  010 

Apr.  1 1 

222.  009 

t8  8f)Tyl 

_l_ 

132.  U91 

T Tn  TTI 

1  lu.  1  /3 

  Rto  ic\i 

072.  707 

  2,  264 

tR/1  iot 
^"4'  3'^* 

May  21 

1 

i- 

203.  74» 

20.  7515 

1 

120.  503 

T  T  T  05^^ 

1  ly*  200 

RviR  CylR 

—  040.  540 

—  2.  357 

1 00.  131 

June  30 

^ 

22, 

_l_ 

120.  199 

125.  050 

—  o2d.  107 

—  2.  479 

175.  549 

Aug.  9 

1 

1 60,  411 

— 

24.  3595 

+ 

113-  253 

— 

133-  415 

—  805.  572 

-  2.631 

170.688 

Sept.  18. 

-f 

136.  052 

26. 0757 

4- 

105.  737 

142.  283 

—  787.  100 

—  2.815 

165.  677 

Oct.  28 

-f 

109.  976 

27.  7332 

+ 

97. 719 

151.587 

—  770.  819 

—  3-030 

160.  653 

Dec.  7 

82.  243 

29.  3325 

4- 

89. 261 

161.  243 

-  756.831 

-  3.  276 

155.  752 

1881,  Jan.  16 

+ 

52.911 

151.  114 

Feb.  25 

30.  8740 

80. 422 

171.  164 

-  745.  214 

—  3.551 

22.  037 

■ 

32.  3580 

+ 

71. 253 

181.  261 

—  736.012 

-  3.  852 

146.  871 

Apr.  6 

10.321 

33-  7846 

4- 

61.806 

191.  441 

—  729.  240 

-  4.  177 

143.  148 

May  16 

44.  106 

~  724.879 

140. 058 

35.  1535 

-f 

52. 123 

201.  610 

—  4.521 

Digitized  by 


4IO  PERTURBATIONS  OF  POI.YHYMNIA. 


Table  I. — Summation  of  Perturbations  by  Jupiter — Continued. 


Date. 

2JLi 

2J7r 

// 

// 

// 

// 



// 

// 

// 

1881,  June 

25 

—    79-  259 

Aug. 

42.  244 

—  211.  674 

—  722.  87s 

^10 

—  4.881 

117  6q7 

'■01'  *-^/ 

4 

—  115.723 

Sept. 

—  153.436 

—  -17.  7104 

-f 

^2.  20s 

—  221.  ^41 

1^0'  *-oo 

—  2SO 

1x6  I40 

13 

Oct. 

—  192. 336 

—  ^8.8008 

4- 
1 

22.  041 

—  2'll.  I IQ 

—  72^  ^26 

  ^  624 

*00'  **to 

23 

—  40.0187 

Dec. 

-f 

II.  785 

—  240.  322 

—  729.  872 

—  S.  qq7 
O'  yyi 

lie.  707 

'■OO'  1^1 

2 

—  232.  355 

1882,  Jan. 

—  41.  0643 

-}- 

I.  460 

—  24q.  072 

/OO'  yoo 

—  6.  '^6^ 
V.  0^0 

136.  866 

II 

—  273.  419 

Feb. 

—  315. 448 

—  42.0288 

8.  872 

—  2S7  2q8 

—  6.  716 

118  qi8 
*o".  yor^ 

20 

Apr. 

-  358.  350 

—  42.  9020 

19.  206 

—  264 

—  7C2  20Q 

—  7  0^0 

141  880 

I 

May 

—  43.  6706 

20.  4QO 

—  271.  q74 
*  /  *  •  yi  *T 

—  761.  706 

—  7.  *^^o 
/•  ooy 

I4S.  6^"; 

II 

—  402. 021 

—  446.  -ixS 

—  44.  "^17^ 

"^Q.  67^ 
oy'  ^lO 

—  278.  '^7'^ 

—  771.  s8q 

—  7.  6oq 
/.  ^oy 

I  ^0  147 

Tune 

20 

July 

—  44.8208 

49.  697 

—  284.  155 

—  781.  409 

—  7.884 

IS^.  2SO 

'■OO'  ^0^ 

0^ 

—  491.  159 

—  28q.  ';70 

  45.  1535 

SQ.  47Q 

—  7qo.  6q2 
ly'  ^y^ 

—  8. 090 

160.  822 

Sept. 

8 

-  536.313 

  45.  2824 



68.  qiq 

—  204.  117 
^yr  '  *  / 

—  7q8.  q^q 
ly^'  yoy 

—  8.  2«;s 
^00 

166. 693 

Oct. 

18 

~  581.595 

—     45.  1682 

77.  Sqt, 

—  2q8.  S^I 

—  Sos.  767 

—  8  '^76 

172.  668 

Nov. 

27 

—  626.763 

1883,  Jan. 

—  671.  530 

—    44.  7666 

_ 

86.  249 

—  302.  877 

—  810.  768 

—  8.  452 

178.  S2q 

*  0*'7 

6 

Feb. 

—  44.  0'^27 

QO.  800 

yo' 

—  X07.  "kGo 

—  813.  818 

—  8  48s 

184.  041 

15 

—  715.  563 

—  42.  9311 

_ 

100.  331 

—  312.  280 

—  815.  077 

8.  478 

188.966 

Mar. 

27 

—  758.  494 

—  41.  4S'^7 

105.  610 

—  317.860 

—  81^.  11*; 

—  8.  417 

^01 

IQl  072 
*70'  ^1 

May 

6 

—  799.  948 

June 

—  8*10.  SQ4 

—    ^Q.  646"; 

_ 

lOQ.  40Q 

—  "124.  I4S 

—  814.  848 

—  8.  ';7i 

196.  180 

i^ 

July 

—  877.  227 

—  17.  6^';'; 

III.  ^2Q 
*  *  o^y 

—  '^'^0.88'; 

—  815.  223 

—  8  2q2 

108  20«\ 

25 

—  35. 6208 

III.  826 

—  ^-17.  SI7 

—  816.598 

—  8.  215 

iqq  "202 

Sept. 

3 

—  912.848 

—  33. 8621 

—  818.  215 

no.  2'^Q 

—  8.  IS-; 

IQQ  407 

Oct. 

0 

—  946.  710 

—  32.  6006 

106.  832 

—  347.885 

—  818.  171 

—  8.  116 

iqq.  212 

Nov. 

22 

loi.  806 

—  "^2.  02^Q 

— -  "^^o.  q20 

OO^'  y^^ 

—  81";.  qi4 

—  8.  no 

IQQ  12^ 

1884,  Jan. 

I 

—  loii.  337 

Feb. 

—  32.  2621 

qc.  C07 

yj'  o^j 

—  352.  678 

—   802.  878 

—  8.  i';4 

IQQ  6qq 
^yy'  ^^yy 

10 

— 1043.  599 

OO'  0  /  7  * 

88.  414 

—  ^K^X.  672 

—  782.  87q 

^/y 

—  8.  183 

201.  465 

Mar. 

21 

— 1076.  978 

-  35.4112 

81.  117 

—  354.  592 

—  752.  256 

—  8.  246 

204.  867 

Apr. 

—  1 1 12.  389 

Tune 

—  1 150.  765 

—  ^8.  7,7x6 

74.  2q'; 
/*♦•  ^yo 

—  "^^6.  222 

—  7oq.  8ss 

—  8.  310 

210.  214 

Q 

July 

—  42.  2717, 

68.  698 

—  6^4.  q66 

—  8.  X^Qk 

ooy 

217  612 

—  1193.036 

—    47.  1054 

65.  164 

—  364.  943 

—  587.  242 

—  8.  377 

227. 024 

Aug. 

28 

— 1240.  141 

Oct. 

—    52.  8743 

64.  588 

—  373-  726 

—  506.  672 

-  8.  353 

238. 034 

7 

—  1293.015 

-  59-5718 

67.  929 

-  386.  569 

—  413.  582 

—  8.  280 

250. 027 

Nov. 

16 

—  1352.  587 

—     67.  1848 

76.208 

—  404.  271 

—  308.  634 

—  8.  162 

262. 074 

Dec. 

26 

— 1419.  772 

—     75.  6920 

1885,  Feb. 

90.507 

-  427.  570 

—  192.  817 

—  8.015 

_ 

272.  975 

4 

—  1495.  464 

-  85.0589 

III.  964 

—  457.  113 

—     67.  456 

-  7.  872 

281.  299 

Mar. 

16 

—  1580.523 

—    95.  2322 

141.  754 

-  493- 416 

+  65.800 

-  7.  784 

285.  476 
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PERTURBATIONS  OF  POLYHYMNIA. 
Table  I. — Summation  of  Perturbations  by  Jupiter — Continued. 


Date. 

V  /IT 

// 

// 

// 

// 

// 

1885,  Apr.  30 

—  1675.  755 

— 1781.  889 

—  106.  1340 

—  181.075 

-  356.811 

-f  205.009 

-  7.824 

— 

283.912 

June  4 

July  14 

-117.6560 

—    231.  126 

-  587.392 

348.011 

-  8.086 

— 

275.  156 

—  1899.  545 

-2029.  196 

— 129.  6510 

—  293.043 

-  644.937 

T  492.535 

—  8.685 

— 

258. 086 

Aug.  23 

Oct.  2 

141.9235 

~  367.816 

-  708.945 

T  636.301 

-  9. 748 

— 

232. 139 

-  -2171.  120 

-154.  2255 

-    456.  205 

-   778.  400 

-  777.245 

—  II.  408 

— 

197.515 

Nov.  II 

—2325.  345 

—2491.596 

-166.  2509 

-  558.577 

—  851.945 

-  913-  704 

-13. 789 

155. 366 

Dec.  21 

-177.6361 

-  674.751 

-    927.  792 

1044.631 

—16.988 

— 

107. 896 

1886,  Jan.  30 

—2669.  232 

-1  1 169.  766 

—  1 87.  9689 

-    803.  767 

—  1003.  794 

-21.056 

— 

58. 320 

Mar.  II 

—2857.  201 

Apr.  20 

-  196.  8129 

—    943.  732 

—  1077.  599 

^1289.  755 

-25. 978 

— 

10.  710 

-3054.  014 

— 1 146.  840 

May  30 

—203.  7415 

 IO9I.  709 

^1406.  108 

-31.656 

4- 

30.466 

—3257.  755 

—  208.  3917 

July    9  • 

—  1243.  703 

— 1209.  406 

^1520.942 

-37. 905 

4- 

60. 926 

—3466.  147 

—210.  5186 

—  1394.  928 

—1263.  722 

1636.  560 

-44. 465 

+ 

77. 313 

Aug.  18 

—3676.  666 

—  1540.  226 

—  210.  0479 

-1308.  978 

4-1754^  878 

—51.027 

+ 

77. 828 

Sept.  27 

—3886.  704 

—  207.  102 1 

-1674.  689 

—  1345.  230 

-f- 1876.  894 

-57. 275 

-h 

62. 624 

Nov.  6 

—4093.816 

—  201.  9956 

—  1794.  260 

-1373.  332 

-f-  2002.  302 

-62.  939 

33.  764 

Dec.  16 

—4295.812 

1887,  Jan.  25 

—  195.  I916 

—  1896.  220 

-1394.  711 

4-2129.  448 

-67.  825 

— 

5-  236 

—4491.  004 

—  187.  2359 

-1979.408 

— 1411. 056 

-r2255.  619 

-71.832 

— 

50.  100 

Mar.  6 

—4678.  240 

—  178.  6865 

—  2044.  124 

—1424. 007 

^2377.516 

-74.  953 

— 

96.  588 

Apr.  15 

—4856.  926 

—  170.  0562 

—  2091.  830 

-1434.  923 

-I-2491.  765 

—77.  257 

— 

141.  093 

May  25 

—5026.  982 

July  4 

-5188.  757 

—  161.  7751 

-2124.  758 

-1444.  761 

+  2595.  397 

-78.  859 

— 

180.  970 

—  154.  1789 

-2145.  509 

—  1454.  046 

4-2686.  104 

-79.896 
• 

— 

214.  618 

Aug.  13 

—5342.  936 

Sept.  22 

—  147-5125 

-2156.  741 

— 1462.  908 

+2762.  379 

—80.  507 

— 

241.  372 

-5490.  448 

—  141.  9421 

—  2160.959 

-1471.  158 

-^2823.  601 

—80. 820 

— 

261. 320 

Nov.  I 

—5632.  390 

—  137.5714 

 2160.  390 

—1478.  375 

-r  2870.  003 

—80.  941 

— 

275. 074 

Dec.  II 

—5769.  961 

1888,  Jan.  20 

—  134.  4494 

—  2156.930 

—1484.  009 

^2902.  715 

—80.  957 

— 

283.  595 

—5904.  410 

Feb.  29 

—  132.5725 

—  2152.  123 

—  1487.  501 

+2923.  756 

-80.  931 

— 

288.  016 

— 6036.  982 

—6168.855 

—  131.8734 

—  2147.  165 

-1488.  452 

4  2935.  978 

-80.908 

— 

289.  549 

Apr.  9 

May  19 

— 6301.  062 

—  132.  2066 

—  2142.  920 

-i486.  793 

-2942.  749 

-80.  913 

289.  364 

-133-  3467 

-2139.954 

—1482.  885 

4-2947.  323 

~8o.  958 

288.  504 

June  28 

—6434.  409 

—  135.0096 

-2138.  580 

—1477.  461 

4-2952. 083 

—81. 041 

287.811 

Aug.  7 

—6569.419 

^136.9138 

—  2138.  924 

-1471.352 

4^2958. 074 

-81.  153 

287.  875 

Sept.  16 

-6706.  333 

-138.  8304 

—  2140.978 

—  1465.  229 

4  2965. 195 

—81.  282 

289. 038 

Oct.  26 

-6845.  163 

—  140.  6076 

—  2144.  656 

—  1459-  459 

r2972.  754 

—81.416 

291.439 

Dec.  5 

-6985.  771 

-142.  1659 

—  2149.  804 

-1454.  148 

r 2979.  988 

—81.542 

295.  058 
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PERTURBATIONS  OF  POLYHYMNIA. 
Table  II. — Summation  of  Perturbations  by  Saturn  and  Mars. 


Date. 

// 

// 

// 

ff 

// 

// 

// 

1854,  Aug.  26 

—45.  841 

+0.  1218 

+53.  761 

— 12. 453 

 17.  602 

+2. 016 

+55.  157 

Oct.  5 

— 45.  719 

— 0.  1 191 

+53. 633 

— II.  753 

—  16.  279 

+  1.  990 

+54.863 

Nov.  14 

—45.  838 

—0.  3874 

+53. 184 

— 10. 961 

—14.  743 

+  1.  956 

+54- 174 

Dec.  24 

—46.  225 

— 0.  6427 

+52. 365 

— 10. 146 

— 13.  289 

+  1.918 

+52. 976 

1855,  Feb.  2 

—46.  868 

—0.  8480 

+51. 189 

—  9. 340 

— 12.  261 

+  1.881 

+51.  221 

Mar.  14 

—47.  716 

— 0.  9773 

+49.  726 

—  8.  536 

— II.  938 

+  1.849 

+48. 939 

Apr.  23 

—48.  693 

—1. 0186 

+48. 090 

—  7.  703 

— 12. 463 

+1.826 

+46.  232 

June  2 

—49.  712 

— 0.  9732 

+46. 413 

—  6.807 

—13.  823 

+  1.815 

+43.  244 

July  12 

—50.  685 

—0.  8527 

+44. 823 

—  5.824 

—15.  881 

+  1.817 

+40. 137 

Aug.  21 

—51.  538 

— 0.  6744 

+43. 426 

—  4.  752 

—18.  426 

+  1.831 

+37.066 

Sept.  30 

— 52.  212 

—0.4574 

+42.  283 

—  3. 603 

— 21.  229 

+  1.855 

+34. 154 

Nov.  9 

— 52.  669 

— 0.  2179 

+41. 421 

—  2.394 

— 24. 095 

+  1.  887 

+31.489 

Dec.  19 

—52. 887 

-j-o.  0301 

+40. 846 

—  1. 151 

—26.889 

+1.  924 

+29. 123 

1856,  Jan.  28 

—52. 857 

+0.  2769 

+40-  551 

+  0.099 

—29. 514 

+  1.  964 

+27. 074 

Mar.  8 

— 52.  580 

-fo.  5149 

+40.511 

+  1.330 

—31.906 

+2.004 

+25. 341 

Apr.  17 

— 52. 065 

+0.  7382 

+40.  700 

+  2.520 

— 34. 032 

+2.  044 

+23. 910 

May  27 

— 51.  327 

-fo.  9427 

+41. 081 

+  3.647 

—35. 879 

+2. 082 

+22. 756 

July  6 

— 50. 384 

+21. 851 

+1- 1257 

+41. 615 

+  4-695 

—37. 449 

+2. 116 

Aug.  15 

— 49.  258 

-f  1. 2852 

+42.  261 

+  5.648 

—38.  756 

+2. 146 

+21. 165 

Sept.  24 

-^47.  973 

+  6.490 

—39. 829 

+20.666 

+I.4I94 

+42.986 

+2. 172 

Nov.  3 

— 46. 554 

+1. 5273 

+43.  762 

+  7.  205 

—40.  712 

+2.  193 

+20. 323 

Dec.  13 

— 45. 027 

+1.6080 

+44.  572 

+  7.784 

— 41. 470 

+2.  209 

+20. 103 

i8s7.  Tan.  22 

—43. 419 

+  8.227 

+I.66I6 

+45. 404 

—42. 178 

+2.  221 

+19. 976 

Mar.  3 

—41.  757 

+1.6899 

+46.  251 

+  8.549 

—42.  901 

+2.  229 

+19.912 

Apr.  12 

— 40. 067 

+  1. 6944 

+47.098 

+  8.768 

—43.  685 

+2.  233 

+19.888 

May  22 

—38.  373 

+  8.903 

+1.  6772 

+47. 929 

—44.  558 

+2.  234 

+19.884 

July  I 

—36.696 

+1. 6406 

+48.  725 

+  8.973 

+19.886 

—45. 534 

+2.  233 

Aug.  10 

— 35. 055 

+1.5859 

+49. 466 

+  8.993 

—46.  625 

+2  230 

+19. 882 

Sept.  19 

—33-  469 

+  8.978 

—47.  831 

+19.863 

+I.5I5I 

+50.  140 

+2.  225 

Oct.  29 

—31-954 

+  8.940 

+1.4295 

+50.  731 

—49.  155 

+2.  219 

+19.823 

Dec.  8 

—30-  524 

+I.33H 

+51.  233 

+  8.895 

-50. 586 

+2.  212 

+19.  758 

1858,  Jan.  17 

—29.  193 

+  8.856 

+  1.  2221 

+51.641 

—52. 107 

+2.  205 

+  19.664 

Feb.  26 

—27.  971 

+  1.  1047 

+51.  957 

+  8.840 

—53.  691 

+2. 198 

+19.538 

Apr.  7 

—26.  866 

+0.  9801 

+52. 182 

+  8.855 

—55. 322 

+2. 191 

+  19. 379 

May.  17 

—25.  886 

+52.  308 

+  8.902 

+0.  8496 

-56.983 

+2. 185 

+  19. 191 

Digitized  by 


PERTURBATIONS  OF  POLYHYMNIA.  4 1 3 

Table  II. — Summation  of  Perturbations  by  Saturn  a/nd  Mars — Continued. 


Date. 

2^Li 

2Jz 

// 

// 

// 

// 

// 

// 

// 

1858,  June  26 

— 25.  036 

-j-o.  7195 

+52.  313 

+  8.975 

—58.608 

+2.  180 

+18.990 

Aug.  5 

— 24.  317 

-fo.  6012 

+52. 191 

+  9.058 

— 60.  091 

+  2.  177 

+18. 789 

Sept.  14 

— 23.  716 

+0. 5050 

+51-  961 

+  9- 129 

— 61.  351 

+  2.  175 

+18.  S87 

Oct.  24 

— 23,  211 

Dec.  3 

-fo.  4404 

+51.  647 

+  9.  158 

— 62.  353 

+2. 174 

+18.  394 

— 22.  771 

1859,  Jan.  12 

+0. 4146 

+51.  283 

+  9- 118 

— 63.  109 

+2.  175 

+18.  219 

— 22. 356 

Feb.  21 

-j-o.  4328 

+50.  904 

+  8.981' 

— 63.  677 

+2.  177 

+18.075 

— 21.  Q2^ 

Apr.  2 

4-0. 4962 

+50.  553 

+  8.  733 

— 64.  144 

+2. 180 

+  17.  970 

—21.  427 

— 20.  827 

-fo.  5996 

+50.  268 

+  8.384 

— 64. 615 

+2. 183 

+17.908 

May  12 

June  21 

— 20.  098 

-fo.  7294 

+50. 085 

+  7-  972 

— 65.  161 

+2.  186 

+17.883 

July  31 

+0.8665 

+50. 027 

+  7-553 

— 65.  774 

+2.  188 

+17.884 

— 19.  231 

—  18.  240 

-f  0. 9912 

+50. 104 

+  7-  176 

—66.364 

+2.  189 

+  17.  897 

Sept.  9 

1 

Oct.  19 

+1.0872 

+50. 309 

■  +  6. 868 

—66.786 

+2.  190 

.  +  17.908 

— 17-  153 

Nov.  28 

— 16. 010 

+1. 1427 

+50.  621 

+  6.632 

—66.885 

+2. 190 

+17.907 

+  !•  I513 

+51.  C05 

+  6.448 

— 66.  539 

+2.  190 

+17.888 

i860,  Jan.  4 

—14. 859 

Feb.  16 

+  1.  1 102 

+51-415 

+  6.  287 

—65.  663 

+2.  189 

+17.  852 

— 13.  749 

+  I.OI9I 

+51-  798 

+  6.  117 

—64.  209 

+2.  189 

+  17.808 

Mar.  27 

— 12.  730 

—II.  851 

+0-  8795 

+52. 096 

+  5.  903 

—62. 164 

+2. 189 

+17.  770 

May  6 

—II.  156 

+0.  6946 

+52.  247 

4-  5. 617 

-59-  540 

+2.  189 

+  17.  760 

June  15 

+0.4685 

July  25 

—10.688 

+52. 195 

+  5-  230 

—56. 371 

+2.  189 

+  17.804 

Sept.  3 

+0.  2070 

+51.  887 

+  4-725 

—52.  720 

+2.  188 

+17.  932 

—10. 481 

— 0.0822 

— 10. 563 

+51.  280 

+  4. 090 

—48.  681 

+2.  186 

+18.  169 

Oct.  13 

—0-3893 

Nov.  22 

+50.  338 

+ .  3. 332 

— 44. 371 

+  2.  181 

+  18.  537 

— 10.  952 

1861,  Jan.  I 

— II.  655 

—0.  7030 

+49. 028 

+  2.476 

— 39.  913 

+  2.  172 

+  19.048 

Feb.  10 

—12.  667 

—  I.  OII8 

+47. 328 

+  I- 561 

—35. 410 

+  2.  157 

+19.  706 

Mar.  22 

—  I.  3040 

+45.  227 

+  0.635 

— 30.  942 

+  2.  136 

+20.509 

— 13.  971 

May  I 

—  I.  5685 

+42.  734 

—  0.  252 

— 26.  SSQ 

+2.  107 

+21.444 

— 15.  539 

June  10 

—I-  7949 

+39.881 

—  1. 051 

—22.  288 

+2.  069 

+22.  491 

— 17.  334 

July  20 

—I.  9741 

+36.  722 

—  I.  719 

—  18.  130 

+  2.021 

+23.  611 

—19-  308 

— 2. 0989 

Aug.  29 

+33-  336 

—  2.  219 

—14.  074 

+  1.963 

+24.  769 

— 21.  407 

—2.  1643 

Oct.  8 

+  29.812 

—  2.526 

— 10.  089 

+1.896 

+25.  910 

—23.  571 

Nov.  17 

~2.  1678 

+26.  249 

—  2.628 

—  6.  129 

+  1.  820 

+26.  981 

—25.  739 

Dec.  27 

—27.  848 

—2.  1092 

+22.  745 

—  2.522 

—  2. 150 

+  1-  738 

+27.  929 

1862,  Feb.  5 

—  I.  9912 

+  19.404 

~  2.  220 

+  1.888 

+  1.652 

+28.  711 

—29.  839 

Mar.  17 

-31.  658 

—  I.  8192 

+  16.  309 

—  I.  751 

+  6.018 

+  1-564 

+29.  297 

—  I.  6016 

+  13. 534 

—  1. 154 

+10.  245 

+  1.477 

+29.  673 
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1*  z/// 

// 

// 

// 

// 

// 

1862,  Apr. 

25 

—33-  260 

• 

—1. 3481 

+  11.  123 

— 

0. 477 

14.  557 

-ri.  394 

+  29.  837 

June 

5 

—34.  608 

 I.  0090 

+  9-090 

+ 

0.  226 

— 18.  9 '9 

-fi.  310 

-|-29.  oOI 

July 

15 

—35-  078 

7-  450 

+  29.  590 

— o-  7793 

+ 

0.904 

-r-23.  251 

-^i.  245 

Aug. 

24 

—30.  457 

— 0.  4^9^ 

-r  o-  215 

+ 

1. 516 

+27.  435 

t-I.  103 

+  29.  237 

Oct. 

3 

—30.  947 

— 0.  21 13 

-h  5-  330 

+ 

2.038 

-r3i-  379 

+  1.  130 

+20.  703 

Nov. 

12 

—37-  150 

4^0.  0456 

+  4.  795 

+ 

2. 460 

+34-  968 

+  1.087 

+28.  273 

Dec. 

22 

—37.  112 

-j-o.  2746 

+  4.546 

+ 

2.  789 

0  0 
+38.  148 

+  1.054 

+27.  749 

1863,  Jan. 

31 

-36.  837 

-{-0.  4^^!^ 

-j-40.  039 

-r  4-  530 

+ 

3.033 

+  1.  030 

+  27.  255 

Mar. 

12 

—30.  309 

-f-o.  6219 

4-  4.  705 

+ 

3.  211 

+  43.  012 

+  1.014 

+  20.  025 

Apr. 

21 

—35.  747 

+44-  635 

-fo-  7315 

+  4.994 

+ 

3. 347 

+  1.004 

+20.  407 

May 

31 

—35-  015 

-{-20.  250 

July 

-{-0.  7945 

+  5-  342 

+ 

3. 469 

+45-  710 

+0.  999 

10 

—34.  221 

-(-O.  81 1 1 

+  5.694 

+ 

3.606 

+46.  279 

+0.997 

+20.  130 

Aug. 

19 

— 33-  410 

-f-20.  120 

-f-o.  7817 

-\-  004 

+ 

3-  789 

+46.  399 

+0.  997 

Sept. 

2o 

—32.  628 

H-o-  71 15 

+  6.  234 

+ 

4.037 

+46.  179 

+0.997 

+26.  207 

Nov. 

- 

7 

 31.  910 

-|-o.  0095 

+  ^-359 

+ 

4.  356 

-r45.  750 

+0.  996 

+20.  353 

Dec. 

17 

—31-  307 

-f-o.  4895 

+  6.367 

+ 

4-  726 

+45.  273 

+0.993 

+  26.  529 

1864,  Jan 

20 

— 30.  olo 

+0. 3097 

+  6.  263 

+ 

5.  106 

+44.  837 

+0.987 

+  26.  695 

Mar. 

0 

■  —30-448 

Apr. 

-f  0.  2693 

-T  0.067 

+ 

5.439 

+44.  484 

+0.  979 

+  20.  OI3 

15 

—30.  179 

+  20.  050 

-|-o.  2029 

+  5-806 

+ 

5.  682 

+44.  157 

+0.969 

May 

25 

—29. 976 

+  20.  OO9 

-f  0. 1787 

+  5.516 

+ 

5.814 

+43-  755 

+0.  958 

July 

4 

—29.  797 

+  26.  070 

+0. 1975 

+  5.234 

+ 

5.  843 

+43-  ^77 

+0.948 

Aug. 

13 

— 29.  600 

Sept. 

4-0.  2547 

+  4.993 

+ 

5.  795 

+42.  355 

+0. 93» 

+26.  443 

22 

—29-  345 

+41.  2»4 

+20.  130 

-f  0. 3422 

+  4.825 

+ 

5-  702 

+0. 929 

INOV. 

I 

— 29. 003 

4-0. 4487 

+     4.  758 

+ 

5. 595 

-j-4o.  024 

+0.  922 

+25.  761 

Dec. 

1 1 

— 25.  554 

-f  0.  5600 

+  4.  795 

+ 

5. 502 

+38. 009 

+0.  917 

+25.  349 

1865,  Jan. 

20 

—27.994 

-(-0.  6679 

+  4.  910 

+ 

5.  443 

+37.  349 

+0. 914 

+24.  937 

Mar. 

I 

—27.  326 

-ro.  7710 

+  5.092 

+ 

5.  420 

+36. 020 

+0. 913 

+24.  541 

Apr. 

10 

—20.  555 

-T  0.  86S7 

+  5-346 

5-  425 

+34. 719 

+0. 914 

+24.  167 

 25.  686 

-  0.  9589 

+  5.  677 

-i- 

5.  446 

4  33. 476 

+0.  916 

+  23.  828 

June 

29 

-  24.  727 

1.0398 

+  6.aS5 

+ 

5.  473 

+32.313 

+0.  919 

+  23.  535 

Aug. 

8 

—23.  687 

-I.  1093 

-T-  6.564 

4- 

5.  492 

+31.251 

+0.  922 

+23.  300 

Sept. 

17 

-22.  57<S 

I.  1658 

-  7.  104 

+ 

5.  493 

4  30.  297 

-j  o.  925 

+23.  133 

Oct. 

27 

-  21.  412 

1  I.  2079 

r  7.691 

4- 

5.  463 

+  29.  457 

^0.  927 

+23. 043 

Dec. 

6 

— 20.  204 

I-  2337 

8.309 

'\ 

5. 

1  28.  738 

•  0.  927 

+23. 036 

1866,  Jan. 

15 

-18.  970 

I.  2414 

-   S.  940 

5.  246 

I  28.  134 

+o-  925 

+23.  117 
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Date. 

1- J// 

YAi 

// 

// 

// 

1 000,  Feb.  24 

—17.  729 

-|-i.  2291 

-f  9.568 

4-  5.024 

4-27.  632 

-fo.  919 

-f  23.  288 

Apr.  5 

— 16.  500 

May  15 

+  1-  1956 

-f  10.  182 

4-  4.  701 

4-27.  199 

-f  0.909 

+  23.  541 

—15-  304 

June  24 

—14- 105 

4-1. 1394 

4-10.  775 

4"  4. 262 

4-26.  784 

4-0.893 

4-23.  870 

Aug.  3 

-f-i.  0607 

4-11.342 

4-  3-  703 

4-26.  322 

4-0.  871 

4-24.  255 

—13. 104 

Sept.  12 

-1-0.9607 

4-11. 871 

4-  3.032 

4-25.  753 

4-0.  843 

-f24.  675 

—12. 143 

Oct.  22 

-{-0. 8407 

4-12. 342 

-f  2. 260 

4-25.035 

4-0.  808 

-f  25.  106 

—II.  302 

Dec.  I 

-j-o.  7026 

4-12.  727 

4-  1.403 

4-24.  141 

-f  0.  766 

4-25.  521 

— lo-  599 

1867,  Jan.  10 

-fo.  5488 

4-12. 997 

4-  0.478 

4-23.055 

4-0.  716 

4-25.889 

— 10. 050 

+0. 3812 

4-13- 121 

—  0..504 

4-21.  776 

4-0.  658 

4-26.  177 

Feb.  19 

—  9.669 

-f  0.  2039 

4-13  074 

—  1.520 

4-20.315 

-ho.  593 

+  26.349 

Mar.  31 

—  9-405 

-f  12. 834 

-f-o.  0212 

—  2.553 

4-18.693 

4-0. 521 

4-26.  365 

May  10 

—  9.444 

June  19 

—  9.605 

—0  161 1 

4-12. 389 

-  3.580 

4-16.955 

4-0.442 

4-26.  186 

July  29 

—0. 3356 

4-  II.  736 

—  4-577 

i-15. 164 

4-0.  359 

4-25.  778 

—  9-941 

Sept.  7 

—0. 4941 

+ 10. 883 

—  5  523 

4-13.406 

4-0.  273 

-1-25.  115 

—10.  435 

— 0.  6260 

4-  9- 845 

—  6.  401 

4-II.  803 

4-0. 188 

4-24.  189 

Oct.  17 

— II.  061 

— 0.  7I9I 

-\-    0.  002 

-  7.  199 

-f  10. 506 

4-0.  107 

4-23.  014 

Nov.  26 

— II.  780 

looo,  Jan.  5 

— 0.  761  2 

4-  7.394 

—  7.914 

4"  9.  666 

4-0. 034 

4-21.  627 

—12.  541 

Feb.  14 

—0.  7442 

4-  6. 125 

—  8.556 

4-  9.389 

— 0. 029 

-f  20.095 

—13.  285 

Mar.  25 

— 0.  6652 

4-  4  .945 

.    —  9- 150 

4-  9-  709 

—0. 079 

4- 18.  505 

—13.  950 

—0.  5298 

4-  3-  940 

—  9.  721 

4-10.559 

— 0. 114 

4-16.969 

May  4 

— 14.  480 

June  13 

—14-  831 

— 0-35J5 

4-  3. 167 

— 10.  292 

4-11.783 

—0. 136 

-f  15.  589 

July  23 

—0.  1515 

-f-  2.  662 

—10.857 

4-13. 161 

— 0.  146 

4- 14-  455 

—14.  983 

-{-0. 0440 

4-  2.417 

—11.389 

+  14. 464 

—0.  147 

+  13.  622 

Sept.  I 

—14.  939 

4-  2.  386 

—  II.  838 

Oct.  II 

+0.  2079 

4-15.510 

—0.  144 

4-13.095 

—14-  731 

Nov.  20 

+0.  3206 

+  2.495 

-  12.  154 

4-16.  230 

— 0.  140 

4-12.830 

— 14.  410 

Dec.  30 

-f  0.  3692 

4-  2.665 

— 12.  287 

-f  16. 667 

—0.  138 

4-12. 755 

— 14.041 

I009,  Feb.  0 

4-0.  3565 

4-  2.823 

—  12.  242 

4- 16. 955 

—0.  139 

4-12.  775 

—13-  685 

-fo.  2960 

4-  2.914 

—  12.  052 

4-17.  225 

—0.  144 

4-12. 809 

Mar.  20 

—13-  389 

Apr.  29 

-f  0.  2075 

+  2.905 

-11.776 

4-17. 546 

—0.  152 

4-12.  792 

-fo.  1 103 

4-  2.782 

—  11.468 

4-17. 907 

—0.  163 

-f  12.680 

June  8 

—  13.071 

-f  0. 0184 

4-2. 545 

—  II.  162 

4-18.  256 

—0.  174 

4-12.460 

July  18 

—  13.053 

—0. 0605 

-f  2. 202 

—  10.868 

4-18.  539 

-0.  185 

4-12. 129 

Aug.  27 

—  13-  "3 

— 0.  1230 

+  1.769 

—  10.  583 

4- 18.  726 

—0.  194 

4-II.696 

Oct.  6 

—13.  236 

—0. 1687 

4-  1.266 

—  10.  302 

4-18. 813 

— 0.  201 

4-II.  179 

Nov.  15 

—13-  405 

—0. 1988 

4-  0.  713 

—  10.  017 

4-18. 814 

— 0.  206 

4-10.598 
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Date. 

2- J  / 

2j7r 

// 

// 

// 

// 

// 

^0 

 T 1  Art/1 

1  /4o 

— 0.  208 

9. 978 

+ 

0.  140 

  Q   7 10 

4- 

T  S70  "Peh 

,5 

 T-i  ftrS 

j.^.  010 

— 0.  2 1 04 

0.  430 

9-  439 

4-18.  607 

4- 

9-  330 

Mar. 

TC 

*4'  '-'o4 

0.  007 

u.  ^»J4j 

0.971 

  C\    J  AO- 

9.  14^ 

 0.  204 

4- 

Apr. 

^4 

—  I A  218 
*4'  ■^0*-' 

1.470 

  8  810 

_j_i8.  086 

 0. 198 

4- 

8.  038 

J  UllC 

— 14.  416 

 0.  1388 

I. 

—   8  AQK 

4yo 

4-17  68q 
-pi/. 

— 0. 190 

4- 

7.  397 

Tulv 

*4'  uOD 

— 0.  0871 

2.  304 

—  8. 126 

-1-17  2Iil 
1  *  /•  ^*4 

— 0.  180 

4- 

6.  768 

Aug. 

22 

 642 

— 0.  0250 

2.  627 

—  7  720 

+  16.  687 

—0. 168 

4- 

0.  loo 

Oct. 

J 

 667 

5. 583 

0455 

2.  882 

  7  'J'7'7 

-I-' 1 6  T17 

\j.  154 

4- 

Nov. 

10 

— 14.  622 

_|_o  1224 

3.066 

—  6.  800 

— 0  110 

4- 

5.045 

Dec. 

20 

14. 

3.  180 

—  6  2QA 

+  15.089 

— 0.  123 

4- 

4.553 

tS*7T  Tfln 

•^y 

14. 

-fo.  2871 

3.  229 

  c  766 

-P14.  U4^ 

—Q  106 

4- 

4.  112 

Mar 

10 

14.  vAiy 

 0.  088 

4-0  tllA 
0/^4 

3.  218 

  C   2  T7 

_I-T/1  27^ 

4- 

3.  722 

Apr. 

TO 

-Un  /1 587 

3.  146 

4. 

-i-  T 1  001 

1  ^6'  yyo 

—0.  070 

4- 

3.  385 

Ma 

29 

 1 1   r  78 

4-11  8o«; 

3.019 

  A  0*78 

4.  U/O 

+ 

3.  104 

Tulv 

8 

2.  038 

-l-Ti  716 

 n  01 C 

+ 

2.  879 

1 7 

— 12.  003 

-1— 0  7111 

2.  610 

2.  935 

-l-Tl  710 

— 0.  019 

2.  708 

Sept. 

26 

—  I  I.  290 

2.  342 

— 0.  004 

+ 

2.  590 

Nov. 

HJ.  4^ 

_|_o.  8622 

2.042 

  900 

4-Ty1  OTl 

4~o.  009 

4- 

2.518 

Dec. 

T  C 
^0 

_|_o,  9221 

I.*7I2 

  T  Aft"? 

I.  4U/ 

4~i4«  210 

4~o.  020 

4- 

2.484 

18*79  Tail 

'7A 

-  8.  715 

1-350 

  2  JO 

_)_T/1  162 
-p  14. 

4-0. 028 

4- 

2.  478 

I^ar. 

4 

— Uo  ooc8 
1^0.  9950 

0.952 

  0.  827 

4-Tyl  /i07 

4-0  01  vi 
-pu.  u^4 

4- 

2.  488 

A 

P  • 

T  1 

-i-  T  00/I7 

0.  520 

—  0  fill 

4- J A  286 

—l-O  017 

4- 

2.  503 

IVIay 

^6 

0'  /4/ 

Tulv 

-l-O  CKl^O 

0.065 

400 

4-11  q66 

4-0  018 

4- 

2.  512 

2 

  ^  '7CA 

4*  /04 

_4-0  QC7Q 

4-  0. 392 

—  0  i.i  I 

KJ.  ^41 

4-11  /I02 

-l-O  017 

+ 

2.  502 

J I 

  1  7q6 

_j_o.  8981 

-}-  0.824 

  0.  266 

4-T'>  568 

-pO.  034 

4- 

2.  460 

Sept. 

20 

—  2.898 

  2.  085 

-f-o.  8127 

I.  199 

  0.  214 

4- I  I.  dA6 

4-0  02Q 

+ 

2.  372 

Oct. 

in 

-}-o.  7016 

1.480 

  0,  172 

_j_  JO.  027 

_l_o  rtoi 

4- 

2.  224 

Dec. 

  T  ^81 

-Uo  ^670 

4- 

I.  630 

—  0.  122 

4-  8  7,xi 

4~o.  016 

4- 

2.005 

1873,  Jan. 

18 

—  0.  816 

-|-o.  4158 

I.  617 

—  0.  061 

4-  6.431 

-f-o.  009 

+ 

1.707 

Feb. 

27 

—  0.  400 

4-0.  2599 

I.  421 

4-  0.015 

4-  4.445 

4-0.003 

4- 

I.  332 

Apr. 

8 

—  0.  140 

^0.  1200 

4- 

1.050 

4-0.088 

4-  2.569 

— 0. 001 

4- 

0.898 

May 

18 

—  0.  020 

June 

4  0.  0227 

0.544 

4-  0. 1 10 

4-  1. 017 

— 0. 002 

4- 

0.436 

27 

-f  0.003 

-0.  0037 

0.003 

4-0.008 

—  0. 023 

0. 000 

0.003 

Aug. 

6 

—  0.001 

-f  0.  0585 

0.467 

—  0.  289 

—  0. 506 

4-0.005 

0.366 

Sept. 

15 

-f  0.058 

+0.  2047 

0.  723 

—  0.788 

—  0. 537 

4-0. 012 

0.608 
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Date. 

y  Ai 

y  ACS 

// 

// 

1873,  Oct, 

25 

0.263 

Dec. 

0. 664 

+0.  4015 

—  0.  677 

—  1.432 

—  0.  290 

4-0.  017 

—  a  700 

4 

1874,  Jan. 

+0.  5935 

—  0.304 

  2.084 

4-  0.  143 

+0.  016 

—  0. 691 

13 

+ 

I.  257 

Feb. 

1.963 

-fo.  7062 

4-   0.  200 

—  2.531 

4"  0. 807 

4-0.  009 

—  0.695 

22 

Apr. 

2.694 

-1-0.73" 

4-  0.850 

"  2. 744 

4-  1. 617 

4-0.003 

—  0.  750 

3 

May 

+0.  7034 

+  1.300 

—  2.822 

4-  2.509 

0.  000 

—  0. 810 

13 

3. 397 

June 

+0. 6439 

4-  1.633 

—  2.830 

4-  3-499 

 0.002 

-  0. 873 

22 

4.041 

+0. 5645 

4-  1.850 

—  2. 804 

4-  4. 587 

 0.  004 

—  0.951 

Aug. 

I 

+ 

4.605 

Sept. 

5.078 

+0. 4729 

+  1.945 

—  2.764 

4-  5.  753 

 0.  006 

—  1.050 

10 

+ 

Oct. 

+0. 3769 

4-  1. 918 

—  2.  723 

4-  6.952 

-70.007 

—  1. 168 

20 

5. 455 

5.736 

-|-o.  2813 

4-  1. 770 

—  2.685 

4-  8. 154 

 0.  008 

—  1.300 

Nov. 

29 

+ 

1875,  Jan. 

8 

5.926 

-|-o.  1900 

4-  1.504 

—  2.648 

4-  9-  325. 

 0.  008 

—  1. 441 

4- 

Feb. 

+0. 1055 

4-  1. 126 

—  2.608 

4-10. 453 

—a  007 

-  1.583 

17 

4- 

6.031 

Mar. 

6.060 

+ao29i 

4-  0. 642 

—  2.560 

4-II.  533 

— a  006 

—  1.720 

29 

+ 

May 

8 

6. 022 

—0.0383 

4-  0.058 

—  2.500 

4-12. 571 

—a  005 

-  1.845 

+ 

June 

— 0. 0966 

—  0. 618 

—  2.426 

4-13.582 

—0.003 

—  1. 951 

17 

5.  925 

July 

— 0. 1462 

—  1.378 

—  2.341 

4-14. 586 

— 0. 001 

—  2.033 

27 

+ 

5.  779 

— 0. 1878 

—  2. 209 

—  2.251 

4-15.600 

0. 000 

-  2. 086 

Sept. 

5 

5. 591 

— 0.  2221 

—  3.089 

—  2. 165 

4-16.  626 

4-0.001 

—  2. 108 

Oct. 

15 

+ 

5-369 

Nov. 

— 0.  2489 

—  3.996 

—  2.087 

4-17. 652 

4-0.001 

-   2.  lOI 

24 

5. 120 

1876,  Jan. 

—0.  2673 

—  4.904 

—  2.016 

4-18. 655 

0. 000 

—  2.071 

3 

+ 

4.853 

Feb. 

— 0.  2760 

—  5.  793 

—  1.942 

4-19. 618 

— 0.002 

—  2.028 

12 

+ 

4. 577 

Mar. 

—0.  2738 

—  6.  653 

-  1.852 

4-20. 539 

—0.005 

-  1.977 

23 

+ 

4-  303 

May 

— 0.  2600 

—  7-477 

—  I.  738 

4-21. 431 

— 0.008 

—  1.924 

2 

4.043 

June 

3.808 

—0.  2346 

—  8.  259 

-  1.593 

4-22.314 

— 0. 012 

—  1.872 

II 

July 

—0. 1975 

—  8.994 

—  1. 417 

4-23.  208 

— 0. 017 

-  1.823 

21 

4- 

3.  611 

Aug. 

3.  462 

— 0. 1490 

—  9-674 

—  I.  209 

4-24. 134 

— 0. 022 

—  1.780 

30 

Oct. 

— 0. 0897 

— la  292 

—  0. 974 

4-25. 110 

— 0. 028 

—  I.  745 

9 

+ 

3.  372 

Nov. 

18 

— 0. 0206 

— 10.  836 

—  0.  716 

4-26. 142 

—0.034 

—  I.  721 

+ 

3-  351 

28 

+0. 0575 

—II.  305 

—  0.443 

4-27. 246 

— 0.041 

-  I.  712 

Dec. 

-f 

3.408 

1877,  Feb. 

-fo.  1439 

— II.  700 

—  0. 162 

4-28.434 

—0.048 

—  I.  721 

6 

+ 

3.  552 

Mar. 

18 

+0.  2388 

— 12.  024 

-|-  0. 121 

4-29.  726 

—0.055 

—  I.  749 

3.  791 

Apr. 

-f  0. 3422 

—12.  274 

4-  0.399 

+31. 131 

—0.063 

-  1.798 

27 

-r 

4.  133 

June 

4.586 

+0. 4531 

— 12.  448 

4-  0.663 

+32. 646 

—0. 070 

—  1.869 

6 

+ 

July 

16 

-f  0. 5697 

—12.  546 

4-  0.900 

4-34-  251 

— 0. 077 

—  1.963 

5.  156 

+0.6885 

—12. 571 

4-  1.095 

4-35. 895 

—0.084 

—  2.082 
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Date. 

2^Li 

// 

// 

// 

// 

// 

// 

// 

1877.  AufiT. 

25 

+  5.844 

+0.  8036 

+  1.239 

+37.  492 

—12.525 

— 0. 090 

—  2.  219 

Oct. 

4 

+  6.648 

-ho.  9078 

— 12. 408 

+  1.336 

+38.  946 

—0.095 

—  2.365 

Nov. 

+  7.556 

+0. 9923 

— 12.  224 

+  1.400 

+40.  155 

-0.099 

~  2.505 

Dec. 

2% 
^0 

+  8.548 

+1.0480 

—11.987 

+  1.458 

+41. 034 

— 0.  lOI 

—  2.  618 

1878,  Feb. 

I 

+  9.596 

—  2.682 

+1.0645 

—II.  724 

+  1.548 

+41.514 

— 0. 102 

Mar. 

13 

+  10.  660 

+1. 0320 

— II.  480 

+  I.  711 

+41.554 

— 0. 102 

—  2.  675 

Apr. 

22 

-fii.  692 

+0.9442 

-II.  318 

+  1.987 

+41.  168 

— 0. 102 

—  2.  581 

June 

I 

+  12.636 

+0.8065 

—11.305 

+  2.390 

+40. 453 

— 0. 104 

—  2.400 

July 

II 

+  13.  442 

+  2.880 

+0.  6410 

—11.505 

+39. 547 

—a  no 

—  2.  157 

Aucr. 

20 

+  14.083 

+38.  569 

+0. 4926 

—11.938 

+  3.  342 

—0. 121 

—  1.912 

Sept. 

29 

+  14.  576 

+  3.633 

+37.  508 

-  1.746 

+0.4124 

—12. 552 

—0.137 

Nov. 

8 

+  14.988 

+0. 4283 

—13.  231 

+  3.681 

+36.  233 

—0. 156 

—  I.  729 

Dec. 

18 

+  15.416 

+0. 5295 

—13. 833 

+  3.527 

+34.  683 

-0-I75 

—  1.872 

1870,  Tan. 

27 

+  15.945 

+0. 6773 

—14.  247 

+  3-  275 

+32.  993 

—0. 191 

—  2.  132 

Mar. 

8 

+  16.622 

+0. 8320 

—14.431 

+  3.014 

+31.372 

—0.203 

—  2.442 

Apr. 

17 

+  17.  454 

+  2.782 

+0.9651 

—14.394 

+30. 038 

— 0.  210 

—  2.  733 

May 

27 

+  18.419 

+1.0637 

—14.  172 

+  2.575 

+29.  112 

—0. 214 

—  2. 955 

July 

6 

+  19.  483 

+  1. 1246 

—13.  807 

+  2.  369 

+28.  627 

—0.  215 

—  3-  074 

Aug. 

15 

4-20.608 

+ 1. 1508 

—  13. 342 

+  2. 138 

+  28.  538 

—0.  215 

—  3.075 

Sept. 

24 

+21.  759 

+1. 1484 

—12.  822 

+  1.867 

+  28.  753 

—0.215 

—  2.963 

Nov. 

3 

+22.  907 

+1.  1229 

—12.  283 

+  1.548 

+29.  189 

—0.  216 

—  2. 746 

Dec. 

13 

+24.030 

+ 1. 0791 

—II.  755 

+  1. 182 

+  29.  771 

—0.218 

—  2.443 

1880,  Jan. 

22 

+25.  109 

+  1.0205 

— II.  260 

+  0.769 

+30.  448 

—0.  222 

—  2.064 

Mar. 

2 

+26.  129 

+0.  9497 

—10.  814 

+  0.310 

+31.  180 

—0.  228 

—  1. 617 

Apr. 

II 

+27.  079 

+0.  8685 

—10. 439 

—  0. 191 

+31.  945 

-0.237 

—  I.  117 

May 

21 

+  27.  948 

—  0.  728 

+0.  7791 

—10. 152 

+32.  720 

—0.249 

—  0. 577 

June 

30 

+28.  727 

+0.6846 

—  9.965 

—  I.  292 

-f  33.  475 

—0.  264 

—  0.016 

Aug. 

9 

+29.412 

+0.5875 

—  9. 884 

-  I.  873 

+34. 191 

—0.  282 

+  0. 556 

Sept. 

18 

+30.000 

+0.  4901 

—  9.907 

—  2.464 

+34.  849 

-0. 303 

+  1. 121 

Oct. 

28 

+30.  490 

+  1.670 

+0. 3939 

—10. 037 

—  3-  057 

+35. 447 

—0.327 

Dec. 

7 

+30.  884 

1881,  Jan. 

+0.  3003 

—10.  273 

-  3.648 

+35.  987 

—0.353 

+  2. 192 

16 

+31.  184 

+0.  2101 

— 10.  617 

-  4.235 

+36. 476 

-0.382 

+  2.678 

Feb. 

25 

+31.394 

+0.  1237 

—II.  070 

—  4.821 

+36.  922 

-0.413 

+  3. 120 

Apr. 

6 

+31.518 

+0. 0409 

—11.  626 

—  5.412 

+37.  323 

—0.447 

+  3.507 

May 

16 

+31.559 

—0. 0386 

—12.  272 

—  6.014 

+37.664 

—0. 483 

+  3.831 
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Date. 

2^L, 

// 

// 

// 

// 

// 

// 

// 

1881,  June 

+31-520 

— 0.  1 148 

—12.988 

—  6.  627 

+37.  922 

—0.521 

+  4-079 

A 

+31-  405 

—0.  1866 

—13-  751 

—  7.240 

+38. 077 

— 0. 560 

+  4.  242 

Sept. 

+31-  218 

—  7.  839 

+38.  130 

—0.  2524 

—14. 540 

— o-  599 

+  4-312 

Oct. 

+30.966 

— 0.  3102  ' 

—15.  344 

—  8.  411 

+38-  loi 

—0.638 

+  4.288 

Dec. 

2 

+30-  656 

— o-  3579 

—16.  154 

—  8.944 

+38. 020 

—0.  676 

+  4.168 

T882.  Tan 

II 

+30.  298 

— 3937 

—16.  956 

—  9-430 

+37.  923 

— 0.  712 

+  3-  954 

Feb. 

20 

+29.  904 

—0. 4158 

—17.  744 

—  9.868 

+37-  849 

—0.  746 

+  3.650 

Apr, 

I 

+29.488 

— 0. 4224 

—18.  507 

—10.  259 

+37.  836 

—0.  778 

+  3-  261 

l^ay 

1 1 

-|- 29. 066 

—10.  605 

—0. 41 19 

—19.  230 

+37-  920 

—0.  807 

+  2.794 

June 

20 

+28.  654 

Tulv 

—0. 3828 

—19. 895 

—10.  913 

+38..  137 

— 833 

4-  2. 262 

+28.  271 

— 0-3334 

—20. 481 

— II.  190 

-I-38. 520 

—0.855 

+  1.676 

Sept, 

8 

+27-  938 

18 

—0.  2627 

— 20.  962 

—11.445 

+39-  097 

—0.873 

+  1.052 

Oct 

+27.  675 

— 0. 1718 

—21.  305 

—11.686 

+39-  877 

—0.886 

+  0.403 

Nov. 

27 

+27. 503 

—0.0675 

—21.  481 

—II.  914 

+40.811 

— 0. 894 

—  0. 245 

188'^.  Tan. 

6 

+27. 436 

Feb. 

+a  0377 

— 21. 502 

—12. 131 

+41  778 

—0.898 

—  0. 835 

*0 

+27. 474 

+0. 1413 

— 21.  420 

—12.  351 

+42.  705 

—0.897 

—  1.307 

AI&x. 

^1 

+27.  615 

+0.  2410 

—21.  243 

-12.  587 

+43.583 

— 0,  894 

—  1. 640 

May 

5 

+27.  856 

+0. 3202 

— 20.  982 

—12.  786 

+44-  356 

—0.  890 

—  1.832 

June 

TC 

+28. 176 

+0-3517 

—20.  660 

—12.  862 

-(-45.008 

-0.888 

—  1.889 

Tulv 

IK. 

+28.  528 

—12.  738 

+0.3125 

—20.  336 

+45.  630 

-^.891 

-  1-853 

Sept. 

0 

-f-28.  840 

—12.  381 

+0. 1927 

— 20. 100 

+46.  368 

—0.  902 

-   1. 818 

Oct. 

+29. 033 

-fo.  0052 

—20. 060 

—11.825 

+47-313 

—0.923 

—  1. 926 

Nov. 

22 

+29. 038 

— 0.  2208 

+48. 392 

—20.319 

— II.  141 

—0.953 

—  2.342 

rOfiyl  Tan 

I 

+28.  817 

+49. 364 

Feb. 

—0.4431 

—20.  945 

—10.  405 

— 0. 990 

—  3. 211 

10 

+28. 374 

— 0. 6224 

—21.  941 

—  9.666 

-I-49-  914 

— 1. 029 

—  4. 615 

21 

+27.  752 

—0.  7312 

—23.  249 

—  8.  928 

+49.  781 

—1.065 

-  6.556 

Apr. 

+27. 021 

—  8.947 

—0-  7565 

—24.  759 

—  8.  169 

+48. 837 

—1.094 

June 

9 

+26.  265 

—0. 6995 

—26. 342 

— -  7-357 

+47.  102 

— 1. 112 

—11-655 

July 

19 

+25.  565 

—14.506 

-0.5723 

—27.  862 

—  6. 474 

+44.  732 

—1. 1.18 

Aug. 

28 

+24.993 

+41.  933 

—0. 3920 

—29.  220 

—  5-512 

— 1. 112 

—17. 353 

Oct. 

7 

-f  24.  601 

—0.  1779 

-30.345 

—  4.485 

+38.  937 

— 1. 096 

— 20. 061 

Nov. 

16 

+  24. 423 

+0. 0523 

— 31.  202 

-  3.418 

+35. 948 

—1. 072 

—22.  539 

Dec. 

26 

+  24.  475 

-  2.348 

-ro.  2840 

—31-  775 

+33.  117 

—1.043 

—24.  729 

1885,  Feb. 

4 

+24.  759 

-fo.  5062 

—32.064 

—  1-313 

+30. 534 

—I.  on 

—26.  602 

Mar. 

16 

+25.  265 

+0.  7123 

—32. 083 

—  0. 342 

+28.  226 

—0.978 

—28. 162 
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Table  II. — Summation  of  Perturbations  by  Saturn  and  Mars — Continued. 


Date. 

2z/L. 

2Jt 

// 

// 

// 

// 

// 

// 

i88^  Aor 

+25.  977 

June 

+26.  876 

4-0.8988 

-31.  852 

4- 

\ 

0.  547 

+  26.  178 

—0.  946 

—29.  431 

A 

Tulv 

+27.  940 

+  1.0639 

—31.400 

-1- 

+24.  356 

—0.  916 

— 30.  439 

lA 

+  1.  2069 

—30.  764 

_l_ 

2.  057 

+  22.  729 

—0.889 

— 31.  220 

+29. 147 

Oct. 

+  1.3278 

— 29.  982 

1 

-r 

z..  OoO 

+  21.  266 

-0.865 

— 31.  807 

2 

-f  30.  475 

Nov. 

+31.902 

+  1.4267 

—29.  091 

+ 

3.217 

+  19.  940 

—0.  845 

—32.  232 

II 

Dec. 

4  33.  406 

+  1.5038 

—28.  123 

1 

3.  009 

+  18.  722 

—0.828 

—32.  526 

21 

XOOUf  J  all. 

f  34.  966 

-r  I.  5596 

—27.  106 

4'  039 

+  17.  581 

—0.  815 

— 32.  715 

Ma.r. 

+36.  561 

+  1.5949 

—  26.066 

1 

4.  332 

+  16.489 

—0.806 

— 32.  825 

1 1 

Apr. 

+38.  171 

+  1.  6100 

—25.031 

1 

4"  540 

+  15.  422 

— 0.  801 

— X2.  877 

20 

May 

+  1.6062 

—  24.  027 

,  1 

4.  097 

+  14.  362 

—0.  799 

—32.  893 

-39.  777 

Tulv 

4-41.  362 

+ 1.  5851 

—23.  081 

4_ 
1 

A  78c 

4* 

+  13.  295 

—0.  800 

—32.  890 

Q 

Auc 

18 

-^1.5492 

—  22.  210 

_i_ 

4.  824 

+  12.  216 

—0.803 

—32.  882 

+42.91T 

Sept. 

-  I.  5002 

—21.  432 

_i_ 

r 

A  821 
4. 

+  11.  117 

—0:808 

—32.  882 

27 

4-44.411 

Nov. 

+45.  851 

+  1.4398 

—20.  762 

+ 

4.  786 

+  9.993 

—0.  815 

— 32.  899 

6 

Dec. 

16 

-f47.  220 

+  1.3689 

—20.  218 

J 

4.  7*5 

+  8.834 

—0.  824 

—32.  943 

1887  Tan 

X.\J\J  f  y  Jail. 

+48.  508 

+  1.  2882 

—19.808 

I 

4<  &i  I 

+  7.618 

—0.  834 

—33.  022 

Mar. 

+49.  706 

+  1.  1976 

—  19.  535 

1 

A  Al(\ 
4.  470 

+  6.316 

—0.  845 

— 33.  142 

6 

Apr. 

+50.  803 

+  1.0975 

—  19.  393 

_4_ 

4.  3-*" 

+  4.899 

—0.  856 

— 33.  302 

*o 

May 

4  51.  792 

+0.  9890 

—  19.374 

4  160 

+  3.359 

—0.866 

—33.  498 

2^ 

Tulv 

+52.  667 

+0.  8751 

—19.  464 

A    C\t  A 
4.  014 

+  1.727 

-0.  875 

— 33.  723 

+0.  7596 

—  19.655 

■  t 

■2  80c 

3.  ^5 

+  0.049 

-0.883 

— 33.  970 

+53.  427 

Sept. 

22 

54.  075 

+0.  6480 

—  19.937 

1 

■5    8  TO 

—  1.605 

—0.889 

—34.  227 

Nov. 

4  54.  621 

4  0. 5462 

—20.  295 

1 

3-  757 

-  3.  166 

— 0.  893 

— 34.  485 

Dec. 

+55. 082 

^  0. 4614 

—20.  715 

1 

3.  721 

—  4.565 

—0.895 

—34.  733 

1 1 

1888  Tan 

-^55-  484 

+0. 4018 

—21.  172 

1 

3.  002 

—  5.744 

—0.  895 

—34.  961 

20 

Feb. 

+55.  859 

+0. 3751 

—21.637 

.J. 

3.  009 

-  6.675 

—0.  894 

— 35.  157 

29 

Apr. 

'  56.  246 

-TO.  3874 

—22.078 

+ 

3.  471 

—  7.  377 

— 0.  892 

— 35.  3^2 

9 

May 

+56.  686 

4  0. 4396 

—22.  458 

+ 

3.  250 

—  7.914 

—0.889 

—35.  421 

19 

June 

28 

'  0. 5257 

—22.  743 

+ 

2.952 

-  8.  376 

—0.886 

—35.  485 

-r^57-2i2 

Aug. 

+57.  843 

^0.6315 

—22.  906 

+ 

2.  611 

—  8.822 

—0.883 

—35.511 

7 

Sept. 

+58.  580 

+0.  7373 

— 22.  927 

+ 

2.  278 

—  9.  229 

—0.881 

—35.510 

16 

Oct. 

26 

-^  0. 8237 

— 22.  799 

+ 

1.993 

—  9.489 

—0.  879 

—35.  495 

4  59-  404 

Dec. 

+0. 8758 

—22.  530 

+ 

I.  772 

—  9.458 

—0.  878 

—35.  480 

5 

4  60.  280 

+61.  165 

+0. 8849 

—22.  145 

+ 

I.  604 

—  9.010 

—0.  878 

—35.  475 
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Table  III. — Summation  of  Perturbations  by  Uranus. 


Date. 

i:^Li 

- 

// 

1854,  Nov. 

9.7 

— .  2361 

— 0.  426 

— .  0072 

-f  0.494 

+  1.505 

•  Dec. 

28.  9 

•2433 

.  0072 

0. 478 

0.419 

1.483 

1855,  Feb. 

16.  I 

•  2505 

+0. 462 

+  1.448 

—.0052 

-0.414 

Apr. 

6.3 

-.2557 

1855,  Dec. 

8.4 

— . 2275 

—0.389 

-f  .0149 

+0. 461 

+  1.205 

1856,  Jan. 

26.  7 

.  2126 

0.  389 

.0163 

0.475 

I.  183 

Mar. 

15-  9 

•  1963 

+  1.  167 

+.0169 

-fo.  490 

-o-  391 

May 

4.  I 

-. 1794 

1857,  Feb. 

23.4 

— .  1025 

—0.  465 

+  1.  098 

-f.0045 

+0. 558 

Apr. 

13.7 

.  0980 

0.  480 

1.084 

-i-.  0015 

0.556 

June 

I.  9 

.0965 

+  1.068 

—.0015 

4-0.551 

—0.495 

July 

21.  I 

—.0980 

1858,  Mar. 

24.  2 

— . 1399 

+0.  986 

—.0115 

-fo.  468 

—0.  565 

May 

12.4 

•  1514 

0.986 

.  0107 

0.452 

0.573 

June 

30-  7 

.  1621 

--0.581 

— .  0090 

-f  0. 438 

+0.  993 

Aug. 

18.9 

— . 1711 

1859,  Sept. 

16.7 

— .  1677 

—0.583 

1    -r     -r  r  Q 

IIo 

— .  0076 

-f-o.  419 

Nov. 

4.9 

.  1753 

.  0109 

0. 404 

0.  572 

1. 124 

Dec. 

24.  I 

.  1862 

— .  0124 

-fo.385 

—0.  562 

+1. 117 

i860,  Feb. 

"•3 

-.  1986 

i860,  Dec. 

2.7 

— .  2221 

+.0098 

+0.314 

—0.  477 

0 

+0.  842 

1861,  Jan. 

20.  9 

.  2123 

0.808 

.0130 

0.324 

0.467 

Mar. 

II.  I 

•  1993 

+.0156 

4-0. 337 

-0.459 

+0.  779 

Apr. 

29-3 

1837 

1862,  Feb. 

18.7 

— .  0798 

+0.  629 

-h.0124 

+0.444 

—0.477 

Apr. 

8.9 

.0674 

0.488 

0.603 

.  0096 

0.451 

May 

28.  I 

.0578 

-[-.0065 

+0.  455 

-0.499 

+0.  575 

July 

16.3 

—.0513 
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Table  III. — Summation  of  Perturbations  hy  Uranus — Continued. 


Date. 

2J/i 

2z/Li 

// 

// 

// 

// 

1864,  Oct. 

30.  I 

—■0957 

— .  0128 

-f-o.  343 

-0.573 

-f  0.  528 

Dec. 

18.3 

.  1085 

1865,  Feb. 

.0164 

0.  320 

0.560 

o.'547 

5.6 

.  1249 

-f-o.  292 

— 0.  546 

+0.  553 

Mar. 

26.8 

-.  1432 



1868,  May 

1.9 



— .  0145 



—.0051 

-fo.  280 

—0.355 

—0.086 

June 

20.  I 

.0196 

.0055 

0.  267 

0.  360 

0.  106 

Aug. 

8.3 

.0251 

0.  300 

— •  0044 

255 

-~~o.  117 

Sept. 

26.6 

— .  0295 

1869,  Oct. 

25- 3 

—.0043 

— .0106 

-ho.  243 

-0-379 

-ho.  054 

Dec. 

13.6 

.0149 

.0161 

0.  222 

0.370 

0.  104 

1870,  Jan. 

31.8 

.0310 

-j-o.  193 

— 0. 360 

+0.  147 

Mar. 

22.  0 

—.0516 

1870,  Nov. 

23.  I 

— .  1690 

— .  OI61 

— 0033 

—0.  237 

-f-o.  227 

1871,  Jan. 

11.3 

.  1851 

.0113 

0.058 

0.  208 

0.  226 

Mar. 

1.6 

.  1964 

 c)o6i 

0.  077 

-ho.  226 

Apr. 

19.8 

— .  2025 





1872,  Feb. 

9-  I 

— . 1410 



-(-.  0209 

-0.039 

 0.  024 

-ho.  261 

Mar. 

29- 3 

.  1201 

.0216 

0.  022 

0.015 

0.258 

May 

17.6 

.0985 

July 

5.8 

— .  0773 





1873,  Apr. 

27. 1 

.0015 

June 

-f-.ooi5 

-f-o.  013 

-|-o.  001 

-f  0. 029 

15.3 

0 

0 

-|-o.  002 

0 

-f  0.003 

Aug. 

3.6 

0 

21.8 

-f  .0003 

— 0. 009 

—0.003 

— 0. 015 

Sept. 

4-.  0003 

1874,  Oct. 

20.  6 

— .  0702 



— .  0022 

— 0. 002 

— 0. 040 

-f-o.  128 

Dec. 

8.8 

.0680 

1875,  Jan. 

.0088 

0.015 

0. 040 

0.  199 

27.  0 

.0592 

—.0153 

—0. 038 

— 0. 040 

+0.  273 

Mar. 

17.2 

-.  0439 
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1879,  Dec. 

4.0 

-f.0952 

1880,  Jan. 

22.  2 

.  1005 

Mar. 

II. 4 

.0996 

Apr. 

29.7 

+.0921 

1883,  Sept. 

12.  2 

—.0715 

Oct. 

31-4 

.0664 

Dec. 

19.7 

.0586 

1884,  Feb. 

6.9 

—.0471 

Date. 

S2j/i 

2z/Li 

1J:t 

// 

// 

// 

// 

// 

1876,  Jan. 

6.6 

1263 

—0.361 

+0.660 

— .  0277 

-r  0.031 

Feb. 

24.8 

.  1540 

.0238 

0.  406 

0.055 

0.  702 

Apr. 

.  1770 

— .  0189 

—0.444 

-f  0.081 

+0.  744 

June 

2.  2 

— .  1967 

1877,  Mar. 

24.  6 

1894 

 — 

-r.  0183 

-0.  514 

+0.  244 

+  1.049 

May 

12.8 

.  I7II 

0.  256 

.  0209 

0.491 

1.075 

Tnlv 

July 

•  15^2 

-f.  0221 

—0.  477 

-f  0.  265 

+  1.  090 

Aug. 

19.  2 

— .  I28I 

- 

1878,  July 

29.8 

—  .  0322 

-f.0038 

-0.470 

-ho.  301 

-i-a  920 

Sept. 

17.  0 

.0284 

.0054 

0.  480 

0.  297 

0. 902 

Nov. 

5.2 

.0230 

4-.  0087 

.     -0. 487 

-fo.  289 

+0.881 

Dec. 

24.4 

0143 

1 

+  0053 

— .  0009 

-.0075 


+.0051 
.0078 
+.0II5 


-o.  443 
0.450 
-o.  465 


-1.033 
1. 042 
-1.047 


+0.  232 
o.  220 
+0.  207 


+0. 317 
0.313 
+0.  307 


1884, 

Nov. 

28.2  j 

+.0714 

+.0173 

—0. 982  1 

1885, 

Jan. 

16.4  1 

.0887 

.0134 

0.973  1 

Mar. 

6.7 

.  ro2i 

+  .0084 

—0.969  j 

Apr. 

24.9  j 

+.  1 105 

-1 

1886, 

Feb. 

14.  2  ' 

+  0393 

i 

—.0289  ' 

-1. 148  i 

Apr. 

,  4.4  ' 

4  . 0104 

1 

.0311 

I.  2or 

May 

23.7  1 

— .  0207 

—.0318 

-1.255  1 

July 

ir.  9  1 

— •  0525 

1 

+0. 255 

o.  239 
+0.  220 


o.  026 


-t-o.  01 1 


+  1. 006 
1. 076 

+1. 150 


+  2.  256 
2.  230 
+  2.  199 


+  2.  175 
2.  213 
+  2.  258 


+  0.045  '  +2.597 


2.644 
+  2.  693 
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Bate. 

// 

// 

// 

// 

1887,  Mar. 

15.0 

—.1686 

-.0065 

-I.  491 

— 0.  01 1 

+3.  086 

May 

a- 2 

.  X75I 

4".  0001 

I.  502 

0. 010 

3.  157 

June 

21.4 

■  1750 

-\-.  oo6r 

—  1.505 

— 0. 010 

+3-  221 

Aug. 

9.7 

— .  I6S9 

1888,  Sept. 

6.4 

— *0926 

-f ,  0016 

-1.505 

-\  0.  033 

-f3-  271 

Oct. 

25.7 

.0910 

I. 516 

.0054 

0.033 

3-  243 

Bee. 

13-9 

—.0876 

+.0064 

—I.  524 

+0. 032 

-f3-  209 

Tablb  lY,—8umm&iim  of  PerturiatUms  by  the  Earth. 


I>ate. 

_i  

tf 

// 

// 

1854,  Oct. 

16. 1 

—  144.  9049 

• 

-j-IQ.  031 

-p.  0314 

— 31-  532 

— 0-354 

Nov. 

9-7 

0 

144.  »735 

11.  660 

•  1017 

30-  293 

I.P5I 

Bee 

4.3 

TAA  •yftS 

.  ^967 

29.  274 

I.  774 

II.  769 

Bee. 

28.9 

144.5751 

.3172 

28.  532 

2. 453 

10.  845 

1855,  Jan, 

22.5 

144.  2579 

.4535 

28. 082 

3.002 

9-035 

Feb. 

16. 1 

143.8044 

+.5884 

—27.  938 

—3.  344 

+  6.690 

Mar. 

12.  7 

—143.  2t6o 

1856,  Jail. 

2.  Z 

—135*  4266 

26.  7 

+  .3026 

-29,  779 

—4.  641 

+  10.436 

Jan. 

135. 1240 

4-  958 

.3273 

28.  529 

9-  237 

Feb. 

20.3 

134. 7967 

+.3801 

—27.  387 

-4.969 

H-  7.530 

Mar. 

15-9 

—134.4166 

1857,  Feb. 

23. 4. 

-^125.5890 

+  2.  726 

+.3474 

—28. 493 

-5. 405 

Mar. 

20.  r 

125. 24x6 

5-218 

.3432 

27.  222 

1-394 

Apr. 

13.  7 

124.8984 

.3674 

■  26.  079 

4.  731 

0.  535 

May 

8.3 

124. 5310 

+  0.326 

-f.4i68 

—25. 193 

—4. 035 

June 

19 

—124. 1142 

1858,  May 

12.4 

-115.5152 

—2.  782 

+.  1964 

-26.  275 

—  4-030 

June 

6.  I 

115.3189 

June 

.  1746 

25.  193 

2.  230 

3-  774 

30.7 

115-1443 

-I.  778 

July 

+.1896 

—24  257 

—  2.  723 

25-3 

—114.9547 
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Date. 

V  A 

2JL1 

// 

// 

.  // 

// 

1859,  Nov. 

4.9 

—  104.  9259 

+  .  0727 

—22.  711 

—1. 150 

+  12.  552 

Nov. 

29.5 

104.  8532 

1.839 

.  1430 

21.  550 

12.719 

Dec. 

24.  I 

104.  7102 

i860,  Jan. 

+  .  2391 

—20. 557 

—2.  493 

+  11.993 

17.7 

—  104.  471 1 

i860,  Dec. 

27.3 

—  95.9115 

-f.3018 

—22. 022 

—4.515 

+  9.859 

1861,  Jan. 

20.  9 

95.  6097 

.Feb. 

.3042 

20.  774 

4.922 

8.  890 

14.5 

95.  3055 

—  94.9682 

-h. 3373 

—19-  535 

—5. 020 

+  7.379 

Mar. 

II.  I 

1862,  Mar. 

15-3 

—  86. 0807 



+.3129 

—19. 447 

-5-  053 

+  0.  924 

Apr. 

8.9 

•    85. 7678 

18.  233 

.3180 

4.664 

—  0.062 

May 

3.5 

85.4498 

—  0.  376 

.3514 

17.  211 

4.051 

May 

28.1 

85.0984 

84.6888 

.4096 

16. 484 

3.  320 

+  0.054 

June 

21.  7 

4861 

— 16.  107 

— 2.  586 

+  1. 175 

July 

16.3 

—  84.  2027 

1864,  Nov. 

23.7 

-  65.  9388 

+.  1337 

—14.032 

—2. 136 

+  13.815 

Dfec. 

18.3 

65.8051 

.2015 

12. 902 

2.  749 

13.316 

1865,  Jan. 

11.9 

65.  6036 

+.  2957 

—11.945 

—3.  245 

+  11.  941 

Feb. 

5.6 

—  65.3079 

1868,  May 

26.5 

-  37.  8756 

+.  1020 

—  9,  902 

-1.373 

—  2.817 

June 

20. 1 

37.  7736 

.0406 

8.  731 

July 

0.704 

2.253 

14.7 

37.  7330 

-I-.0044 

—  7.  610 

—0.  156 

—  I.  172 

Aug. 

8.3 

—  37.  7286 

1869,  Oct. 

25.3 

—  28. 1882 

+.  1571 

—  7. 181 

—I.  928 

+  12. 875 

Nov. 

18.9 

28.0311 

.1535 

6. 135 

2. 458 

13.  648 

Dec. 

13.6 

27. 8776 

•  1897 

4. 976 

3.033 

13.  470 

1870,  Jan. 

7.2 

27.  6879 

+.  2582 

-  3.867 

-3.  518 

+  12.  381 

Jan. 

31.8 

--  27.  4297 

1871,  Jan. 

11.3 

—  19.0302 

Feb. 

18.  1720 

+.3182 

—  5.  223 

—4.931 

+  8.494 

4.9 

.3107 

3.  949 

5.  240 

7.  266 

Mar. 

1.6 

18.  4013 

-f .  3327 

—  2.680 

—5.  195 

+  5.769 

Mar. 

26.  2 

—  18.0686 
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PERTURBATIONS  OF  POLYHYMNIA. 
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Date. 

y  /I., 

// 

// 

// 

// 

tS'?^  \Tflr 

A  7 

—  9.6609 

—  3-  855 

+•  3157 

—4.  795 

-h  0. 840 

Alsir. 

9-  3452 

•  2796 

2.  654 

4-  580 

—  0.548 

Apr. 

22.  9 

9. 0656 

4.  128 

•  2731 

1.474 

I-  259 

May 

17.6 

8.  7925 

+.  2976 

-  0.458 

-3.  531 

~  I- 153 

June 

I  I.  2 

—  8.  4949 

r  ^  1 
*0'  0 

-  0. 0461 

1 

-I-.0484 

—  1.003 

— o-  503 

—  I.  120 

-j-  0.  0023 

— .  0124 

+  0.281 

+0.  136 

+  0.335 

Aug. 

3.6 

—  0.  OIOI 

.0613 

I.  570 

0.  674 

2.  129 

Aug. 

28. 2 

0.  0714 

-.0783 

-f  2.  692 

-f  0.963 

+  4.022  1 

Sept. 

21.8 

—  0.  1497 

1874,  Nov. 

14.  2 

+  7.9188 

+.  1380 

-h  2.  765 

—2.  229 

-h  13.  450 

Dec. 

8.8 

8.0568 

.  1421 

3.  882 

2.  797 

13-  667 

1875,  Jan. 

2.4 

8.  1989 

.1831 

5  - 065 

3.  292 

12.  916 

Jan. 

27. 0 

0.  3^20 

+  .2537 

+  6.  146 

-3-  598 

+  11.346 

Feb. 

20.  6 

+  8.  6357 

1876  Tan 

+  16.  2268 



-f .  2602 

+  4- 952 

—4.  755 

+  7.  188 

Feb. 

24.8 

16.  4870 

.  2630 

6.  246 

4.  821 

5-  752 

Mar. 

20.  4 

16.  7500 

-h  4.365 

2934 

-h  7.440 

—4.  535 

Apr. 

14. 0 

+  17.0434 

tS*?*?  Feb 

+24.  3388 

+.2804 

4-  5. 121 

—4.084 

-h  I- 159 

Mar. 

24.  6 

24.  6192 

6.  235 

•  2234 

3-  937 

—  0.474 

Apr. 

18.2 

24.  8426 

•  1943 

7-421 

3-  548 

1-454 

May 

12.8 

25-  0369 

+.  1963 

-f  8.  522 

—3.  013 

—  I.  622 

June 

6.4 

4-25. 2332 

1878,  July 

29.8 

4-32.  9713 

-.0589 

+  9-921 

+0.  821 

+  4.082 

Aug. 

23.4 

32.9124 

6.  834 

.0747 

II.  421 

0.997 

Sept. 

17.  0 

32.  8377 

9.  446 

.0819 

12.817 

1.036 

Oct. 

ir.6 

32.  7558 

-.0514 

+  13-953 

+0.803 

+  11.488 

Nov. 

5.2 

+  32.  7044 
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Date. 

// 

// 

1879,  Dec. 

28.6 

-j-  40.5011 

■ 

-f .  1650 

-f  14.  908 

—3-  331 

+  15.403 

1880,  Jan. 

22.  2 

40.  6661 

.  2II9 

1 6.  loi 

3-  679 

14.  139 

Feb. 

15-8 

40.  8780 

-t".  2047 

4-17. 121 

— 3-  757 

Mar. 

11.4 



T"  41- 1"27 



1880,  June 

17.9 

_              -  — 

+  43. 1900 

-J-.  6802 

-f  17. 068 

-1.034 

+  5- 016 

July 

12.5 

43. 8710 

6. 1 

.  7044 

16.  152 

o-  535 

5.  387 

Aug. 

44. 5754 

i-.  0990 

4 15-  '33 

—0.  291 

+  6.  340. 

Aug. 

30.7 

1 

~r  45-  2752 



1883,  Oct. 

6.8 

■ 

+  64.  2823 

— .  0022 

-1-22.  679 

+0.  167 

+  13-  611 

Oct. 

31.4 

64.  2801 

+  .0574 

23.  921 

—0.  4 

15-  233 

Nov. 

25.  I 

64.  3375 

-f  •  1499 

-I-24.  890 

—  I.  100 

+  15-  843 

Dec. 

19.7 

-i-  64.4874 

1884,  Dec. 

22.8 

+  73-3002 

4-.  2631 

4-24.  190 

—4. 135 

-|-io.  Tib 

1885,  Jan. 

16.4 

73-  5633 

.  2856 

25.  424 

4-  543 

15. 155 

Feb. 

10.  I 

73. 8489 

•  3383 

20. 

4*  ool 

13. 525 

Mar. 

6.  7 

74.  1872 

-X-  Atm 

+  27.511 

-4.508 

Mar. 

31-3 

1886,  Feb. 

14.2 

-|-    82.  7006 

+  •3299 

+  25.415 

—5-  277 

-}-  0.  760 

Mar. 

10.  8 

83.  0305 

7-  2>2p 

83.  3534 

•  3229 

26.  700 

5.  209 

Apr. 

4.4 

-f-27.  890 

 3j2 

_|_  241 

3442 

Apr. 

29.  I 

-f-  03.  0970 

1887,  Apr. 

8.6 

-h  92. 1561 

-t  26.  599 

—3.  612 

-f.  2533 

+  1-953 

May 

3.2 

92.4094 

.  2039 

27.  724 

3-  130 

1. 141 

May- 

27.  8 

92.  6133 

+. 1852 

-|-28.  817 

~2.  590 

+  I.  164 

June 

21.4 

4-  92.  7985 

1888.  Sept. 

6.4 

+  102. 1664 

-.0218 

+  29.500 

+0. 350 

+13-115 

Oct. 

I.  I 

102. 1446 

14.698 

-.0035 

30-  590 

—0.043 

Oct. 

25.7 

102. 14 1 1 

-f.0489 

31.827 

0.666 

15-  946 

Nov. 

19-3 

102.  1900 

.     16. 584 

.  1229 

33.  oil 

1-374 

Dec. 

13.9 

102. 3129 

+16.  305 

+.  2222 

+33.  993 

—2. 084 

1889,  Jan. 

7.5 

-f  102. 5351 
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Table  V. — Osculating  Elements  of  Polyhymnia  for  dates  of  Ephemerides, 

Elements  V. 


Lo 

o 

=318 

/  // 

53  30.00 

Form  of  Computation. 

M 

=336 

33    22. 5 

(I)  Lo 

TT 

=  342 

20  7.5 

(2)  Pert,  by  \  \^^^ 

<P 

^  19 

52  54.2 

(3)"     "  ? 

=  9 

2  44.9 

(4)  -  e 

( 5 )  Prec.  to  beg.  of  year. 

i 

56   20. 0 

(6)  Nut.  and  Prec.  to  date.; 

.81750 

(7)  Osculating  Elements. 

Mean  Equinox.  1870.0. 
Epoch  July  17.0.    1873.    Berlin  Mean  Time. 


Greenwich  noon. 

Lo 

/ 

1854. 

0    /  // 

0    /  // 

a    /  // 

0 

/  ■  // 

0   /  // 

9  23  45. 01 

-pO  20     2.  02 

3   8  5.84 

—    I  27  35.04 

+0 

0  32. 71 

— 

0  8  55. 34 

—    0. 67937 

-f- 

0.  26 

+        1. 51 

0.43 

-  13 

Nov. 

8 

4.  22 

-h            4-  5^ 

4- 

1.69 

—  2257 

13  24.  12 

—       13  24.  12 

—     12  22.  39 

7. 34 

28. 07 

4-            28  07 

4-         2d  78 

4- 

0. 40 

12  10  50.  04 

tAC%  1Q  A2  At 

I  56  45-  77 

19  44  0.  12 

1854. 

0     /  // 



0     /  // 

0     /  // 

0 

0    /  // 



9  48  10.  65 

-f-O  20     2.  02 

(  2^ 

3   8  5.84 

—     I  27  35.04 

-ho 

0  32.  71 

0   8  55.  34 

—    0.  67937 

(3 

-f 

0.  26 

+  I.5I 

0.43 

13 

Nov. 

10 

(4 

4.  15 

4-              4. 61 

4- 

1.63 

—  22XX 

(5 

13  24.  12 

—         13  24.  12 

—     12  22.  39 

7.  34 

(6 

+ 

28. 37 

+               28.  37 

4-  25.06 

4-' 

0.  40 

(7) 

12  43  i^-  85 

340  39  42.  83 

9  10  50. 39 

I 

56  45.  77 

19  44  0.06 

732.  1 1567 

1854. 

0    /  // 

0     /  // 

0     /  // 

0 

0    /  // 

10  12  36.  28 

3   8  5.84 

—     I  27  35.  04 

H-o  20  2.82 

4-0 

0  32.  71 

0   8  55.  34 

-     0.  67937 

H- 

0.  26 

+  1.51 

0.43 

13 

Nov 

12 

b 

4.09 

+  4.69 

+ 

1-57 

—  2209 

13  24.  12 

—         13  24.  12 

—    12  22.39 

4- 

7. 34 

-h 

28.68 

+  28.68 

4-       25. 34 

0.  41 

) 

13    7  42.  85 

340  39  43.  22 

9  10  50. 67 

I 

56  45.  78 

19  44  0.00 

732.  II59I 

1854. 

0    /  // 

0    /  // 

0   /  // 

0 

/  // 

0    /  // 

10  37    I.  92 

4-0  20  2. 82 

3   8  5.84 

-    I  27  35. 04 

4-0 

0  32.  71 

0   8  55. 34 

-     0.  67937 

(3) 

+ 

0.  26 

-f            1. 51 

0.  43 

13 

Nov. 

14 

(4) 

4.04 

-f  4.76 

4- 

1. 51 

2183 

(5) 

13  24.  12 

—       13  24.  12 

—   12  22. 39 

7. 34 

(6) 

29. 00 

-f           29. 00 

+  25.64 

4- 

0.  41 

(7) 

13  32   8.  86 

340  39  43-  61 

9  10  50. 97 

I 

56  45.  78 

19  43  59.  94 

732.  II617 

1854. 

0    /  // 

0    /  // 

0 

/  // 

or  // 

12  26  57.  28 

i 

3    7  58.  56 

—    I  27  29.32 

-f  0  20  2. 30 

4^0 

0  32.69 

0   8  54.  45 

—     0.  69242 

0.  25 

4-  1.50 

0.43 

-  14 

Nov. 

23 

3.  79 

4-  5.05 

+ 

1.25 

—  2064 

(5 

13  24.  12 

—      13  24.  12 

—    12  22. 39 

7-  34 

(6) 

30.  50 

-1          30. 50 

4-         27. 05 

0. 42 

(7) 

15  21  58.  68 

340  39  51.  II 

9  10  51.  86 

I 

56  45.  77 

19  44   0.  57 

732.  10430 
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; Greenwich  noon. 
1854.  ' 


(I)  I 
(2    I  -I 
(3)  '  + 


Nov.     24  I  (4)  !  - 

(5)  i  - 

(6)  I  + 

(7)  , 


12  39  10.  09 
3    7  58  56  I  - 
o.  26  I  + 
3-  76  I  + 
13  24.  12 
30.68  I 
15  34  II.  71 


1854. 
Nov.  25 


1854. 


Dec. 


1854. 


Dec.  12 


1854. 
Dec.  14 


1854. 


Dec.  16 


1855. 


Jan. 


(I 

(4) 
5) 

7) 


I ) 
2) 

(3 
'4) 

I! 

(7) 


I  27  29.32 
1.50 
5- 07 
13  24.  12 
30.68 
340  39  51-31 


O       /  // 


o      /  // 


+  0  20     2.  30        -fO    O  32.  69  I 


—  12  22.39 
+  27.  22 

9  10  52. 03 


7-34 
o.  42  1 

I  56  45. 77 ; 


o      /  // 

-  o   8  54.  45 
o.  43 

^  1. 22 


19  44   o.  54 


o.  69242 

14 
2050 


732.  10444 


(I) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 


(3) 
(4 

(5 
(6 
(7 


I 

2' 

!S 

(7) 


or  // 

0  / 

// 

0 

// 

0 

/  // 

0  / 

// 

\9  CI  00  0 r 

3    7  58.  56 

-    I  27 

29.  32 

+0 

20 

2.30 

-fo 

0  32.69 

-  0   8  54. 45 

-    0. 69242 

4- 

0.  25 

-f 

1.50 



0.  43 

-  14 

•J-  so 

5.09 

-f 

I.  19 

2035 

IX  24.  12 

13 

24.  12 

12 

22 

7.  34 

1 

-f 

30.85 

-h 

27  XS 

0.  42 

—  - 

IS  J6  24.  72 

*»J  M'-' 

340  39  51.50 

9 

10 

S2  IQ 

56  45.  77 

19  44 

0.  51 

Of  // 

0  / 

// 

0 

/  // 

0  / 

// 



IC    C/l  1*7 

15  54  35-  »7 

-f 

3    7  48.  68 

-    I  27  21.49 

+0 

20 

I.  46 

+0 

0  32.  66 

-  0  8 

53-  32 

—     0.  71030 

0.  25 

: 

1.50 

— 

0.  43 

^§ 

X  AO 

5.  19 

-f 

0.  74 

1790 

13  24.  12 

13 

24.  12 

-- 

12 

22.  39 

7.  34 

-f 

XX.  62 

+■ 

33.  62 

+ 

29.99 

0.44 

18  49  30.  20 



340  40 

2.  20 

9 

10 

53.96 

I 

56  45.  76 

19  44 

I.  19 

712  o8q07 

0     /  // 

0  / 

// 

0 

t  // 

0  / 

// 

i(\  tf\    a  St 
1 0  1  ^    vJ.  0 1 

-h 

3    7  48.  68 

I  27 

21.49 

+0 

20 

I.  46 

-fo 

0  32.66 

—  0  8 

53.  32 

—  0.71030 

0.  25 

-h 

1.50 

0.43 

15 

X.  XA 

5.  18 

-f 

0.68 

13  24.  12 

-  13 

24.  12 

12 

22.  39 

7.  34 

4. 
1 

XA  01 

+ 

34.  01 

30.36 

0.44 

IQ  IX  S6  2Q 



340  40 

2.58 

9 

10 

54.  33 

I  56  45. 76 

19  44 

I.  13 

732.  00942 

0     /  // 

0  / 

° 

0 

0  / 

// 

 ^  ^  

16  AX  26.  44 

4V» 

-h 

3   7  48.  68 

—    I  27 

21.49 

-ho  20 

I.  46 

-fo 

0  32.  66 

-  0  8 

53.32 

—     0.  71030 

-h 

0.  25 

+ 

1.50 

0.43 

-  15 

3-  32 

5.  14 

-f 

0.  62 

—  1728 

13  24.  12 

-  13 

24.  12 

12 

22.  39 

7.34 

-f 

34.40 

+ 

34.40 

-f 

30.73 

0.44 

19  38  22.  33 

340  40 

2.93 

9 

10  54.  70 

I  56  45. 76 

19  44 

1.07 

732.  08977 

0    /  // 

0  / 

// 

0 

// 

0 

/  // 

0  / 

// 

17   7  52.08 

+ 

3    7  48.  68 

—     I  27.  21.  49 

4-0  20 

I.  46 

-fo 

0  32. 66 

4-08 

53.  32 

—     0.  71030 

-f- 

0.  25 

1.50 

0.43 

~  15 

3-  29 

5.  13 

-f 

0.56 

—  1692 

13  24.  12 

13 

24.  12 

12 

22.  39 

7. 34 

-f 

34-  78 

34.  78 

-f 

31.09 

-f 

0.45 

20   2  48.38 

340  40 

3-  30 

9  10  55.  06 

I 

56  45.  77 

19  44 

1. 01 

732.  09013 

0    /  // 

0  / 

// 

0 

// 

0 

/  // 

0  / 

// 

22   0  59.  70 

4- 

3   7  26.66 

-     I  27 

1.25 

-f-o  19  58.  94 

-fo 

0  32. 58 

-  0  8 

50.49 

—     0.  75702 

-f- 

0.  23 

1.48 

0.  42 

-  15 

2.88 

+ 

4.  26 

0.09 

—  1225 

12  33.  86 

1233.86 

II  36.01 

6.88 

10.  84 

10. 84 

10.94 

-f 

0. 01 

24  55  39-  01 

340  40  27.  29 

9  10  56. 89 

I 

56  45.  71 

19  44 

3.20 

732.  04808 
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Greenwich  noon. 

U 

TT 

a 

i 

• 

1855. 

0    /  // 

0     /  // 

0  /  // 

0 

/  // 

0    /  // 

22.  25  25.  33 

+0  19  58. 94 

0  32. 58 

—  0  8  50.49 

  I   27      I.  25 

-r-o 

—   0.  75702 

+ 

0. 23 

+  1.48 

—          0. 42 

—  15 

Tan  TT 

\4  / 

2  8*; 

-h                   4.  14 

6.88 

—          0. 15 

1181 

12  1  86 

—         12  33.86 

—  II  36.01 

6 

10.  48 

—               10.  48 

—     10. 60 

-h 

0. 01 

V  / 

340  40  27.  53 

9  10  57-  23 

I 

56  45.  71 

19  44   3.  14 

732. 04852 

1855. 

- 

0     /  // 

0     /  // 

0    /  // 

0 

/  // 

0    /  // 

22  49  50.  97 

-f-o  19  58.  94 

0  32.  58 

—  0  8  50. 49 

1 

3    7  20.  OD 

—     I  27     I.  25 

— 0 

—    0. 75702 

(3) 

+ 

0.  23 

-f-                 I.  48. 

—          0. 42 

—  14 

J  an.       A 5 

^  A) 
V4  / 

2.  82 

-h  4.02 

6.88 

—          0. 20 

—  1136 

12  33.  86 

—       12  33.  86 

—    II  36.01 

10.  13. 

-           10.  13 

—        10. 27 

0. 02 

2K  AA  XI  0^ 

340  40  27.  76 

9  10  57.  56 

I  56  45.  72 

19  44  0. 39 

732. 04898 

0     /  // 

0    /  // 

0    /  // 

0 

/  // 

0   /  // 

[I] 

23   14   16.  60 

0  32.  58 

1 

—    I  27    1. 25 

-f  0  19  58.  94 

ro 

-  0   8  50.  49 

—    0. 75702 

+ 

0.  23 

+  1.48 

—          0. 42 

—  14 

Tan  TC 

4 

2.  80 

-h  3.87 

—          0. 24. 

—  1091 

\o  I 

12  33.  86 

—  1233.86 

—    II  36.01 

6.88 

(6) 

Q  78 

9.78 

—  9.94 

+ 

0. 02 

V  /  } 

26   8  ^7  0^ 

340  40  27.  96 

9  10  57.  89 

I 

56  45.  72 

19  44   3-  05 

732. 04943 

1050. 

0      /  // 

0    /  // 

0    /  // 

0 

/  // 

0    /  // 

('^ 

95  30   6.  82 

—  0   8  45.  44 

—    I. 18161 

1 

3    0  42.  35 

—    I  23  20.  12 

-f-o  19  24.  21 

0  32. 49 

3) 

+ 

0.  24 

I-  19 

—               0.  "^Q 

-4-  ^i 

Jan.  5 

(4) 

4.  51 

+  4.04 

—              2.  II 

—  1262 

( 

VO  ' 

II  43,  61 

—       II  43.  61 

—    10  49.  63 

6. 42 

(6) 

\  ' 

7  24 

•    7. 24 

-  7.30 

-f 

0. 00 

(7^ 

08  18  <;4 

340  45    I.  76 

9  II  12.  18 

I 

56  46. 07 

19  44   6.  26 

1050. 

0     /  // 

0    /  // 

0    /  // 

0 

/  // 

0     /  // 

(I) 

95  42  19.  63 

1 

3   0  42.  35 

—    I  23  20.  12 

4-0  IQ  24.  21 

+0 

0  32.  49 

—  08  A^.  AA 

—    I.  18161 

(3) 

0.  24 

4-               I.  IQ 

—               0.  "^Q 

4-  ^i 

Jan.  6 

(a) 

+  4.02 

—   .  10  49.  63 

—               2.  15 

—  1262 

('^) 

II  43.61 

—       II  43.  61 

6.  42 

1 

6 

7.05 

-  7.05 

—             7.  12 

4- 

0. 01 

(  7 ) 

9831  7.08 

340  45    I.  93 

9  II  12.  36 

I 

56  46. 08 

19  44   6.  22 

731-62358 

1 050. 

0        /  // 

0    /  // 

0     /  // 

0 

/  // 

0    /  // 

(I) 

95  54  32.  45 

\  ' 

3   0  42.  35 

—    I  23  20.  12 

-fO  19  24.  21 

4-0 

0  32.  49 

—  0   8  45.  44 

-    1. 18161 

Jan.  7 

4- 

0.  24 

4-               I.  IQ 

—               0.  "^Q 

4-  "^i 

4-44 

+  4.00 

—  2.15 

—  1262 

II  43.61 

—       II  43-61 

 10  49.  63 

6.  42 

(6) 

6.87 

—  6.87 

-  6.95 

4- 

0. 01 

(7) 

98  43  20.  12 

340  45    2.  09 

9  II  12.53 

I  56  46.08 

19  44   6.  22 

731.62358 

1856. 

0    /  // 

0    /  // 

0    /  // 

0 

/  // 

0    /  // 

100  35  27.  25 

!■! 

3   0   6. 28 

—    I  23   6. 29 

+0  19  23.  53 

+0 

0  32.  50 

—  0   8  46.  92 

-    1.20355  ' 

Jan.  30 

(3) 

0.  25 

+            I.  19 

-  0.39 

4-           32  ■ 

3.  60 

+            3.  14 

—  2.53 

—  1213 

i=l 

6) 

11  43.61 

—       II  43.61 

-    10  49.  63 

6.  42 

2.83 

-  2.83 

-         3.  15 

-1- 

0.  04 

(7) 

103.  23  43-  74 

340  45  19.  10 

9  II  15.65 

I 

56  46.  12 

19  44   4.  36 

731.60214 

Digitized  by 


ELEMENTS  OF  POLYHYMNIA. 
Table  V. — Osculating  Elements  of  Polyhymnia  for  dates  of  Ephemerides — Continued. 


Greenwich  noon. 

L.. 

■L/O 

0 

<?> 

u 

1856. 

0       /  // 

0 

/  // 

0     /  // 

0 

/  // 

0    f  ff 

I) 

100  47  4^-  ^7 

-f-   3   0   0. 20 

—  I 

23   6. 29 

,0  19  23.53 

4-0 

0  32. 50 

—  0   8  46.  92 

—    1. 20355 

Jan. 

i' 

+            ^»  25 

1. 19 

—  0.39 

4-  32 

3-56 

4- 

3.09 

—  2.54 

—  1209 

,5) 

—       II  43* 

II  43.61 

—     10  49.  63 

6. 42 

^) 

—            2. 67 

2.  67 

—  3.00 

+ 

0. 04 

103  35  56.  76 

340  45  19.  21 

911    15.  80 

I 

56  46.  12 

19  44   4.  35 

731. 60218 

1856. 

0    /  // 

0 

/  // 

Of  // 

0 

/  // 

0    f  ff 

100  59  52.  09 

1 

-}-    3   0   6. 28 

—  I 

23   6. 29 

4-0  19  23.  53 

4-0 

0  32.  50 

—  0  8  46.  92 

—   1. 20355 

Feb. 

15! 

+            0. 25 

4- 

I.  19 

-  0.39 

+  32 

I 

—  3-51 

4- 

3- 03 

-  2.55 

—  1205 

i5) 

.11  43.61 

—    10  49'  63 

6. 42 

6) 

-  2.52 

2.52 

-  2.86 

-h 

0. 04 

(7) 

101            0  78 

340  45  19. 30 

0    T  T    T  C  CSA 

9  Ai  *o*  94 

I  56  46. 12 

19  44   4. 34 

731*  b0222 

1857. 

0    /  // 

0 

/  // 

0      /  // 

0 

/  // 

- 

!; 

tQ^     '^'V     oQ  /"^/^ 

104  27   2o,  (JO 

-[-     2  48  42.  27 

—  I 

20  20.05 

4-0    19  44.  24 

4-0 

0  31.  16 

~  0   9  40.  99 

—     I.  47288 

3) 

H-           0. 46 

4- 

I.  10 

-          0. 46 

+            9  \ 

Mar. 

17 

4) 

3-  10 

4-  57 

-  3.01 

—  1102 

5) 

o3'  35 

10  53-  35 

—    10   3'  20 

5.96 

(6 

) 

-f  8.62 

8.  62 

4-  7.82 

4- 

0.  10 

1 

(7) 

lo/    5  90 

340  48  59.  25 

9  12  33.  7b 

I 

56  45.  30 

19  43   9-  74 

231- 33369  1 

1857. 

0     /  // 

0 

/  // 

0    /  // 

0 

/  // 



) 

104  51  53-  70 

1 

i; 

) 

-f-    2  40  42.  27 

-  I 

20  20.05 

4-0  19  44.  24 

4-0 

0  31.  16 

—  0   9  40.  99 

—    1. 47288  ' 

(3) 

4-             0. 46 

I.  10 

—           0. 46 

4-           9  i 

Mar. 

19 

(4) 

—  3.02 

4.57 

—  3.01 

—       1 102 

(5) 

*o  53.  35 

10  53.  35 

—    10   3. 20 

5.96 

(6) 

4-  8.84 

8.84 

4-  8.02 

4- 

0.  10 

(7) 

187  90  yiS  on 

340  48  59. 47 

c\    TO    10  r\/« 

9  12  33.  9b 

I 

56  45. 30 

19  43   9-  74 

731-33369 

1857. 

0    /  // 

0 

/  // 

Of  ff 

0 

/  // 

-  - 

0    f  ff 

105  10  19.  33 

2 

3> 

-f-     2  40  42.  27 

—  I 

20  20.  05 

4-0  19  44.  24 

4-0 

0  31. 16 

—  0   9  40  .  99 

—    1. 47288 

-\-                     0.  40 

4- 

I.  10 

—          0. 46 

-h            9  ' 

Mar. 

21 

4 

—  2.94 

4.57 

—  3.01 

—        1 102 

5. 

—       10  53-  35 

10  53.  35 

10   3.  20 

5.96 

6 

4-  9.06 

9. 06 

-f  8.22 

4- 

0.  10 

7 

i»7  54  14. 03 

340 

48  59.  69 

9  12  34.  16 

I 

56  45.  30 

19  43   9.  74 

731. 33369 

1857. 

0    /  // 

0 

/  // 



Of  // 

0 

/  // 

0    f  ff 

105    40  44.  97 

'i 

-f-     2  40  42.  27 

—  I 

20  20.05 

4-0  19  44.  24 

4-0 

0  31.  16 

—  0   9  40.  99 

—    1. 47288 

Mar. 

■T             0. 4b 

4- 

I.  10 

—           0. 46 

4-  9 

23 

—                2.  90 

4.57 

—          3- 01 

—        1 102 

—        10  ^X. 

10  53.  35 

—      TO     X  20 

5.96 

6 

4-  9-27 

4- 

9.  27 

4-  8.41 

0.  10 

.7^ 

188  18  40.  72 

340 

48  59.  90 

9  12  34.35 

I  56  45. 30 

19  43   9-  74 

731.33369 

'>7. 

1 

0    /  // 

0 

/  // 

0   f  ff 

0 

/  tf 

Of  ff 

I  ] 

189  57  14.  14 

2 

4-   2  47  55.  28 

—  I 

20  15. 17 

-ho  19  45. 40 

-ho 

0  30.98 

-  0   9  45. 45 

—   1. 48412 

Apr. 

4-  0.46 

4- 

1. 09 

—  0.47 

4-  6 

13 

4] 

—           2. 07 

5.64 

—           2. 69 

—  1063 

—       10  53-  35 

10  53-  35 

—    10  3. 20 

5.96 

6 

-f           ir.  68 

4- 

11.68 

4-       lo.  60 

0.  13 

7J 

192  34  26. 14 

340  49  6.  II 

9  12  37.  70 

I 

56  45.  15 

19  43   5.  59 

731. 32281 

Digitized  by 


432  ELEMENTS  OF  PQLYHYMNIA. 

Table  V. — Oscula  ting  Elements  of  Polyhymnia  for  dates  of  Ephemerides — Continued. 


Greenwich  noon. 

1857. 

 _  

Of  // 

0    /  // 

0       /  // 

(1) 

0  30.  98 

  1 ^  484 1 2 

51 

-1-       0    /IT  CC 

■'  47  55- 

  T   on   I C  17 

-f  0 

19  45-  40 

+0 

  r»    0  /I  c  /I  c 

"    9  45'  40 

-t~                 u.  40 

"4"  ^ 

u.  47 

4-    '  6 

Apr.  14 

?! 

2.03 

-  5-68 

5.96 

2.67 

—  1060 

  TO   CI  IC 

  TO   CI  IC 

10   3.  20 

(6) 

+                  II.  81 

+                   II.  81 

1 

T- 

10.  72 

+ 

0.  13 

(7) 

T09   /ifi  TO 

^qSJ  49     0,  JU 

9 

12  37.  82 

I 

56  45.  15 

TO  A1       C  f%1 

77  T  lOoKyI 

1857. 

0     /  // 

0  / 

0 

/  // 

0    /  // 

Ton  2r  iQ  77 

0  30.  98 

  J  484 I 2 

i! 

— i-      0    /1 7  cc 

2  47  55.  20 

—      I    20   15. 17 

+0 

19  45.  40 

—  0       0    y1  C  AC 

—  09  45.  45 

-h              0. 46 

+                     I.  09 

—           0. 47 

Apr.  15 

.4) 

-  1-99 

-  5.72 

5.96 

2.65 

—  1057 

5) 

—            TO  51 

  TO   CI  IC 

10   3.  20 

6) 

+  11.94 

+  11.94 

10.  84 

0.  13 

731.  32287 

(7) 

IQ2  S8  S2.  1 1 

3^       %J  0 

"^40  4Q     6.  2Q 

9 

12  37-94 

I  56  45-  15 

IQ  AT.      C.  6^ 
*7  to     O"  ^0 

 .  .  

1857- 

0     /  // 

Of  ff 

0 

/  // 

0     /  // 

I) 
2) 

TOO   17    C2  CO 

  J  ^84 I 2 

1         0    /17  cc 

2  47  55.  JO 

  T    on    T  C  17 

—     1  JO  15.  17 

+0 

19  45.  40 

4-0 

0  30.  98 

  C%      0    >1  C  AC 

"    9  45'  45 

3) 

~t"                         I  •  09 

0.  47 

4-  6 

Apr.  16 

4) 

-  1.95 

5.76 

5-  90 

—  2.63 

-  1054 

i\ 

  TO   CI  IC 

0^  JO 

—            TO   CI  IC 

10   3.  20 

-f                12.  06 

-r            12. 06 

10.94 

1 

-f- 

0.  14 

( 

10"^   II  OQ 

740  4Q     6  "^7 

9  12  38.04 

I 

Atr  lC 

50  45.  10 

IQ  4^     ^.  6'? 
*y  to  O' 

'^228q 

1858. 

0    /  // 

0       /  // 

0 

/  // 

Of  ff 

07  C     T/l    /I /I  A7 

*/0  *4  44-  0/ 

(2) 

r      *  ^0  "7 

I 

+0 

19  19.90 

+0 

0    27.  83 

—    0    TO    CT  0^ 

  T  C17CO 

o07o9 

(3) 

4"            0. 30 

I              0. 99 

~  57 

—  22 

June  6. 0 

(4)- 

1.97 

10.  57 

9  16.78 

—           0.  17 

—  1753 

5) 

  TO      1  TO 

  TO      1  TO 

10  0' 

6) 

4-           25. 85 

+                    25.  85 

24.  19 

-h 

0.  20 

(7) 

277  40  16.  64 

"^40  ^0   IQ  67 

9  13  12.  21 

1 

56  42.  53 

IQ  42     I  ^0 

731.  26216 

1858. 

0    /  // 

0      /  // 

0 

/  // 

0 

/  // 

Of  ff 

(1) 

(2) 

^    2  35  10.  09 

—      I    20      1 .  00 

+0 

19  19.  90 

+0 

0  27.  83 

—  0  10  o'*  9^ 

~  1-53759 

June  6. 5 

(3) 

-|"             0. 30 

-|-                    0  .  99 

57 

—  22 

(4) 

-  i-97 

-            10. 57 

-                    0.  17 

1753 

(5) 

  TO      1  TO 

9  16.78 

5-  50 

(6) 

+           25. 95 

+           25. 95 

24.  29 

+ 

0.  20 

731.  26216 

(7) 

277  46  23.  15 

■^40  *%0  IQ.  77 

0*T^   O"    '7*  /  / 

9 

13  12.31 

I 

56  42.  53 

IQ  42     I.  SO 

1858. 

0    /  // 

0    t  ff 

0 

/  // 

0 

/  // 

Of  ff 

07C    of\    C7  AC\ 
275    20   57.  49 

(2) 

-4-         ic   ir»  So 

I 

-f  0  19  19.  90 

0  27.  83 

  C\    TO    C  T  O/^ 

—       T  C17CO 

00/59 

June  7. 0 

(3) 

-4-                 0  ic% 

~r                0.  99 

0.57 

  22 

(4) 

-  1-97 

—           io.  57 

—                     0.  17 

-  1753 

(5) 

—       10   3.  10 

—       ro   3.  10 

9  16.  78 

5-  50 

(6) 

-f  26.05 

+           26. 05 

-f 

24.  38 

+ 

0.  20 

731.  26216 

(7) 

277  52  29.  66 

340  50  19.87 

9 

13  12.40 

I 

56  42.  53 

19   42  1.50 

1859. 

0    /  // 

0    /  // 

0 

/  // 

0 

/  // 

Of  ff 

(I) 

22  31  19.49 

(2) 

-h    2  23  21.06 

—    I  18   7. 00 

-ho  18  32. 49 

0  27.  46 

"  0  1 1  43. 98 

—     I.  29400 

(3) 

+             0. 23 

-}-            I.  12 

0.58 

—  20 

Nov.  15 

(4) 

I.  79 

+  5.88 

-f           1. 23 

—  2215 

(5) 

-        9  12.83 

-        9  12.83 

8  30-  41 

5.05 

(6) 

4-           54. 56 

-f           54. 56 

51.  19 

0.  41 

19  41  10.  87 

(7) 

24  46  20.  72 

340  53  49.  23 

9  13  38.  17 

I 

56  42.  82 

731.50115 
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Greenwich  noon. 

U 

IT 

0 
00 

i 

1859- 

0     /  // 

0      /  // 

- 

0    /  // 

(•) 

23  20  10.  76 

(2) 

+ 

2  23  2 1 .  06 

—      I    18      7.  00 

-l-O  18  12  AQ 

4-0 

0  27. 46 

—  0  II 

43.98 

  29400 

(3) 

+. 

0.  23 

4-  112 

0.58 

  21 

(4) 

1.  09 

+  596 

—     8  30.  41 

4. 

I.  J3 

2177 

(5) 

9  ^2.  83 

—           Q  12.  8*1 

5-  05 

_1_ 

f               55.  22 

4-  51.81 

_L 

(7) 

25  35  12.  75 

340  53  49.  97 

9  13  38.79 

I 

A/y 

50  42.  02 

19  41 

10.  77 

731.  50152 

1859. 

0    /  // 

■ 

0     /  // 

Of  ff 

/  // 

0  / 

(I) 

24   9   2. 03 

\l] 

4- 

2  23  5.49 

  T     17    CI  7'! 

*    */  0* 

4-0  18  2Q  88 

4-0 

0  27.  39 

—  0  II 

42.  53 

-f 

0.  22 

-f-  112 

0.57 

—  21 

Nov.  23 

(4) 

1.58 

+  6.03 

—     8  30. 41 

-h 

1. 02 

—  2135 

(  c  » 

9  12. 83 

—           Q  12  8^^ 

5.05 

6 

_j_ 

4-          55. 89 

+  52.44 

0.  42 

\7) 

20  23  49.  22 

0  11  8t 

I 

56  42.  76 

19  41 

12.  12 

711  Aftdftl 

1859. 

0    /  // 

0     /  // 

Of  ff 

0 

/  // 

0  / 

24  57  53.  30 

III 

2  23  5.49 

—     I   17  CT  77 

-\-o  18  29.  88 

4-0 

0  27. 39 

—  0  11 

42.  53 

—     I  126'^2 
0^"0^ 

+ 

0.  22 

-1-  112 

0.57 

—  22 

Nov.  27 

\i\ 

I.  40 

+  6.08 

—     8  30. 41 

1 

4- 

0.  90 

—  2091 

9  12.  83 

—           Q  12  81 

5.05 

6 

c^  cR 

+  56.58 

4-  53.09 

4- 

0.  42 

( 

\7) 

27  12  41.  30 

340  54   6.  72 

9  13  37. 46 

I  56  42.  76 

19  41 

12.  00 

731.  47005 

1859- 

0     /  // 

Of// 

0   f  ff 

0 

/  // 

(I) 

25  46  44-  57 

J_0  18  28  7Q 

(2) 

1 

2  22  59* 

  T    T7  /IC  70 

+0 

0  27.  36 

—  0  II 

41.99 

(3) 

0.  22 

-1-  112 

0.57 

—  22 

Dec.  I 

(4) 

1.36 

+            6.  II 

4- 

0.  78 

—  2043 

\5) 

9  1 2.  83 

—        XI  12.  8"^ 

—     8  30. 41 

5.05 

_L 
T 

+            57.  29 

-h  53-75 

4- 

0.43 

(7) 

28    I  27. 5^ 

04 

0  11  17  0% 

I 

56  42.  74 

19  41 

12.  42 

711  A^tHA 

1859- 

0    /  // 

0      /  // 

0   /  ff 

0 

/  // 

0  / 

(I) 

26  35  35.  84 

(2) 

2  22  59.  61 

—      I    17  ilC  70 
*   ' /  40' 

4-0  18  28.  79 

-ho 

0  27.  36 

—  0  II 

41.99 

(3) 

0.  22 

-4-  112 

0.57 

—  22 

Dec.  5 

(4) 

I.  27 

+            6.  n 

4- 

0.  67 

—  1992 

9  12.  83 

—           Q  12.  8^% 

—     8  "^o.  41 

5.05 

1^ 

cS  rv/i 

+  58.04 

+                  54.  46 

4- 

0.43 

k7) 

20   50    19*  01 

340  54    14.  24 

f\            T*7  fA 

y  ^3  37'  74 

I 

56  42.  74 

19  41 

12.  31 

71T  >lc5^?C 

1859- 

0       /  // 

0      /  // 

0    f  ff 

0 

/  // 

0  / 

ff 

(I) 

27    24    27.  II 

I 

2   22  47* 

  I    17    H  H 

-j-O  18  26. 47 

+0 

0  27.31 

—  oil 

40.  91 

—    I.  i6si2 

\l\ 

+ 

0.  22 

-}-                 I.  12 

0.57 

—  22 

Dec.  9 

(4) 

I.  18 

4-           6.  10 

—      8  30.41 

4- 

0.55 

-  1938 

k 

9  12.83 

—        9  12.  83 

5.05 

■f 

58.  79 

+           58. 79 

4-        55-  17 

+ 

0.44 

731.  43278 

(7) 

29  39   0. 00 

340  54  27.  37 

9  18  36.  13 

I 

56  42.  70 

19  41 

13'  27 

1859. 

0    /  // 

Of// 

Of  ff 

0 

/  // 

0  / 

// 

28  13  18.38 

—     I.  36512 

h 

-f 

2  22  47.  89 

—  I  17  33.31 

4-0  18  26.47 

4-0 

0  27.31 

—  0  II 

40.91 

-f 

0.  22 

-f                 I.  12 

0.57 

-  23 

Dec.  13 

(4) 

1. 09 

+  6.07 

4- 

0.43 

-  1881 

(5) 

9  12.83 

—        9  ^2.  83 

—     8  30. 41 

5.05 

(6) 

+ 

59-  55 

-r          59-  55 

4-       55. 89 

4- 

0.45 

(7) 

30  27  52.  12 

340  54  28.  10 

9  13  36. 85 

I  56  42. 71 

19  41 

13.  15 

731-  43334 

Digitized  by 
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Greenwich  noon. 

TT 

i 

<P 

1861. 

0       /  // 

0 

/  // 

0 

/  // 

0 

/  // 

Of  ff 

(I) 

114   7  27.37 

50  45. 46 

(2) 

4-    I  55    3- 08 

  0 

9  21.57 

0  32.88 

—  0  12  14,  61 

—   4. 03044 

(3) 

0.  12 

0.81 

-  0.47 

4-  25 

Feb.   7. 0 

(4) 

—  1.23 

-1- 

1.98 

6  57.96 

—               2.  62 

-  1235 

(5) 

—        7  32.  32 

7  32.  32 

— 

— 

4. 13 

(6) 

-           22. 43 

22.  43 

+ 

22.03 

0.05 

(7) 

115  55  19-45 

341 

22  14.94 

9 

5  30.  54 

I 

56  48. 80 

19  40  36.  50 

728.  77496 

1861. 

0    /  // 

0 

/  // 

0 

/  // 

0 

/  // 

Of  ff 

114  13  33.77 

0  32.88 

—  0  12  14.  61 

2) 

+    I  55    3- 08 

—     0  50  45.  46 

+0 

9  21.57 

+0 

—  4.03044 

(3) 

+            0.  12 

0.81 

-  0.47 

4-  25 

Feb.  7.5 

(4 

—  1.23 

-h 

1-95 

6  57.96 

—              2.  62 

-  1233 

(5) 

—        7  32.  32 

7  32.  32 

— 

— 

4. 13 

(6) 

-r           22. 50 

-}- 

22.  50 

22.  10 

0.05 

(7) 

116    I  25. 92 

341 

22  14.  98 

9 

5  30.  61 

I 

56  48. 80 

19  40  36.  50 

728.  77498 

1861. 

0    /  // 

0 

•/  // 

0 

/  // 

0 

Of  ff 

114  19  40.  18 

50  45.  46 

—  0  12  14.  61 

-f    I  55   3- 08 

—  0 

9  21.57 

+0 

0  32.88 

—  4.03044 

3) 

-h            0.  12 

0.  81 

0.47 

4-  25 

Feb.  8.0 

4) 

-  1-23 

I.  92 

6  57.96 

—               2.  62 

—  1231 

5) 

-       7  32. 32 

7  32.32 

— 

— 

4.  13 

6) 

-h          22. 56 

22.  56 

22.  15 

-f 

0.05 

(7) 

116   7  32.39 

341 

22  15.01 

9 

5  30.66 

I 

56  48.  80 

19  40  36.  50 

728.  77500 

1862. 

0    /  // 

0 

/  // 

0 

/  // 

0 

Of  ff 

198  II  40.  99 

-   3. 64762 

(2) 

+    0  52    8. 91 

—  0 

10  44.  12 

+0 

8  56.  73 

-fo 

0  24.05 

-  0    9  11.53 

(3) 

4-  0.38 

4- 

0. 62 

—  0.48 

^  23 

Mar.  27 

(4) 

—             1. 00 

5-66 

—               2.  71 

—  1219 

5) 

—        6  42. 07 

6  42.07 

— 

6  11.56 

— 

3.  67 

\^} 

-f           28. 80 

28.80 

27.  90 

-f 

0.  II 

(7) 

198  57  36. 01 

342 

3  5.07 

9 

5  57.  97 

I 

56  40.  49 

19  43  39-  48 

729. 15792 

1862. 

0 

/  // 

0 

/  // 

0 

/  // 

Of  ff 

198  23  53.81 

-  3.64762 

2) 

-f    0  52    8. 91 

—  0 

10  44.  12 

+0 

8  56.  73 

+0 

0  24.05 

-  0   9  11-53 

(3) 

-f  0.38 

0.  62 

—  0.48 

4-  23 

Mar.  28 

(4) 

—             1. 00 

5.66 

—           2. 71 

—  1219 

(5) 

—        6  42.07 

6  42.07 

— 

6  11.56 

— 

3.  67 

6) 

+           28. 90 

28.  90 

-h 

27.99 

-f 

0.  II 

(7) 

199   9  48.  93 

342 

3  5.17 

9 

5  58.06 

I 

56  40.  49 

^9  43  39-  48 

729. 15792 

1862. 

0    /  // 

0 

/  // 

0 

/  // 

0 

/  // 

Of         f  f 

198  36   6.  63 

-  3-64762 

!;i 

-h    0  52   8. 91 

—  0 

10  44.  12 

4-0 

8  56.  73 

4-0 

0  24.05 

-  0   9  11.53 

(3) 

+  0.38 

-f 

0. 62 

0.  48 

4-  23 

Mar.  29 

(4) 

—             1. 00 

5.66 

—           2. 71 

—  1219 

(5) 

—        6  42.07 

6  42.07 

6  11.56 

3-  67 

(6) 

+  28.99 

-f 

28.99 

28.  07 

-f 

0. 12 

19  43  39-48 

(7) 

199  22    I.  84 

342 

3  5.26 

9 

5  58.  14 

I 

56  40.  50 

729. 15792 

1864. 

Off/ 

0 

/  // 

0 

/  // 

0 

/  // 

Of  ff 

(1) 

37  28  49-  33 

15  33. 58 

—  0   5  57.60 

+    0  17  47.  39 

+  0 

-fo 

6  15.  17 

+0 

0  2.52 

—    1. 30710 

!Ii 

4             0. 23 

+ 

0.54 

-  0.57 

-  25 

Nov.  30 

(4) 

—            0.  14 

7.  18 

+          0.  19 

1947 

(5) 

—        5  1.55 

5  1-55 

4  38.  61 

0  2.75 

6) 

+           55. 91 

55-  91 

52.  42 

4- 

0.  42 

7) 

37  42  31.  17 

342  31  43.  16 

9 

5  13.88 

I 

56  20.  19 

19  46  56.  22 

731. 49068 
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Greenwich  noon. 

Lo 

1864. 

0      /  // 

0 

/  // 

0 

/ 

ff 

Of  ff 

(0 

37  53 14. 96 

-f      0   15  33.  58 

2) 

0 17  47.39 

6  15. 17 

-fo 

0 

2.52 

—  0   5  57.  60 

—   1. 30710 

1 

h) 

\o  J 

-|- 

0  2n 

-h  0.54 

—  0.57 

-  26 

1  Dec. 

2 

(4) 

0.  14 

+             7.  18 

-h           0.  19 

—  1947 

5 

— 

5  1.55 

-        5  1.55 

— 

4  38.61 

— 

2.  75 

6) 
(7) 

56.  22 

+           56. 22 

-h 

52.  71 

4- 

0.  43 

38   6  57.  11 

342  31  43.  47 

9 

5  14.  17 

I 

56 

20.  20 

19  46  56.  22 

731.49067 

1864. 

0    /  // 

Of  ff 

0 

/  // 

0 

/ 

—  — 
ff 

Of  ff 

(I) 

38  17  40.  60 

4- 

0  17  47.39 

+  015  33. 58 

-ho 

6  15. 17 

4-0 

0 

2.52 

-  0   5  57.  60 

~   1. 30710 

!3i 

-f- 

0.  23 

-f-  0.54 

-  0.57 

-  26 

Dec. 

4 

(4) 

0.  14 

-h       7. 18 

4-           0.  19 

-  1947 

5) 

— 

5  1-55 

—        5    1. 55 

— 

4  38.  61 

— 

2.  75 

6) 

56.  55 

+           56. 55 

+ 

53- 02 

4- 

0.  43 

(7^ 

38  31  23.08 

342  31  43.80 

9 

5  14.48 

I 

56 

20.  20 

19  46  56. 22 

731.49067 

1864. 

0    /  // 

0    f  ff 

0 

/  // 

0 

/ 

ff 

Of  ff 

(I) 

38  42    6.  23 

\l\ 

0  17  47.39 

+    0  15  33.  58 

4-0 

6  15.  17 

+0 

0 

2.52 

-  0   5  57.  60 

—   1. 30710 

(4) 

4- 

0  2"; 

+  0.54 

0.57 

-  26 

Dec. 

6 

0.  14 

+  7.18 

4  38. 61 

4-          0. 19 

1947 

(5) 

— 

5  1-55 

-        5    1. 55 

— 

2.  75 

(6) 

-f 

56.86 

+  56.86 

4- 

53.  31 

4- 

0.  43 

(7) 

38  55  49-  02 

342  31  44.  II 

9 

5  14.77 

I 

56 

20.  20 

19  46  56.  22 

731. 49067 

1864. 

0    /  // 

0    f  ff 

0 

/  // 

0 

/ 

ff 

Of  // 

(i) 

42    9  44.  13 

0  17  20.57 

+    0  15  31.  27 

4-0 

.  6  12.  26 

4-0 

0 

2. 48 

-  0   5  55.  79 

-  1.30876 

(3) 

+ 

0.  23 

+  0.54 

—  0.57 

J" 

Dec. 

23 

(4 

0.  22 

+  7.04 

4  38.  61 

—          0.  12 

—  1824 

5 

(6 

5  i-55 

—        5    1. 55 

— 

2.  75 

-f 

59-  72 

-f           59-  72 

4- 

55-  99 

4- 

0. 46 

19  46  57.  72 

(7) 

42  23  3.32 

342  31  44.52 

9 

5  14.54 

I  56 

20. 19 

731.49020 

1864. 

0    /  // 

Of  ff 

0 

/  // 

/ 

ff 

0    f  ff 

(i) 

42  21  56.  95 

u\ 

+ 

0  17  20.57 

-h  0  15  31. 27 

4-0 

6  12.  26 

4-0 

0 

2.48 

—  0   5  55.  79 

—   1. 30876 

(3) 

0.  23 

-f  0.54 

-  0.57 

—  30 

Dec. 

24 

(4) 

+ 

0.  22 

4-  7.04 

4  38. 61 

—          0.  12 

—  1824 

(5) 

5  1.55 

-       5  1.55 

— 

2.  75 

6) 

59.89 

4-  59.89 

56.  15 

4- 

56 

0. 46 

19  46  57-  72 

(7) 

42  35  16.31 

342  31  44. 69 

9 

5  14.70 

I 

20.  19 

731.49020 

1864. 

Off/ 

0    f  ff 

0 

/  // 

0 

/ 

ff 

0    f  ff 

(') 

42  34   9.  76 

(2) 

0  17  20.57 

-f   0  15  31.  27 

4-0 

6  12.  26 

4-0 

0 

2.48 

—  0   5  55.  79 

-  1.30876 

3) 

4- 

0.  23 

4-  0.54 

—  0.57 

-  30 

Dec. 

25 

(4) 

-f- 

0.  22 

+  7.04 

—          0. 12 

—  1824 

(5) 

5  1.55 

-  •      5    1. 55 

4  38. 6i 

2.  75 

(6) 

+ 

I    0. 06 

-\r         I  0.06 

4- 

56.31 

4- 

0. 46 

19  46  57.  72 

(7) 

42  47  29.  29 

342  31  44.86 

9 

5  14.86 

I 

56 

20.  19 

731. 49020 

1868. 

Of  // 

Of  ff 

0 

/  // 

0 

/ 

ff 

0    f  ff 

301  5  27.99 

+    0  20  47.  36 

4-0 

—  0. 29308 

U) 

0   5  15.00 

4-0 

4  10.03 

0 

4.  19 

—  0   2  54.07 

(3) 

0.  25 

—               0.  10 

—  0.36 

—  II 

June 

(4) 

-f 

0.43 

-               9.  19 

I  32.88 

4-  1.30 

—  2214 

(5) 

I  40.  52 

—          I  40.52 

0.  92 

13.98 

-f  13.98 

4- 

12.  23 

+ 

56 

0.  22 

15! 

300  58  47. 13 

342  39  19.03 

9 

5  34.28 

I 

23.49 

19  50  1.07 

732. 50217 
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Greenwich  noon. 

Lo 

• 

i 

1868. 

0 

// 

0      /  // 

0 

/  // 

0 

/  // 

Of  ff 

(I) 

301 

17  40.  81 

( 2 ) 

—  0 

5 

15.00 

4-  0  20  47. 36 

4  10.03 

4- 

4. 19 

—         2  54.  07 

—    0. 29308 

(3 ) 

0.  25 

—          0. 10 

—  0.36 

—  II 

June 

18 

(4 

-\- 

0.  43 

-  9.19 

I  32.88 

4-  1-30 

—  2214 

\i 

I 

40.52 

-       I  40. 52 

— 

0. 92 

+ 

14.  14 

4          14. 14 

4- 

12.  38 

4- 

0.  22 

(7) 

301 

II 

0.  II 

342  39  19. 19 

9 

5  34.  43 

I  56  23. 49 

1950  1.07 

732.  50217 

1868. 

0 

/ 

// 

0   /  // 

0 

/  // 

0 

/  // 

0    f  ff 

(I) 

301 

29 

53.  62  • 

+  0  20  47. 36 

—  0 

5 

15-00 

+0 

4  10.03 

+ 

4. 19 

—         2  54.  07 

—  a  29308 

(3) 

-h 

0.  25 

—          0. 10 

—  0.36 

—  II 

June 

\A 

0.  43 

-          9. 19 

I  32.88 

4-  1-30 

—  2214 

(5) 

I 

40.52 

—       I  40.52 

— 

— 

0. 92 

(6) 

14-31 

+  14.31 

4- 

12.  54 

4- 

0.  22 

(7) 

301 

23 

13-09 

342  39  19.  36 

9 

5  34. 59 

I 

56  23. 49 

19  50  1. 07 

732. 50217 

1869. 

0 

// 

0    /  // 

0 

/  // 

0 

/  // 

Q      f  ff 

50  48 

36.  62 

4    0  13  39.  60 

M 
(3) 

—  0 

12 

14.40 

4-0 

2  3.54 

— 

1. 04 

  I  12.40 

—  0. 26789 

0.  22 

+  8 

—  37 

—  26 

Dec. 

8 

(4) 

0.57 

4  7.04 

—  42 

—  1810 

(5 

50.  26 

~          50. 26 

— 

46. 45 

— 

0. 46 

4- 

31.47 

+  31.47 

4- 

27.  92 

4- 

0.44 

(7) 

50  36 

4.  22 

342  33  35.  43 

9 

4  29.  91 

I 

56  18.94 

19  51  41.01 

732. 53125 

1869. 

0 

/ 

// 

Of  // 

0 

/  // 

0 

/  // 

Of  ff 

(I) 

51 

0  49.44 

4-  0  13  39. 60 

i 

—  0 

12 

14.40 

4^ 

2  3-54 

— 

1. 04 

—         I   12.  40 

—   0. 26789 

4- 

0.  22 

4-  8 

—  37 

—  26 

Dec. 

9 

-h 

0.57 

4-  7.04 

—  42 

1810 

50.  26 

—         50. 26 

— 

46. 45 

— 

0. 46 

6 

+ 

31.64 

+  31.64 

4- 

28.08 

4- 

0.44 

(7) 

50  48  17.  21 

342  33  35. 60 

9 

4  30. 07 

I 

56  18.94 

19  51  41.01 

732. 53125 

1869, 

0 

/ 

// 

0   /  // 

0 

/  // 

0 

/  // 

Of  ff 

(I) 

51 

^3 

2.  26 

4-  0  13  39.60 

(2) 

—  0 

12 

14.40 

2  3-54 

1. 04 

—      I  12.40 

—  0. 26789 

(3) 

0.  22 

4^  8 

—  37 

—  26 

Dec. 

10 

(4) 

0.57 

-f  7.04 

—  42 

—  1810 

(5) 

50.  26 

50.  26 

— 

46.45 

0. 46 

6) 

4- 

31.81 

+  31.81 

4- 

28.  24 

+ 

0.44 

(7) 

51 

0 

30.  20 

342  33  35.  77 

9 

4  30.  23 

I 

56  18.94 

19  51  41.01 

732. 53125 

1873- 

0 

/ 

// 

0    /  // 

0 

/  // 

0 

/  // 

0    f  ff 

(2) 

318  41  44. 45 

0 

0 

0 

000 

0 

0  0 

0 

0  0 

000 

0 

(3) 

0 

0 

0 

July 

16 

(4) 

4- 

I.  27 

—  6.60 

4-  2.33 

—   0. 02496 

(5) 

4- 

2 

30.78 

4-        2  30.  78 

4- 

2  19.37 

4- 

1.38 

(6) 

4- 

14.89 

+  14.89 

+ 

12.84 

4- 

0.25 

(7) 

318  44  31.39 

342  22  46.  57 

9 

5  17.  II 

I 

56  21. 63 

19  52  56.  53 

732.  79254 

1873. 

0 

/ 

// 

0    /  // 

- 

0 

/  // 

0 

/  // 

Of  ff 

318  53  57.  27 

0 

0 

0 

000 

0 

0  0 

0 

0  0 

000 

0 

0 

0 

0 

♦  0 

July 

I? 

4- 

1.27 

—  6.60 

+  2.33 

—     .  02496 

(6) 

4- 

2  30-  78 

4-       2  30.  78 

-h 

2  19.37 

4- 

1.38 

4- 

15.  07 

4-  15.07 

-h 

.  13.01 

0.  26 

318  56  44.  39 

342  22  46.  75 

9  5  17.  28 

I  56  21. 64 

19  52  56.53 

732.  79254 
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Greenwich  noon. 

Lo 

TT 

t 

1873- 

0  ■  /  // 

0 

/  // 



0 

/  // 



0    /  // 

(0 

(2) 

0 

0 

0 

0 

0  0 

000 

0 

(3) 

0 

0 

Tiilv  tR 
July  10 

(4) 

-f                  I.  27 

fx  frt 
0.  DiJ 

+  2.33 

—  0. 02496 

-I-            2  'lO  78 

30.  70 

2   IQ  "^7 

I  ^8 

+                15.  24 

1 

^5-  24 

13-  17 

+ 

0.  26 

17) 

319   8  57.  38 

- 

342 

-  -   ^ 

22 

46.  92 

9 

5  '7-  44 

1 

56  21.  64 

19  52  56. 53 

732. 79254 

1873- 

(I) 

0    /  // 

// 

0 

—   

/  // 

0 

—  

/  // 

0   /  // 

7  14.  17 

  0 

0 

3-56 

—0 

0   0. 04 

0  0 

-L  n    n    r%  fA 

  \J.  '.AJOi^KJ 

(3) 

J  uiy  23 

I  A  \ 

\  4 ) 

4  1.44 

6.  25 

4-  2.46 

—  2544 

-f           2  -ID.  78 

1 

2 

30.78 

4- 

2  IQ  "^7 

4- 

1.38 

+  16.09 

16.  09 

+ 

13-  97 

4" 

0.  26 

i7) 

320  10      I.  54 

342 

22 

44-  56 

9 

5  18.  20 

I 

56  21.64 

19  52  57. 34 

732.  78366 

1873. 

0      /  // 

// 

0 

/  // 

0 

/  // 

0    /  // 

 —  — 

120    IQ   ofs  dCl 

^^yj 

—                    0  <VI 
u.  94 

3-56 

0  Od. 

.  04 

0 

_|_          0. 68 

\l\ 

0 

Q 

J  "^y  -^4 

(4) 

+  1.44 

6.25 

4-  2.46 

-  2544 

\5) 

-\-           2  %0.  78 

+ 

2  30.  78 

-4- 

2  10  "^7 

+ 

1.38 

+               16.  25 

16.  25 

14.  12 

+ 

0.  26 

(7) 

320  22  14.  52 

342 

22 

44.  72 

9 

5  18.35 

1  56  ai.  64 

19  52  57. 34 

732.  78366 

1873. 

0     /  // 

0 

// 

0 

/  // 

0 

/  // 

0  /  // 

3-*"  3*  39- 

(2 

0.  94 

3-56 

0  OA 

•  4 

0 

-f-           0. 68 

(3) 

0 

July  25 

(4) 

+  1.44 

6.  25 

4-  2.46 

2544 

15 ; 

-1-        2  -lo  78 

2  30.  78 

2  IQ  17 

4- 

1.38 

(6) 

+  16.42 

16.  42 

+ 

14.  28 

4- 

0.  27 

(7) 

320  34  27.  51  • 

- 

342  22  44.  89 

9 

5  18.51 

I 

56  21.  65 

19  52  57. 34 



732.  78366 

1873- 

0     /  // 

0 

// 

0 

/  // 

0 

/  // 

0  /  // 

120  A1  ei2  fil 
4J  0*' 

(2) 

3.56 

0.  04 

0 

+           0  68 

—     0.  00840 

(3) 

0 

0 

0 

Tnlv  oft 

(4) 

+  1.44 

6.  25 

+  2.46 

—  2544 

+           2  '^O  78 

+ 

2  30-  78 

4- 

2   IQ  "^7 

4- 

1.38 

+               16.  59 

16.  59 

14.44 

0.  27 

(7) 

320  46  40.  50 

342  22  45.  06 

9 

5  18.67 

I 

56  21.  65 

19  52  57.  34 



732.  78366 

1873- 

- 

0     /  // 

0 

// 

0 

/  // 

0 

/  // 

0    /  // 

in    AA    Cfi  TT 

(3) 

—                I.  62 

5.  43 

0. 05 

0 

4-            I  07 

—     0.  OI27Q  ' 

I 

0 

0 

July  31 

(4) 

4-  .1-74 

5. 39 

4-  2.75 

—  2653 

(5) 

4-        2  30.  78 

+ 

2  30-  78 

2  19.  37 

+ 

1.38 

(6) 

-f           17. 39 

17.  39 

+ 

15.  19 

+ 

0.  27 

19  52  58. 02 

732.  77818 

(7) 

321  47  45. 00 

342  22  44.  84 

5  19.41 

56  21. 65 

1873. 

0    /  // 

0 

// 

/  // 

0 

/  // 

0  /  // 

321  57  9.53 

4-  1.07 

—  1.62 

5.43 

0.05 

0 

—  0.01279 

0 

I 

0 

0 

Aug.  I 

(4) 

+  1-74 

5.  39 

4-  2.75 

-  2653 

(5) 

+        2  30.  78 

+ 

2  30.  78 

4- 

2  19.37 

4- 

1.38 

(6) 

+           17-  55 

4- 

17.  55 

4- 

15.  34 

4- 

0.  27 

732.  77818 

7) 

321  59  57.98 

342 

22 

45.00 

9 

5  19.56 

I 

56  21. 65 

19  52  58. 02 
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Greenwich  noon. 

<P 

u. 
n 

1873- 

(I) 

0 

/  // 

0 

/  // 

0    /  // 

0  / 

// 

9  22.  35 

4- 

(2) 

1.62 

5-43 

0. 05 

0 

1.07 

—  0.01279 

(3) 

0 

— 

I 

0 

0 

Aug. 

2 

(4) 

1-74 

5.  39 

4-         I.  "^8 

4- 

2.  75 

—  2653 

(  e  \ 

2  30.  78 

1 

2  30.  78 

2  19. 37 

17.70 

.1 

17.  70 

4-  0.27 

712.  77818 

i  7 ) 

322 

12  10.95 

342 

22  45-  15 

9 

5  19.  70 

I  56  21. 65 

19  52  58. 02 

1875. 

/  // 

0 

/  // 

0 

/  // 

0  /  // 

0  0 

// 

(0 

67    36       I.  81 

4"  0. 26677 

(2) 

2. 00 

—  0 

3  18.  70 

— 0 

0  15.97 

—0  0  0. 36 

—  0  0 

7.  27 

(3) 

5 

4- 

20 

4 

—  18 

Jan. 

0.  62 

4_ 

0.  /  / 

72 

—  1846 

4  11-30 

J 

4  ^  I  • 30 

4-         2.  ^0 

5.  74 

o-  74 

c  76 

0. 00 

733. 06563 

(  n  \ 

V  7 ; 

67    40    10.  04 

342 

21  i.33 

9 

(\    T  C  Af\ 
0    ^O"  4^ 

I  56  21.94 

19  52  46. 17 

1875. 

0 

/  // 

/  // 

0 

/  // 

■ 

0   /  // 

0  / 

// 

(1) 

68 

0  27.  45 

4-  0. 26677 

( 2 ) 

+ 

2. 00 

—  0 

3  18.  70 

— 0 

0  15.  97 

— 0  0  0. 36 

—  00 

7.  27 

(3) 

4- 

5 

4- 

20 

4 

-  19 

Jan. 

A 

4 

4- 

62 

-L 

1 

6  77 

72 

—  1846 

4 

4  11.30 

A  IT  in 

1   52  20 

4-         2.  "^o 

5.  35 

c  1  c 

0'  39 

0. 00 

46. 17 

733. 06562 

y  7 ) 

68 

4  36.  07 

21      I.  72 

9 

6  i«;  8a 

I  56  21.94 

19 

1875- 

0 

/  // 

0 

/  // 

0 

/  // 

0    /  // 

// 

(') 

68 

24  53. 08 

4-  0. 26677 

1  (  2) 

4- 

2. 00 

—  0 

3  18.  70 

— 0 

0  15.  97 

— 0   0   0. 36 

—  00 

7.  27 

(3) 

5 

4- 

20 

4 

—  20 

Jan. 

\  4  / 

62 

4- 

6.  77 

72 

—  1846 

(  s  \ 

11.30 

1 

4  1 1.  30 

3  52.  29 

4-         2.  xo 

i  f\  1 

4.  97 

4.  9/ 

-(-         0. 01 

733. 06561 

\  1  ' 

68 

29    2. 08 

34-^ 

21     2.  10 

9 

6  16.  19 

I  56  21.  95 

19  52  46. 17 

1877. 

0 

/  // 

0 



/  // 

0 

/  // 

0    /  // 

0  / 

// 

■ 

(n 

237 

9  58.  79 

4-    0.  '^5600 

(2) 

9  48.  76 

—  0 

9    2. 52 

— 0 

0  42.  25 

— 0  0  0. 53 

4-00 

12.  32 

(3) 

68 

1.05 

4- 

24 

4-  37 

Apr. 

\A 

(4) 

I.  28 

7  62 

1.43 

-  1657 

{  t:  1 

I  a  ) 

4- 

5  51.82 

1 

«;i  82 

4- 

1 

4"        3. 22 

4- 

19.57 

4- 
1 

TO  C7 

4- 

18  zlQ 

4-        0. 13 

733. 15820 

\  1 1 

237  25  56. 98 

34-* 

17     9.  00 



9 

7  40.  35 

I  56  22. 82 

19  53 

5-  33 

1877. 

0 

/  // 



0/ 

/  / 

0 

/  // 

Of// 

0  / 

// 

(  I  ) 

237 

22  ir.  61 

/  0  \ 
12  j 

4- 

9  48.  76 

9  5-* 

— 0  0  0. 53 

-f-  0  0 

12. 32 

4"  o.  35690 

(3) 

68 

f 

1.05 

4- 

24 

+  37 

Apr. 

15 

(4) 

I.  28 

7.  62 

1.43 

—  1657 

(5) 

4- 

5  51.82 

5  51.82 

4- 

5  25.  21 

4-         3. 22 

(6) 

19.69 

4- 

19.69 

4- 

18.60 

0.  13 

733. 15820 

(7. 

237  38   9. 92 

342 

17  9.92 

9 

7  46.  46 

I  56  22. 82 

19  53 

5.  33 

1877. 

- 

(•) 

0 

/  // 

0 

/  // 

0 

/  // 

0   /  // 

0  / 

// 

237  34  24. 43 

4-  0.35693 

(2) 

4- 

9  48.  76 

—  0 

9  2.52 

—0 

0  42.  25 

—0  0  0. 53 

-f-  0  0 

12.  32 

(3) 

68 

4- 

1.05 

4- 

24 

4-  37 

Apr. 

16 

(4) 

1.28 

7.  62 

1-43 

-  1657 

(5) 

4- 

5  51.82 

+ 

5  51.82 

4- 

5  25.  21 

4-        3. 22 

(6) 

19.  82 

4- 

19.  82 

4- 

18.  72 

+        0. 14 

733. 15820 

(7) 

237 

50  22.  87 

342 

17  10.05 

9 

7  46.  58 

I  56  22. 83 

19  53 

5. 33 
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Greenwich  noon.  I 

i_    

,  1878. 


Lo 


Sept.  I 

1878. 
Sept.  2 

1878. 
Sept  3 


(O  339  57  51-63 

(2)  .  -f  7  10.87 

(3)  I  -  50 

(4)  '  -  I.  27 

(5)  +  6  42.08 
(6) 
(7) 


—  18  22.  16 
-h  92 
+  23 
-j-  6  42. 08 
47.  09  i  -f  47-  09 

340  12  29.90  I     342    9  15.66 


—     3  16.  10 


+     6  11.73 
+  44.56 
9   6  25.09 


o  2.44 


+     o  3.68 
-f  0.31 
I  56  21.55 


0 

/ 

// 

0 

/  // 

0 

/  // 

340 

10 

4.  45 

iii 

± 

7 

10.87 

18  22. 16 

3  16.  10 

50 

+ 

92 

(4) 

I.  27 

23 

(5) 

X 

6 

42.08 

+ 

6  42.08 

-f 

6  11.73 

(6) 

47.21 

-f 

47.21 

-f 

44-66 

(7) 

340 

24 

42.  84 

342 

9  15.  78 

9 

6  25.  19 

0 

/ 

// 

0 

/  // 

/  // 

(0 

340 

22 

17.  26 

(2) 

7 

10.87 

—  0 

18  22.  16 

—0 

3  16.  10 

(3) 

50 

4- 

92 

(4) 

1.27 

-f 

23 

(5) 

6 

42.08 

-f 

6  42.08 

6  11.73 

(6) 

47-  32 

-h 

47.32 

44.  76 

(7) 

340 

36 

55.  76 

342 

9  ^5.89 

% 

6  25.  29 

o  2.44 


-f     o  3.68 

+  0.31 
I  56  21.55 


+ 


o  42.  26 

30 

3-  32 
19  52  15.  56 


—  o.  22461 

-f  8 

-  2798 


732.  56499 


—  o  42.  26 
+  30 
+  3.32 


^9  52  15  56 


-o  o   2. 44 


-I  3.68 
-f  0.32 
I  56  21.59 


—  o.  22461 

+  8 

-  2798 


732.  56499 


—  o   o  42.  26 

-h  30  !  -f 

4-  3.32 


19  52  15-  56 


*  1878. 

0    /  // 

0 

/  // 

/  // 

0 

/  // 



0  / 

// 

341  59  59.  80 

18  24.  35 

U) 

-f        7    7. 47 

3  16.77 

2.41 

46.  20 

(3) 

91 

+ 

30 

Sept.  II 

(4) 

—  0.89 

+ 

1.57 

3.36 

(5) 

-f        6  42. 08 

6  42.08 

6  11.73 

4- 

3-  68 

(6) 

+           48. 23 

-f 

48.  23 

45.  59 

4- 

0.32 

(7) 

342  14  36.  19 

342 

9  15.94 

9 

6  25.  45 

1 56  21. 59 

19  52 

11.66 

1878. 

0    /  // 

0 

/  // 

0 

/  // 

0 

0  / 

// 

342  12  12.  62 

18  24. 35 

3  16.77 

P 

+        7  7.47 

2.41 

46.  20 

-  50 

-h 

91 

-f 

30 

Sept.  12 

(4) 

-  0.89 

-f 

1.57 

3-  36 

(5) 

+        6  42.  08 

-f- 

6  42.08 

+ 

6  11.73 

+ 

3.68 

(6) 

+  48.33 

+ 

48.  33 

+ 

45.68 

0.32 

(7) 

342  26  49.  1 1 

342 

9  16.04 

9 

6  25.  54 

I 

56  21.  59 

19  52 

11.66 

1878. 

(I) 

0    /  // 
342  24  25.  44 

0 

/  // 

0 

/  // 

0 

/  // 

0  / 

// 

(2) 

-f        7    7. 47 

18  24.  35 

3  16.77 

2.41 

46.  20 

3) 

-  50 

-h 

9i 

+ 

30 

Sept.  13 

■ 

4) 

—  0.89 

-f 

1.57 

3.  36 

(5) 

+        6  42.08 

-f 

6  42.08 

+ 

6  11.73 

-f 

3-68 

(6) 

-h  48.44 

-h 

48.44 

-f 

45.  78 

-f 

0.33 

(7) 

342  39   2. 04 

342 

9  16.  15 

9 

6  25.  64 

I 

56  21.  60 

19  52 

11.66 

1880. 

(I) 

0    /  // 
85   0  5.46 

0 

/  // 

0 

/  // 

0 

/  // 

0  / 

// 

(2) 

+        6  46.  91 

15  2.99 

3  14.08 

— 0 

0  2.36 

—  0  I 

35-83 

(3) 

—  55 

-f- 

I.  06 

23 

Jan.  30 

(4) 

1.58 

-f 

7.51 

1.34 

(5) 

+        8  22.  60 

8  22.60 

-f 

7  44.67 

-f 

4.63 

(6) 

4-  21.92 

t 

21.  92 

-f 

21.  61 

4- 

0.  04 

(7) 

85  15  34.  76 

342 13  57. 60 

9 

7  37.  10 

1 56  22.31 

19  51 

17.  26 

—    o.  22461 
8 

2798 
732.  56499 


-  0.19335 

-f  9 

—  2822 


732.  59602 


—  o.  19335 

+  9 

—  2822 


732.59602 


-  0.19335 

+  9 

-  2822 


732.  59602 


-f 


o.  33263 
1630 


732.  46860 
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1880. 


Jan.  31 


1880. 


Feb.  I 


noon. 

L. 

n 

1 

1 

0    /  // 

0 

/  // 

0 

/  // 

0 

/ 

// 

0     /  // 

/ .  \ 

05  12  lo.  20 

(2) 

D  40.  91 



15     2.  99 

— 

3  14.08 

- 

2. 36 

—           I  35.83 

—   0. 33263 

35 

4- 

I.  00 

+     *  23 

-f  3 

(4) 

1.58 

7-5^ 

—  1-34 

—  1630 

(5) 

+ 

8  22.60 

8  22.60 

7  44.67 

4.  60 

(6) 

4- 

22. 07 

22.  07 

-f 

21.75 

0. 04 

732.  46860 

(7) 

85  27  47.  93 

342 

13  57.  75 

9 

7  37-  24 

I 

56 

22.  28 

19  51  17.26 

0    /  // 

0 

/  // 

0 

/  // 

0 

// 

0    /  // 

85  24  31.09 

3  14.08 

4- 

6  46.  91 

15  2.99 

2. 36 

-       I  35.  83 

-    0. 33263 

(3) 

35 

1. 06 

-f  23 

+  2 

(4) 

1.58 

7.51 

—  1.34 

—  1630 

(5) 

-f- 

8  22.60 

+ 

8  22.60 

7  44.67 

+ 

4,  60 

(6) 

22.  22 

22.  22 

21.89 

0. 04 

(7) 

85  40  0.  89 

342 

13  57.  90 

9 

7  37.  38 

I 

56 

22.  28 

19  51  17.  26 

732.  46859 

Greenwich  mid- 
night. 1 


Lo 


1883. 


Oct.  I 


1883. 


Oct. 


357  52  27.  32 

-  17  18.08 

-  I.  10 

-  5-68 

+  10  53. 39 

+  47.08 

357  46  42.  93 


12  51.  77 
2.26 
+  5.93 
-f       10  53.  39 
-h  47.08 
342  19  4.39 


3  21.  20 


-f    10  4.03 
-f  44.24 
9  10  II.  97 


9.05 


+  5.97 
+  0.35 
I  56  17.  27 


358   4  40.  13 

—  17  i8.o8 

—  1. 10 

—  5.68 
+  10  53.  39 
-h           47.  16 

357  58  55.  82 


1883. 


Oct. 


(I) 
(2) 

(3) 

n\ 

(6) 
(7) 


1883. 
Oct.  31 


1251.77 
2.  26 

5.93 
10  53. 39 
47.  16 
342  19  4.47 


o      /  // 


—     3  21.  20 


+  10  4.03 
+  44.31 

9  10  12.04 


o      /  // 


9.05 


-f-  5.97 
-f  0.35 
I  56  17.27 


5  56.  7i 
32 
2.  75 

19  47   o.  56 


o  /  // 

-  5  56.  71 
+  32 
+  2.75 


19  47   o.  56 


358  16  52.  95 

—      17  18.08 

12  51.77 

—            I.  10 

+ 

2.  26 

-  5.68 

5.93 

+       10  53.  39 

10  53-  39 

+           47. 24 

-f 

47.  24 

358  II  8.72 

342 

19  4.55 

0    /  // 

0 

/  // 

—     3  21.  20 


-h    10  4.03 

+  44-37 
9  10  12.  10 


(I) 

3  58  51.84 

(2) 

17  40.  13 

—  0 

12  50.  75 

-  3 

21.  15 

(3) 

I.  10 

-h 

2.  24 

(4) 

4.94 

-f 

7.89 

(5) 

10  53.  39 

-h 

10  53.  39 

+  10 

4.03 

49-93 

-i- 

49.93 

-h. 

46.  77 

3  52  48.  99 

342 

19  10.  20 

9  10 

14. 55 

9.05 


4  5.97 
+  0.36 

I  56  17.28 


9.04 


5  56.  71 
32 
2.  75 

19  47   o.  56 


4- 

-I- 


o  5-97 
0.39 
I  56  17.32 


4- 
4- 


5  56.  71 
32 
2.  75 


-  a  83492 

4-  , 

—  2602 


731. 95666 


—  o.  83492 
+  10 

—  2602 


731.95666 


—  o.  83492 
4-  10 

—  2602 


731.95666 


19  47  o.  56 


-   o.  8i6io 

4-  13 
2392 


731.  97761 
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Greenwich 
midnight. 


1883. 


Nov. 


( I ) 
( 2 ) 

(4) 
(5) 
(6) 
7) 


1883. 

(^) 

\A 

Nov.  2 

(4) 

5) 

if! 

1885. 

(21 

Jan.  26 

(4) 

(5) 

(6) 

(7) 

o      /  // 


o      /  // 


4 

II    4. 66 

17  40.  13 

—  0 

12  50.75 

I.  10 

2.  24 

4.94 

7.89 

10  53-  39 

-f- 

10  53.  39 

4- 

50.03 

50.03 

4 

5    I- 91 

342 

19  10.30 

96  II  38. 17 

26  22.  77 
89 

4.  75 
12  33.  91 

7-  33 
95  57  51.00 


4  23  17.  48 

17  40.  13 

—  0 

12  50.  75 

I.  10 

+ 

2.  24 

4.94 

4- 

7.89 

10  53.  39 

10  53. 39 

50.  15 

50. 15 

4  17  14.85 

342 

19  10.  42 

0    /  // 

0 

/  // 

—   o   2  4.95 

-f  2.  20 

4-  8.53 
+      12  33. 91 
+  7.33 
342  30  54. 52 


o      /  // 


— o   3  21.  15 


+    10  4.03 
-h  46.86 
9  10  14.64 


o      /  // 


— O     3  21.  15 


+     10  4.03 

+        46. 97 
9  10  14.  75 


0    /  // 


-o   5  0.86 


+  II  37.03 
4-  7.06 
9   9  28. 13 


o      /  // 


96  36 

3.80 

26 

22.  77 

2  4.95 

89 

+ 

2.  20 

4.  75 

4- 

8.53 

12 

33.91 

4- 

12  33. 91 

7.58 

4- 

7.58 

96  22 

16.88 

342  30  54.  77 

97   o  29.  44 
26  22.  77 
88 
4.  75 
12  33. 91 
7.84 
96  46  42.  79 


4- 


97  24  55. 07 
26  22.  77 
88 
4.  75 
12  33-  91 
8.  lo 
97  II  8.68 


o  / 


178  I  30. 80 

-  I  I  14. 69 

—  I.  II 
4.  97 

f  13  24.  17 

f  5.32 

177  13  39-  52 


o   2  4.95 
2.  20 
8.53 
12  33.  91 
7.84 

342  30  55. 03 


—  o  2  4.95 
4-  2. 20 

+  8.53 
4-  12  33. 91 
4-  8. 10 

342  30  55.  29 


4-  o  20  29. 50 
+  2.59 
4-  1.44 
+  13  24. 17 
+  5.32 
342  54  10. 52 


—o  5  0.86 


4-    II  37.03 
4-  7.29 
9   9  28.36 


o      /  // 


-o   5   o.  86 


+    II  37.03 
4-  7.53 
9  9  28. 60 


o      /  // 


5  0.86 


4-    II  37.03 
+  7.77 
9  9  28. 84 


o      /  // 


— o   o    9. 04 


-1^  5. 97 

4  0.39 
I  56  17.32 


o      /  // 


o  5 


19  46 


59. 56  -    o.  81610 

32  4-  13 

2. 22  —  2392 

57.  i'>  731-97761 


— o   o   9.04  j  -  o  5 

I  ^- 

4         5.97  I 
4         0.39  I 
I  56  17.32       19  46 


59-  56 
32 
2.  22 


o.  81610 

13 
2392 


57.  18  I  731.97761 


o     /  // 


— o   o   9. 01 


4-  6.89 
4-  0.04 
I  56  17.92 


o       /  // 


o      /  // 


— o  o   9. 01 


4-  6.89 
4-  0.04 
I  56  17.92 


o   '7  17.71  I  -    1.94964  ' 

25  ,  -f  30 

2.  20  I    ~  1329 


19  45  34.  54       730.  85487 


o      /  // 


-  o  717. 71  I  - 
4-  25  i  ^- 

2.  20 


1. 94964 
30 
1329 


19  45  34.  54  :     730.  85487 


o      /  // 


-o   o   9. 01 


-\-  6.89 

4-  0.04 
I  56  17.92 


Off/ 


-o   I  13. 60 


4-   12  23. 13 
+  4.67 
9  13  59. 10 


Of  ff 


— o   o    9. 01 


+  6.89 
-f  .0.04 
I  56  17.92 


Of  ff 


-o   o  23.58 


4-  7.35 
+  0.08 
I  56  3.  85 


-  o   7  17. 71     -  1.94964 

-i-  24  1  4-  29 

-  2. 20    -  1329 


19  45  34. 53 


4- 


o  7 


17.71 

24 
2.  20 


730.85486 


1.94964 
29 
1329 


19  45  34.53  !  730.85486 


o  17 


6.  38 
5 

2  94 


4.  74249 
58 
1 178 


19  35  44.  93  j     728.  06265 
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ELEMENTS  OF  POLYHYMNIA. 
Table  V. — Osculating  Elements  of  Polyhymnia  for  dates  of  Ephemerides — Continued. 


Greenwich 
midnight. 


(I) 

(4) 
(5) 
(6) 
(7) 


!;! 

(3) 

6 

U) 

(5) 

(6) 

1  (7) 

(I) 

(2) 

(3) 
(4) 
(5) 
(6) 
(7) 


4) 
5) 

(6 

(7 


\i 

6 


15!  I- 


2 

(3) 
(4) 
(5) 
(6) 
(7) 


(3) 
(4) 
(5) 
(6) 
7) 


Lo 

TT 

i 

o      /  // 

178  13  43-62 

—  I    I  14. 69 

—  I.  II 
4.97 

A-          1%  24.  17 

-r  5.40 
177  25  52. 42 

0      /  // 
0  20   29.  50 

-h  2.59 
+  1.44 

-U          11  24  17 

4-  5.40 
342  54  10.  60 

Of// 

—0   I  13.60 

A-     12  2'^  IX 

4-  4.74 
9  13  59-  17 

0  f  ff 
—0  0  23.  58 

-I-          7  1*; 
I            /•  oo 

-h  0.08 

1  56   3-  85 

Of  ff 

-  0  17  6.38 

-f  5 
2.  94 

19  35  44.  93 

-  4. 74249 

58  : 

—  II78  : 
728.06265 

0   /  // 

178  25  56. 44 

—  I    I  14. 69 

—  I.  II 

—  4.97 

-}-         I     24.  17 
-f  5.49 

177  38   5.  33 

0   /  // 

-f   0  20  29. 50 
+  2.59 
+  1-44 

-4-          I     24  17 

-f  5-49 
342  54  10.69 

0    /  // 
— 0    I  13.  60 

4-     12  2X  l\ 

4-  4.82 
9  13  59.  25 

Of  ff 

—0  0  23. 58 

1               /•  JO 

+  0.08 

1 56  3. 85 

0    /  // 

—  0  17   6. 38 
4-  5 

—  2.94 

19  35  44.  93 

—  4.  74249 

58 

—  II78 
728.  06265 

0    /  // 

266  46  39.  23 

—  I  57  28.07 

1.67 

-  4.56 

4-            lA    lA  AA 

-h  6.81 

265   3  26.  18 

0    /  // 

+   0  41  58.  63 
+  3.14 
—  5.42 

-4-         14  14  44 
1  ^r4- 

+  6.81 

343  16  25.  10 

0    /  ff 
-0   3  3.88 

-U     W     0  IQ 

4-  5.42 
9  12  55. 63 

0  f  ff 

—0  I  18.51 

4-          7  81 
4-        0. 17 

1  55  9-47 

0    /  ff 

—  0  23  53. 04 

—  I 

—  0.80 

19  29   0.  35 

—  4.  18009 

—  3 

—  1662 

728.  62076 

0    /  // 

II  24  27.43 

—  2  28  11.08 

—  1. 60 

—  4.96 

-1-          1^     A  70 
-f                22.  60 

9  II  37.09 

0    /  // 

-f   0  49  16.  29 

+  3.27 
-f  8.08 
4-           4  70 
+          22. 60 
343  25  2.44 

0   f  ff 
—0  5  24.72 

-1-       T1    5C  71 

4-       19. 67 
9  II  35.58 

0  f  ff 
— 0    I  22.  17 

4-              8  27 

4-  0.36 

1  55  6.46 

0    f  ff 

—  0  24  22.82 

4-  3 
4-         2. 28 

19  28  33. 69 

—  3.45340 
4-  4 

—  2504 

729. 33910 

0     /  // 

1 1  36  40.  25 

—  2  28  11.08 

—  I.  60 

—  4.96 
-1-         I^     4  70 
-h                22.  70 

9  23  50.01 

+   0  49  16.  29 
-f  3.27 
-f  8.08 
J-           4  70 
H-          22. 70 
343  25  2.54 

Of  ff 

—0   5  24.  72 

4-     W  71 
1       *o  00' lo 

4-        19. 76 
9  II  35.67 

Of  ff 

— 0     I  22.  17 
4-             8  27 

4-  0.36 
I  55  6.46 

0  f  ff 

—  0  24  22. 82 

4-  3 
+          2. 28 

19  28  33.  69 

-  3. 45340 
4-  4 

-  2504 

729. 33910 

0     /  // 

15   4  18.  14 

-  2  29  32.  64 

-  1.60 

-  4.67 
-|-       15   4. 70 
+           24. 48 

12  50   8.  41 

0   /  // 

-f-   0  49  20.  64 
-f            3-  26 
-f  8.76 
+       15   4.  70 
.+  24.48 
343  25  9-34 

Of  // 

—0   5  25.99 

4-         21.  36 
9  II  36.00 

0  f  ff 
—0    I  22.  25 

4-          8. 27 
4-  0.38 

1  55  6.40 

0   f  ff 

—  0  24  19.  60 

+  3 
4-  1.99 

19  28  36. 62 

-  3.47848 
4-  5 

—  2413 

729.31494 

0    /  // 

15  16  30.  96 

—  2  29  32.  64 

—  1.60 

—  4.67 
4-       15   4-  70 
-f          24. 59 

13   2  21.34 

0    /  // 

-}-    0  49  20.  64 
+  3.26 
+  8.76 
4-      15  4  70 
+          24. 59 
343  25  9.45 

0   f  ff 
—0   5  25.99 

+    13  55-  73 
-f  21.46 
9  II  36.  10 

0  f  ff 

—0   I  22.  25 
8 

4-  8.27 
4-  0.38 

1  55  6.40 

Of  ff 

— 0  24  19.  60 

4-  3 
4-  1.99 

19  28  36.62 

-  3.47848 
4-  5 

—  2413 

729. 31494 
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GEOCENTRIC  PLACES  OF  POLYHYMNIA.  443 
Table  V. — Osculating  Elements  of  Polyhymnia  for  dates  of  Ephemerides — Continued, 


Greenwich 
midnight. 

Lo 

<P 

1888. 
Nov.  7 

( I 

(5, 

if 

17  18  39. 13 

—  2  29  57. 67 

—  1.60 

—  4.33 
-f      15  4.70 
-f  25.84 

15   4   6. 08 

0      /  // 

-f    0  49  21.  95 
+  3-25 
+  9.32 
+       15  4.70 
+  25.84 
343  25  12.56 

0   /  // 
—0  5  26.  46 

+    13  55.  75 
22. 61 
9  II  36.78 

0  /  // 
—0    I  22.  27 

+  8.27 
+  0.40 

1  55  6.40 

0    /  // 

—  0  24  18.  65 
+  3 
+  1.69 

19  28  37.  24 

-  3.48587 
-f  6 
2294 

729. 30875 

1888. 
Nov.  8 

(i 

(2 

(4 
(5 
(6 

(7] 

0    /  // 

17  30  51-  95 

—  2  29  57. 67 

—  1. 60 

—  4.33 
-h       15  4.70 
+  25.98 

15  16  19.03 

0    /  // 

-f    0  49  21.  95 
+  3.25 
+  9.32 
+       15  4.70 
-h  25.98 
343  25  12.  70 

0    /  // 
—0   5  26.46 

+    13  55.  73 
22.  74 
9  II  36.91 

0  /  // 
— 0   I  22.  27 

-h  8.27 
+  .0.40 

1  55  6.40 

0    /  // 

—  0  24  18.65 

-h  3 
+  1.66 

19  28  37.  24 

—  3.48587 
+  6 

—  2294 

729. 30875 

Table  VI. — Geocentric  Places  from  Elements  V. 


Greenwich  Mean 
Time. 

Right  Ascension. 

Declination. 

Greenwich  Mean 
Time. 

Right  Ascension. 

Declination. 

h. 

m. 

s. 

0 

/ 

// 

h. 

m 

s. 

0 

/ 

ff 

1854,  Nov. 

8.0 

2 

24 

24.73 

+16 

23 

0.0 

1859, 

Nov. 

15.0 

4 

13 

25. 61 

+23 

47 

43.6 

10.  0 

2 

22 

41.84 

16 

16 

3.6 

19. 0 

4 

9 

13.45 

23 

39 

42.5 

12. 0 

2 

21 

2.86 

16 

9 

14.8 

23.0 

4 

4 

58.24 

23 

30 

35.1 

14. 0 

2 

19 

28.33 

16 

2 

36.5 

Dec. 

27. 0 

4 

0 

45.85 

23 

20 

35.8 

23.0 

2 

13 

30.  94 

15 

36 

17.6  1 

I.O 

3 

56 

42. 01 

23 

10 

2. 0 

24.0 

2 

12 

59.09 

15 

33 

50.  2 

5.0 

3 

52 

51.84 

22 

59 

12.  0 

25.0 

2 

12 

28.95 

15 

31 

30.0 

9.0 

3 

49 

19.68 

22 

48 

24.8 

Dec. 

10.  0 

2 

8 

32.00 

15 

II 

37.3 

13.0 

3 

46 

9. 02 

-}-22 

37 

58.1 

12.  0 

2 

8 

31. 13 

15 

II 

16. 4 

14.  0 

2 

8 

37. 39 

15 

II 

28.6 

1861, 

Feb. 

6.5 

9 

16 

40.31 

+  18 

3 

16.  2 

16.  0 

2 

8 

50.56 

+  15 

12 

13.4  1 

7.0 

9 

16 

14. 61 

18 

5 

4.0 

7.5 

9 

15 

48.97 

18 

6 

51.5 

1855,  Jan. 

9.0 
II.  0 

2 
2 

19 
21 

48. 02 
18.  97 

+  16 
16 

0 
7 

40.3 
29.3 

8.0 
8.5 

9 
9 

15 
14 

23. 35 
57.73 

18 

+  18 

8 
10 

38.3 
24.  6 

13.0 
15.0 

2 
2 

22 
24 

54.70 
34.  57 

16 

+  16 

14 
22 

38.9 
5.8 

1862, 

Mar. 

26.0 

12 

I 

49.91 

-f-  0 

10 

16.  2 

1 

27.0 

12 

I 

3.99 

0 

14 

54.2 

1856,  Jan. 

8 

+18 

28.0 

12 

0 

18.  21 

0 

19 

31.2 

5.0 

9 

7.  29 

54 

42.3 ; 

29. 0 

II 

32. 62 

0 

24 

6.9 

6.0 

9 

7 

25.  79 

18 

57 

54.7 

30.0 

II 

% 

47.  25 

+  0 

28 

41. 0 

7.0 

I 

6 

43.  32 

19 

I 

8.2 1 

Feb. 

30.0 

31.0 
I.  0 

8 
8 

47 
46 
45 

27.  75 
34.04 
40.  46 

20 
20 

+20 

19 
23 
26 

48. 1  j 
2. 2 

13.8  \ 

1864, 

Nov. 
Dec. 

30.0 
2. 0 
4.0 

5 
5 
5 

19 
17 
15 

41.49 
31.46 
20.  20 

+  25 
25 
25 

59 
58 
56 

41.4 
24.  2 

50.9 

6.0 

5 

13 

8.41 

25 

55 

1.9 

1857,  Mar. 

17.  0 

II 

39 

II.  18 

+  2 

58 

14.8 

23.0 

4 

55 

36.  20 

■  25 

31 

21.8 

19.0 

II 

37 

39.26 

3 

7 

29.5 

24.0 

4 

54 

42. 35 

25 

29 

40.  6 

21.  0 

II 

36 

7.  79 

3 

16 

39-8  1 

25.0 

4 

53 

49.79 

+  25 

27 

58.6 

23.0 

II 

34 

37.05 

3 

25 

43-7 

Apr. 

13.0 

II 

20 

39.85 

4 

47 

6.6 

1868, 

June 

17. 0 

17 

39 

19.71 

-26 

41 

46.9 

14.  0 

II 

20 

7.79 

4 

50 

6.4  I 

18.0 

17 

38 

18.  25 

26 

41 

40.  6 

15.0 

II 

19 

36.63 

4 

53 

0.3 

19. 0 

17 

37 

16.  72 

26 

41 

31.2 

16. 0 

II 

19 

6.37 

+  4 

55 

48.3  ; 

20. 0 

17 

36 

15.02 

-26 

41 

18.3 

1858.  June 

6.0 

15 

3 

41.88 

-19 

39 

49.4 

1869, 

Dec. 

8.0 

6 

31 

35.  14 

+26 

8 

10.  9 

6.5 

15 

3 

18.68 

19 

38 

17. 1 

9.0 

6 

30 

36.  19 

26 

9 

19.  2 

7.0 

15 

2 

55.71 

—  19. 36 

45. 1 

10. 0 

6 

29 

36.  35 

+26 

10 

24.  Q 

A  P,  VOL  V,  PART  5  5 
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CORRECTIONS  OF  EPHEMERIS. 
Table  VI. — Geocentric  Places  from  ElemenU  F— Continued. 


Greenwich  Mean 
Time. 

Right  Ascension. 

Declination. 

Greenwich  Mean 
Time. 

Right  Ascension. 

Declination.  [ 

h. 

m. 

s. 

° 

/ 

// 

h. 

m. 

s. 

0 

/ 

1 

1873,  July 

16.  0 

19 

49 

27.  68 

—24 

49 

32.6 

1882,  Apr. 

24-5 

14 

10 

14.  86 

—  14 

27 

27.3 

17.  0 

19 

48 

35-  70 

24 

51 

36.9 

May 

25.5 

14 

9 

22.  15 

14 

23 

23.0 

18.0 

19 

47 

43-43 

24 

53 

37.6 

12.5 

13 

54 

54.  23 

13 

12 

57.  1 

23.0 

19 

43 

20.44 

25 

2 

36.4 

13.5 

13 

54 

7.48 

13 

8 

59.0 

24. 0 

19 

42 

28.  27 

l\ 

4 

9.8 

14.5 

13 

53 

21.50 

13 

5 

3.9 

25.  0 

19 

41 

36.  46 

25 

5 

37.7 

15.5 

13 

52 

36.  32 

13 

I 

11.9 

26.  0 

19 

40 

45-  13 

6 

59.8 

16.5 

13 

51 

51.97 

— 12 

57 

23.  2 

31.0 

19 

36 

39-  34 

25 

12 

23.3 

1883,  Oct. 

Aug. 

I.  0 

19 

35 

53- 00 

25 

13 

9-4 

1.5 

I 

17 

0.44 

+  8 

32 

32.4 

2.  0 

19 

35 

7.  82 

— 25 

13 

49.  I 

2.  5 

I 

16 

14.  73 

8 

29 

45.  2 

32.  26 

31.8 

3.5 

I 

15 

28.  43 

8 

26 

52.4 

1875,  Jan. 

2.  0 

7 

13 

+25 

13 

31.5 

0 

55 

44.44 

7 

7 

49.  I 

4.0 

7 

1 1 

28.44 

25 

16 

55.0 

Nov. 

1.5 

0 

55 

17.  30 

7 

6 

6.  8 

6. 0 

7 

9 

24.  66 

-1-25 

20 

5.9 

1 

2.5 

0 

54 

51.74 

-f  7 

4 

32.5 

1877,  Apr. 

14.  0 

13 

33 

10.  83 

— 10 

33 

34.6 

1885,  Jan. 

26.5 

8 

28 

51.  18 

-(-21 

33 

52.5 

15- 0 

13 

32 

20.  60 

lO 

29 

10.  0 

28.5 

8 

27 

1.38 

21 

39 

38.7 

16.  0 

13 

31 

30.  30 

—  10 

24 

42.9 

30.5 

8 

25 

12.66 

21 

45 

12.  2 

r  cu. 

I.  5 

Q 
0 

23 

25.  41 

-Lot 

-r2i 

50 

32.0 

1878,  Sept. 

I.  0 

22 

37 

51.35 

—  10 

58 

15.3 

2. 0 

22 

37 

10.94 

II 

0 

23.7 

1886,  Mar. 

4.5 

II 

34 

18.64 

-f  3 

41 

22.  I 

3.0 

22 

36 

30.72 

II 

2 

28.  2 

5.5 

II 

33 

33.  85 

3 

45 

54.8 

II.  0 

22 

31 

27.03 

II 

15 

59.2 

6.5 

II 

32 

48.71 

+  3 

50 

29.8 

12.  0 

22 

30 

52.  58 

II 

17 

10.8 

13.0 

22 

30 

19.  16 

—  II 

18 

17.  0 

1887,  May 

14.5 

14 

42 

58.  27 

-17 

40 

5.3 

1880,  Jan. 

30.0 

7 

41 

40.  40 

+24 

0 

17.6 

1888,  Oct. 

9.5 

3 

4 

27.46 

+  18 

52 

15-6 

31.0 

7 

40 

48.  58 

24 

I 

52.4 

10.5 

3 

3 

51.  15 

18 

51 

17.0 

Feb. 

1. 0 

7 

39 

57.66 

+24 

3 

23.  2 

27.5 

2 

50 

6.03 

18 

16 

9.5 

28.5 

2 

49 

9.  60 

18 

13 

10.  6 

1882,  Apr. 

21.5 

14 

12 

52.05 

—14 

39 

26.8 

Nov. 

7.5 

2 

39 

42.  75 

17 

40 

21.  0 

22.5 

14 

II 

59.88 

14 

35 

29.  6 

8.5 

2 

38 

47.94 

-f-17 

36 

55.  I 

23-5 

14 

II 

7.44 

—14 

31 

29.4 

Table  VII. — Mean  corrections  to  iiormal  Ephemeris  given  by  observations. 


Right  Ascension. 

Declination. 

Date. 

Corr. 
of  first 
Epheme- 
ris. 

Diff.  of 
Epheme- 
rides. 

Corr. 
of  normal 
Epheme- 

ris 
of  El.  V. 

No.  of 
obs. 

Wt. 

Corr. 
of  first 
Epheme- 
ris. 

Diff.  of 
Epheme- 
rides. 

Corr. 
of  normal 
Epheme- 

ris 
of  El.  V. 

No.  of 
obs. 

Wt. 

// 

// 

// 

// 

// 

// 

1  1854,  Nov. 
Dec. 

9 
24 
14 

-  2.33 

-  I  55 
-h  0.51 

+  2.75 
+  2.64 
-h  0.50 

-fo.42 
+  1.09 

4-1.  01 

14 
2 
8 

2.0 
0.  2 
0.6 

—  14.8 

—  9.5 

—  1.5 

-h  12.9 
+  11.9 
+  0.5 

—1.9 
+2.4 
—  1. 0 

18 
3 
7 

3.0 
0.6 
1. 0 

1855.  Jan. 

12 

-  0.09 

+  0.32 

4  0.  23 

15 

0.8 

4-  1.3 

4    0. 2 

+  1.5 

13 

2.  0 

1856,  Jan. 

6 
31 

—  0.  12 

-  0.48 

—  0.08 
0. 00 

—0.  20 
-0. 48 

3 
10 

0.5 
1. 0 

-  2.7 
+  3.7 

-  03 

—  0.8 

—3.0 
+2.9 

3 
10 

0.6 
2.0 

1857,  Mar. 
Apr. 

17 
13 

-f  0.03 
+  0.43 

—  0.08 

—  0.03 

—0.05 
+0.40 

8 
4 

1. 0 
0.5 

-h  2.9 
-f  9.3 

+  0.4 
-h   0.  2 

+3.3 
+9.  5. 

6 
4 

1. 0 
0.6 

1858,  June 

7 

+29.  59 

—29.  35 

-fo.  23 

4 

1. 0 

—140. 0 

+  142.0 

+2. 0 

4 

15 

1859,  Nov. 
Dec. 

19.7 
3.  I 

-  1.83 
4-  0.50 

+  I.  81 
—  0.66 

— 0.  02 
—0.  16 

13 
4 

2. 0 
0.7 

-  9.9 

—  0.  2 

+  3.7 
—  3.2 

-6.2 
-3.4 

12 
4 

3-0 
1. 0 

i86i,  Feb. 

7 

— 0. 50 

2 

0.5 

-fo.6 

2 

0.5 

1862.  Mar. 

28 

1    -f  0. 24 

2 

0.4 

+4.8 

2 

0.5 
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Table  VII. — 3{ean  corrections  to  normal  Ephemeru  given  hy  observations — Continued. 


Date. 

1864, 

Dec. 

1868, 

June 

1869, 

Dec. 

1873, 

July 

Aug. 

1875, 

Jan. 

1877, 

Apr. 

1878, 

Sept. 

1880, 

Jan. 

1882, 

May 

1883, 

Oct. 

Nov. 

1885, 

Feb. 

1886, 

Mar. 

1887, 

May 

1888, 

Oct. 

Nov. 

Corr. 
of  first 
Epheme- 
ris. 


4 
24 

19 

9 

17 
23 
31 

2 

15 

I 
12 

31 
12 

2 
I 

I 

4 

14 

9 
27 

8 


-  7-59 

-  7-44 

-  5.45 
-  1.64 

-  8.82 

-  8.94 

-  8.87 

-i-  1.08 

-  3.54 

-16.45 
—16.  37 

+  1.28 


-h  1-73 
-f  1.67 

4-  I.  II 

-f  0.80 

-f  0.48 

4-  1.45 
+  1.49 
-f-  1.55 


Right  Ascension. 


Declination. 


Diff.  of 
Eplienie- 
rides. 


+  6.90 
+  6.84 

-f  5.45 
-f  o.  96 

-f-  9.  »8 
4-  9.35 
-f  9-  24 

—  I.  16 
+  3-89 

4-17.40 
+  16.95 

-  I  36 


—  I.  20 

—  0.94 

—  I.  14 

—  o.  48 

—  0.09 

—  1.90 

—  1.90 

—  1.79 


Corr. 
of  normal 
Epheme- 

ris 
of  El.  V. 


— o.  69 
— o.  60 

o.  00 

-0.68 

-fo.  36 
-f  o.  41 
40.  37 

—0.08 

4-0.35 

-ho.  95 
4-0.58 

—0.08 

4  0.  55 

4-0.  53 
4-0.73 

—0.03 

+0,32 

4-0.  39 

—0.45 
— o.  41 
— o.  24 


No.  of 
obs. 


2 
5 

12 

3 

6 

^3 
2 

2 

2 

4 
3 

4 

3 

5 
14 

9 
10 


8 
22 
17 


I     Corr.  I 
Diff.  of    of  normal 


I  Corr. 

Wt.  I  E^hem;.!  EpiTen^^^^^ 

I  ^P^it""^"  I    rides.     I  ris 

'  of  El.  V. 


0.  4 

1.  o 

4.0 
1.  o 

30 
6.0 

I.  o 
I.  o 

1.  o 

2.  O 
1.5 

3.0 

I.  o 

30 
6.0 

4.0 

5.0 

I.  o 

4.0 

8.0 
6.0 


Wt. 


// 

// 

// 

'  4- 

1-7 

  55 

0. 5 

— 

8.8 

1 

5-7 

—  3-  I 

4 

1. 0 

4- 

I.  0 

4- 

1.4 

4-2.4 

4.0 

4- 

2.6 

5.3 

-  2.7 

3 

1. 0 



25.  I 

4- 

26.6 

4-  1.5 

6 

30 

— 

23.3 

1  -h 

24.8 

+  1.5 

13 

6.0 

22  r 

-h 

21.  9 

  2 

2  ' 

1. 0 

-f 

8.  T 

- 

0.5 

4-76 

1. 0 

4- 

20.  4 

19.5 

4-0.9 

2 

1. 0 

97.8 

-f  108.  I 

4-10.3 

1 

2. 0 

loi.  3 

-f  102.  2 

+  0.9 

t: 

2. 0 

4. 1 

3-3 

-  0.8 

4  ' 

3-0 

4-  1.2 

3 

T.  0 

4- 

8.3 

_ 

8.4 

—  0. 1 

5 

2.0 

4- 

7.0 

7.3 

-  0.3 

II 

4.0 

5.3 

4- 

3.3 

—  2.0 

8 

3- 

4- 

0.3 

4- 

2.8 

4-  3.1 

10  ' 

5.0 

1. 0 

4- 

0.5 

-  0.5 

1 

I  1 

I.  0 

4- 

2.  0 

9.6 

-  7.6 

1 

8  ; 

4.0 

4- 

4.9 

9.4 

—  4.5 

22 

8.0 

4- 

3.6 

9.4 

-  5.8 

17 

6.0 

Table  VIII. — UquMions  of  Condition;  First  Form, 
(a)  In  Right  Ascension. 


1854. 

Nov. 

9.5 

2.  783 i/M 

4-3-37^9>  4-1.  697i/7r 

4-0. 0912  Sin  tdQ 

— 0. 

426  dt 

—33.  7^9^^ 

=4-  6.0 

Nov. 

24.5 

2.  535 

—17323 

4-3.09 

4- 1.  559 

4- 

.0716 

450 

-30.646 

4-15.7 

Dec. 

14.5 

2.  128 

—14539 

+2.64 

-f  1.327 

4- 

•0335 

439 

-25.  596 

4-14.6 

1855, 

Jan. 

12.5 

I.  612 

—10982 

4-2.  22 

4-1.067 

.  0291 

382 

—18.  953 

4-3.3 

1856, 

Jan. 

6.5 

0.764 

—  4860 

4-1. 21 

4-1.  267 

.0448 

4-  . 

338 

—  6.062 

—  2.8 

Jan. 

31.5 

0.808 

-  5158 

4-1.27 

4-1. 326 

•0573 

4-  . 

302 

—  6.416 

-  6.8 

1857. 

Mar. 

17. 0 

0.665 

-  3970 

—0.52 

4-1.  228 

-f 

•  2993 

4-  . 

059 

—  4.  175 

-  0.7 

Apr. 

13.5 

0.  626 

—  3754 

-0. 48 

4-1. 165 

4- 

.2849 

4-  . 

027 

-  3.912 

4-6.0 

1858, 

June 

6.5 

1.389 

—  7714 

—2. 82 

+  1.433 

.0779 

392 

—13.  957 

4-3-2 

1859. 

Nov. 

19.  0 

2.  148 

— 10700 

+3-  54 

-hi.  639 

.  2023 

299 

—  17-  373 

—  0.3 

Dec. 

2.6 

2.  134 

—  10638 

4-3.  49 

-f  1.630 

.2031 

343 

-17.  278 

-  2.3 
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Table  VIII. — Equations  of  Condition;  First  Form — Gontinaed. 
{a)  In  Eight  Ascension — Contintied. 


I86I, 

Feb. 

7.5 

0.  749  i/M 

—  34o6d,u 

-ho.  <^d<p  -f-T. 

295  drr 

4- 

.0237SiniVfQ4- 

.303^// 

—  2.  680dm 

=—  7.2 

1862, 

Mar. 

27.5 

0.684 

-  2831 

—0.  72 

+1. 

231 

+0.3069 

— 

.013 

—  2.  129 

+  3.3 

1864, 

Dec. 

4.0 

1.778 

-  5582 

+3.  32 

-l-i. 

593 

— 

.3257 

— 

.  137 

—  0.511 

—  9-3 

Dec. 

24. 0 

I.  708 

—  5375 

+3-  14 

+  1. 

529 

— 

.3139 

— 

.  193 

—  0.  529 

-  8.  I 

1868, 

June 

18.5 

2.  449 

-  4550 

—3.  79 

+  1. 

760 



.3899 

— 

.082 

+  1.094 

0.  0 

1869, 

Dec. 

9-5 

1.384 

-  1789 

+2.  82 

+  1. 

495 

— 

.3368 

+ 

.077 

+  1.045 

-  9.1 

1873, 

July 

17.0 

3.518 

+  I 

—3-  39 

+1. 

936^ 

— 

.  2826 

+ 

.344 

-f  0.000 

+  4.9 

July 

23-5 

3.  544 

+  0 

—3.40 

+1. 

942 

— 

.2773 

+ 

•321 

-f-  0.000 

+  5.5 

Aug. 

1.5 

■3-  502 

-h  0 

—3. 34 

+  1. 

909 

— 

.  2650 

+ 

.286 

-f  0.  000 

^  5.0 

1875. 

Jan. 

2.5 

I.  150 

-f  621 

+2.  34 

+  1. 

450 

— 

.  2792 

+ 

.183 

+  0.075 

—  I.  I 

1877, 

Apr.^ 

15.5 

0.951 

4-  1213 

-1.66 

+1. 

308 

+ 

.  2187 

— 

.237 

—  0.  255 

+  5.1 

1878, 

Sept. 

I.  0 

4.  232 

+  7918 

—0.39 

+1. 

963 

+ 

.3471 

+ 

■  330 

—  4.  214 

+10.4 

Sept. 

12.5 

4. 129 

+  7729 

— 0.  29 

+1. 

912 

+ 

.3581 

+ 

.251 

—  3-  921 

4-  8.6 

1880, 

Jan. 

30.5 

0.967 

+  2288 

+  1.85 

+  1. 

370 

.  1935 

+ 

.  221 

+  0.  159 

—  1. 1 

1882, 

May 

9.5 

1. 081 

+  3453 

— 2. 04 

+  1. 

339 

+ 

.1358 

•327 

+  0.073 

+  8.1 

1883, 

Oct. 

2.5 

3.  562 

+  13319 

+2.  61 

+1. 

824 

+ 

.3798 

.  203 

+  3.093 

+  7.9 

Nov. 

1.5 

3.  190 

+ I 1934 

+2.45 

+1. 

660 

+ 

.3252 

.343 

+  2.  138 

-f  I0.8 

1885, 

Feb. 

1.5 

0.867 

+  3646 

+  1.51 

+  1. 

343 

.  1050 

+ 

.  280 

+  I  .  995 

—  0.4 

1886, 

Mar. 

4.5 

0.651 

+  3013 

—0.32 

+  1. 

.218 

4 

•  2894 

+ 

.  lOI 

+  1.360 

+  4.8 

1887, 

May 

14-5 

I.  212 

-f  6108 

—2.48 

+  1. 

418  • 

+ 

.  2632 

.351 

+  4.244 

+  5.6 

1888, 

Oct. 

9.5 

2.  687 

+  15031 

+3.31  • 

+1. 

630 

+ 

.0737 

.  296 

+30.  770 

-  6.4 

Oct. 

27-5 

2. 825 

+15786 

.  +3. 47 

+1. 

733 

+ 

.0580 

.377 

+32.  244 

-  5.8 

Nov. 

8.5 

2.  774 

+  15506 

+3.40 

+  1. 

711 

-1- 

.0493 

— 0. 420 

+31.  616 

—  3.4 

(/?)  In  Declination. 


1854. 

Nov. 

9.5 

-f  1.032  ifM 

—7045.  du 

-fi.  2Sdq) 

ho.  e^Sdrr 

—1. 408  Sin  id^  + 1,  i^^dt 

—12. 4i^dm 

=—  1.9 

Nov. 

24.5 

+0.980 

—6686. 

+  1.  23 

-f-o.  612 

— I.  226 

160 

—".739 

+  2.4 

Dec. 

14.5 

+0. 838 

-5720. 

+  1.08 

+0.  532 

-0.  966 

+1.  118 

- 10. 003 

—  i.o 

1855. 

Jan. 

12.5 

+0.608 

-4140. 

+ 

.86 

-f  0.  410 

-0. 653 

+1.017 

-  7.  107 

+  1.5 

1856, 

Jan. 

6.5 

-0.  252 

-[-1608. 

.41 

-0.413 

+0.835 

+  1.041 

+  1.937 

-  3.0 

Jan. 

31-5 

-0.  238 

+  1523. 

.38 

-0.384 

+0. 914 

+  1.036 

+  1.854 

+  2.9 

1857, 

Mar. 

17. 0 

-0.313 

+  1871. 

+ 

.24 

-0.  579 

+1.352 

+0. 126 

4-1.898 

+  3.3 

Apr. 

13.5 

—0.  292 

+1748. 

+ 

.23 

-0.  542 

+  1.300 

+0. 058 

+  1.764 

+  9.5 

1858. 

June 

6.5 

-0.456 

+  2527. 

+ 

.91 

—0.  460 

+0.  875 

—  1.234 

+  4.605 

-1-2.0 

1859, 

Nov. 

19. 0 

+0.  433 

—2152. 

+ 

.74 

-LO.  340 

-0.  877 

+  1.432 

-  3.432 

-  6.2 

Dec. 

2.6 

+0.484 

—2404. 

+ 

.82 

■i  0.  382 

— 0.  791 

+  1.473 

-  3. 832 

—  3.4 
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Table  VIII. — Equations  of  Conditwn;  First  Form — Continued. 
(/))  In  Declination — Continued. 


loOI,  j7cD. 

— 0.  254^  dfi 

•  34^<?> 

—0.  435  dn 

+1. 033  Sin  idQ,  +0. 897  i// 

+  0.  050  a W 

=  +  0.  0 

1 002,  iviar. 

27- 5 

+ 

•34 

 0.554 

+  1. 362 

—0. 027 

+  0.981 

1        A  Q 

+  4.8 

I004«  i-^6C. 

4.0 

+0.  144 

—  448. 

+ 

.  29 

+0.  140 

— 0. 402 

+1. 551 

—  0.032 

  0.  0 

JJcC. 

24*  0 

-f-o.  209 

—  651. 

1 

+ 

.40 

+0.  197 

— 0.  283 

+  1. 520 

—  0.  041 

—  3.  I 

1 000,  June 

10. 5 

+  24.1. 
I     ^  • 

1 

+ 

•  17 

—0.  003 

+0. 152 

+1.  755 

—  0.  079 

+  2.4 

1 009,  uec. 

9-5 

—0. 082 

+  III. 

.  ID 

 0.  079 

+0. 010 

+1.  504 

—  0. 065 

—  2.  7 

17*  0 

-ho.  660 

+  12. 

•  71 

+0.  376 

—0.873 

— I.  767 

0 

+  1-5 

July 

23.5 

-f-o.  623 

+  12. 

.68 

+0. 354 

—0. 946 

— I.  741 

0 

+  1.5- 

Aug. 

1-5 

-l-o.  s6*^ 

+  II. 

.61 

+0. 317 

— 1. 033 

— I.  672 

0 

—  0.  2 

1875,  Jan. 

2-5 

— o- 157 

—  80. 

.32 

—0.  1 09 

+0. 405 

+  1.404 

  0.  009 

+  7.  6 

1077,  Apr. 

15*  5 

—0.345 

—  527. 

+ 

.72 

+1.315 

—0.548 

-1-   0   T  TC 

+  0.  9 

1878,  Sept. 

1. 0 

+1.840 

+3434. 

.23 

-ho.  8«;«; 

—2.003 

—0.757 

—  I.  84.Q 

4-10.  X 

Sept. 

12  ^ 

+1. 763 

-f-3295. 

.17 

+0. 817 

— 2. 022 

-0.585 

—  I.  77^ 

4-  0.  Q 

1880,  Jan. 

—0. 178 

—  418. 

.34 

—0.  24.7 

+0.689 

+1.  220 

—  0.  OIQ 

—  0.8 

1002,  May 

-ho.  435 

-i-1393. 

.84 

+0.544 

+1. 199 

—0.806 

+  0.034 

+   I.  2 

1883,  Oct. 

2.5 

+1.590 

+  5943. 

+  1.  16 

+0.  814 

4-1.959 

+0.457 

+  1.398 

  0.  I 

Nov. 

1.5 

+  1. 467 

+5488. 

+  1.  16 

+0.768 

—1.694 

+0.746 

+  1. 313 

—  0.3 

1885,  Feb. 

—0.  223 

—  934. 

.39 

— 0.  341 

+0. 852 

+1. 103 

—  0. 493 

  2.0 

1886,  Mar. 

—0.306 

—  1413- 

+ 

.14 

-0.572 

+1.328 

+0.  215 

—  0.  625 

+  3.1 

1887,  May 

14.5 

—0.427 

—2157. 

+ 

.87 

—0.493 

+1. 106 

—1. 013 

—  1.570 

—  0.5 

1888,  Oct. 

9.5 

+0.841 

+  4707. 

+  1.05 

+0.512 

—1. 512 

+0.  938 

+  9.692 

-  7.6 

Oct. 

27.5 

+0.  939 

-i-5249. 

+  1.  18 

+0.  581 

—1. 460 

+  1. 119 

+10.816 

—  4.5 

Nov. 

8.5 

+0.968 

+5416. 

+  1.  22 

+0.605 

—1. 366 

+1. 190 

+11. 148 

-  5.8 

The  preceding  equations  are  not  in  the  form  best  adapted  for  the  solution  by- 
least  squares.  The  left-hand  members  have  therefore  been  reduced  so  as  to  replace  the 
unknown  corrections  to  the  elements  by  the  following  system  of  xmknown  quantities. 


.  a;=<5Lo=(5Mo+(5^ 

y=z5ooo(J/^-5-^ 

Z—dcp 

u—-on 
2 

«;zzsin  i  <5Q 
Sm 


Digitized  by 


448  ORBIT  OF  POLYHYMNIA. 

Table  IX. — Eqiiations  of  Condition;  Final  Form, 
{a)  In  Right  Ascension. 


1854,  Nov. 

9.5 

2.  78;r 

— 3.80J 

-h3- 

—2.  17W 

4-0. 092/ 

— 0.432^/ 

Nov. 

24.5 

2.  54 

—3. 46 

4-3.09 

-1.95 

-ho.  07 

-0. 45 

Dec. 

14.5 

2. 13 

—2.  90 

+  2.64 

—  1.60 

4-0.03 

-0.44 

i855>  Jan. 

12.5 

I.  61 

—2.  20 

4-2.  22 

—  1. 09 

—0.03 

-0.38 

£856,  Jan. 

6.5 

0.  76 

—0.97 

21 

4-1.  01 

— 0. 04 

-ho.  34 

Jan. 

31-5 

0.81 

—  1.03 

+  1.27 

4-1.04 

—0. 06 

4-0.30 

1857,  Mar. 

17. 0 

0.66 

—0.79 

—0.52 

-hi.  13 

4-0.30 

4-0. 06 

Apr. 

13.5 

0.63 

—0.75 

— 0.  48 

4-1.08 

-ho.  28 

4-0.03 

1858,  June 

6.5 

1.39 

—1.54 

—2.  82 

4-0.09 

—0.08 

-0.39 

1859,  Nov. 

19. 0 

2. 15 

—2.  14 

43.  54 

—1. 02 

— 0.  20 

—0.30 

Dec. 

2.6 

2. 13 

-2.  13 

+3-  49 

—1. 01 

— 0.  20 

-0.34 

1861,  Feb. 

7.5 

0.  75 

-0.68 

-fo.98 

4-1.09 

4-0. 02 

4-0.30 

1862,  Mar. 

27.5 

0.68 

— 0-57 

—0.  72 

4-1.09 

+0.31 

-0. 01 

1864,  Dec. 

4.0 

1.78 

— I.  12 

+3.  32 

-0.37 

-0.33 

— 0. 14 

Dec. 

24. 0 

I.  71 

—1.08 

+3-  14 

—0.36 

—0.31 

—0.  19 

1868,  June 

18.5 

2.45 

— 0.  91 

—3.  79 

-1.38 

-0.39 

-0.08 

1869,  Dec. 

9.5 

1.38 

—0.36 

4-2.  82 

4-0.  22 

—0.34 

4-0.08 

1873,  July 

17. 0 

3.52 

0 

—3. 39 

-3. 16 

—0. 28 

-ho.  34 

July 

23.5 

3.  54 

0 

—3.40 

—3.  20 

—0.28 

-ho.  32 

Aug. 

1-5 

•  3.50 

0 

—3. 34 

—3. 19 

—0.  26 

4-0.29 

i875>  Jan. 

2.5 

I.  15 

-ho.  12 

H-2.  34 

4-0.  60 

—0.28 

-ho.  18 

1877,  Apr. 

15.5 

0.95 

■fo.24 

—1.66 

-ho.  71 

4-0.  22 

—0.  24 

1878,  Sept. 

1. 0 

4.  23 

■4-1.58 

—0.39 

—4.  54 

-ho.  35 

+0.33 

Sept.  12.5 

4. 13 

+  1.55 

— 0.  29 

—4.  43 

-ho.  36 

-ho.  25 

1880,  Jan. 

30.5 

0.  97 

+0.46 

4-1.85 

4-0.80 

—0. 19 

4-0.  22 

1882,  May 

9-5 

1.08 

+0.69 

—2. 04 

4-0.52 

-ho.  14 

—0.33 

1883,  Oct. 

2.5 

3.56 

4-2.66 

-h2.  61 

-3.  48 

-ho.  38 

— 0.  20 

Nov. 

1.5 

3. 19 

+2.  39 

+  2.45 

—3.06 

-fo.  33 

—0.34 

1885,  Feb. 

1.5 

0.  87 

+0.73 

4-I.5I 

+0.95 

— 0. 10 

4-0.28 

1886,  Mar. 

4.5 

0.65 

+0.60 

— 0.  32 

4-1. 13 

4-0.  29 

-ho.  10 

1887.  May 

14.5 

I.  21 

22 

—  2.  48 

4-0.41 

4-0.26 

-0.  35 

1888,  Oct. 

9.5 

2. 69 

-1-3.00 

+3.31 

—  2.  II 

4-0.07 

—0.30 

Oct, 

27.5 

2.  82 

+3.  16 

+3.  47 

-2. 18 

4-0. 06 

-0.38 

Nov. 

8.5 

2.  77 

+3-  10 

+  3.40 

— 2. 12 

4-0.05 

—0. 42 

wt. 

—2,  94/  =4-6.0  2.0 

—2.66  4-15.7  0.2 

—2.21  4-14.6  0.6 

—1.59  4-3.3  0.8 

— o.  24  —  2.  8  o.  5 

— o.  25  —6.8  i.o 

— o.  04  —  o.  7  I.  o 

—0.03  4-6.0  0.5 

—  I.  25  4-  3.  2  1.0 

—  1.33  —  0.3  2.0 

—  1.33  —  2.3  0.7 
4-0. 15  —  7.  2  o.  5 
4-0. 14  4-  3. 3  o.  4 
4- 1. 01  —  9-3  0.4 
4-0.  97  —  8. 1  I.  o 
-hi.  13  0.0  4.0 
4-0.57  —  9. 1  1.0 

o  4-4.9  3.0 

o  4-5.5  6.0 

o  4-5.0  1.0 

— O.  II  —  I.  I  I.  o 

— o.  29  4-  5. 1  I.o 

—2.43  4-14.0  2.0 

-2.33  -h8.6  1.5 

— o.  42  —  I.  I  3.  o 

— o.  68  4-  8. 1  1.0 

—2.05  -h  7.9  3.0 

—1.96  4-10.8  6.0 

— o.  33  —  o.  4  4.  o 

—0.33  4-4.8  5.0 

— o.  37  4-  5. 6  1.0 

+3.  15  -  6.4  4.0 

-h3.29  -5.8  8.0 

4-3.  22  —  3. 4  6.  o 


{fi)  In  Declination. 


Wt. 

1854,  Nov.  9.5  4-1. 03;^  — i.4ij)/  4-1.28^  — o.  79«  — 1. 4IZ/  4-1.1421/  —1.07/——  1.9  3.0 
Nov.  24.5  4-0.98  —1.34  4-1.23  —0.74  —1.23  4-1.16  —1. 01  4-2.4  0.6 
Dec.  14.5       4-0.84       —I.  14       4- 1. 08       —0.61       -0.97       4-1.12       -0.86     —  i:0  1.0 

1855,  Jan.   12.5      4-0.61       —0.83       -ho.  86      —0.40      —0.65      4-1.02       —0.59     4-1.5  2.0 
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EQUATIONS  OF  CONDITION.  449 
Table  IX. — Equations  of  Condition;  Final  Form — Continued. 
(/3)  In  Declination — Continued, 

"  Wt. 


1856, 

Jan. 

6.5 

—0.  25  jr 

-ho.  32J 

—0.  41 2r 

—0.  32  w 

-ho.  84  V 

+  1.  04Z£/ 

-ho.  07/- 

=—  3.0 

0.6 

Jan. 

31-  5 

—0.  24 

4-0. 30 

-0.38 

—0.  29 

4-0. 91 

+  1. 04 

-ho.  07 

+  2.  9 

2. 0 

1857. 

Mar. 

17. 0 

—0.31 

+0.  37 

+0.  24 

— o-  53 

-Hi- 35 

-f-o.  13 

0 

-f-  3-3 

1. 0 

Apr. 

13-5 

—0.  29 

-i-o-  35 

-ho.  23 

—0.  50 

+  1.30 

-ho.  06 

0 

+  9-5 

0.6 

1858, 

June 

6.5 

—0.  46 

H-0-5I 

-ho.  91 

—0. 01 

-ho.  88 

—1. 23 

4-0.  42 

+  2.0 

1-5 

1859, 

Nov. 

19. 0 

-fo.43 

—0.43 

-fo.  74 

—0. 18 

—0.88 

-f-1.43 

—0.  26 

-  6.2 

3-0 

Dec. 

2.6 

-f-0.48 

—0.48 

-ho.  82 

— 0.  20 

—0.  79 

+1.47 

—0.  29 

-  3-4 

1. 0 

I86I, 

Feb. 

7.5 

—0.  25 

+0.  23 

— 0.  34 

— 0. 36 

+  1.03 

-f-o.  90 

—0.  06 

-h  0.6 

0.5 

1862, 

Mar. 

27.5 

—0.32 

-ho.  27 

+0-34 

—0.53 

+  1.36 

—0.03 

—0.  07 

4-4.8 

0.5 

1864, 

Dec. 

4.0 

+0. 14 

— 0.  09 

-ho.  29 

— 0. 01 

—0.  40 

-f  I.  55 

-ho.  08 

-  6.6 

0.5 

Dec. 

24.0 

-f-o.  21 

—0.  13 

-ho.  40 

— 0. 02 

—0.28 

-f-1.52 

-ho.  12 

—  3-  I 

1. 0 

1868, 

June 

18.5 

— 0. 14 

-fo.05 

-ho.  17 

-ho.  10 

4-0. 15 

—1.76 

— 0.  06 

4-2.4 

4.0 

1869, 

Dec. 

9-5 

—0.08 

+0. 02 

— 0.  16 

-ho.  01 

-ho.  01 

-f-1.50 

— 0.04 

—  2.  7 

1. 0 

1873. 

July 

17.0 

+0.66 

0 

— 0.  71 

—0.57 

—0.87 

—I.  77 

0 

-h  1.5 

30 

July 

23.5 

-fo.62 

0 

—0.68 

— 0.  54 

—0.95 

—I.  74 

0 

-f  1.5 

6.0 

Aug. 

1.5 

-fo.56 

0 

—0.  61 

—0.49 

—1.03 

-1.67 

0 

—  0.  2  . 

1. 0 

1875, 

Jan. 

2.5 

— 0. 16 

— 0. 02 

—0.32 

— 0.06 

-ho.  40 

-hi.  40 

-ho.  01 

-f  7.6 

1. 0 

1877, 

Apr. 

15.5 

—0.34 

—0.  II 

-ho.  72 

—0.44 

+1.32 

—0.55 

-fo.  13 

4-0.9 

1. 0 

1878, 

Sept. 

1. 0* 

+1.84 

+0.69 

—0. 23 

—1.97 

—2.  00 

— 0.  76 

—1.06 

-f-10.3 

[2.0] 

Sept. 

12.5 

+  1.76 

+0.66 

—0. 17 

—1. 89 

— 2.  02 

—0.58 

— I.  01 

4-  0. 9 

2.0 

1880, 

Jan. 

30.  5 

—0. 18 

—0.08 

— 0. 34 

— 0. 14 

-f-o.  69 

-hi.  22 

-ho.  08 

—  0.8 

0 

1882, 

May 

9.5 

-fo.44 

-ho.  28 

-0.84 

-f  0.  22 

-f  I.  20 

—0.81 

— 0.  27 

-h  1.2 

1. 0 

1883, 

Oct. 

2.5 

+  1.59 

-hi.  19 

-hi.  16 

-1. 55 

-1.96 

+0.46 

— 0.  91 

—  0. 1 

2.  0 

Nov. 

1.5 

-f-1.47 

-hi.  10 

-hi.  16 

—1. 40 

-1.69 

-f-o.  75 

—0.84 

—  0.3 

4.0 

1885, 

Feb. 

1.5 

— 0.  22 

— 0. 19 

-0.39 

— 0.  24 

+0.85 

-hi.  10 

-ho.  09 

—  2.0 

3.0 

1886. 

Mar. 

4.5 

-0.31 

—0.28 

-fo.  14 

—0.53 

+  1.33 

-ho.  22 

-ho.  16 

-f  3.1 

5.0 

1887, 

May 

14.5 

—0.43 

—0.43 

+0.87 

—0. 13 

-hi.  II 

— 1. 01 

-ho.  12 

—  0.5 

I.  0 

1888, 

Oct. 

9.5 

-fo.84 

+0.94 

+I-05 

—0.66 

—  I.  51 

-ho.  94 

-hi.  00 

-  7.6 

4.0 

Oct. 

27.5 

-fo.94 

-fi.05 

-hi.  18 

—0.  72 

—  I.  40 

-hi.  12 

-hi.  II 

—  4.5 

8.0 

Nov. 

8.5 

+0.97 

-hi.  08 

-hi.  22 

-0-73 

—  1.37 

-f  I.  19 

-fl.  15 

-  5.8 

6.0 

This  equation  has  been  omitted  in  forming  the  normal  equations,  owing  to  its  discordance,  which  leads  to  a  sus- 
picion of  abnormal  error. 
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